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PREFACE, 



NOTHING can be an adequate apology for obtruding upon tbe 
world a new Elementaiy Work, in a branch of Science already 
well understood, except the plea of utility. It is wholly upon this 
ground, that 1 venture to submit the following Treatise to the publick 
inspection. 

The difficulty which I met with, in providing my Qasses* with a 
Text-book in Natural Philosophy, neither, on the one hand, materially 
deficient in Mathematical Demonstration, nor, on the other, too copious^ 
or too abstruse, for the purpose of elementary tnscructiou, first suggested 
the idea of this work. And the apprehension, that others may have met 
with the same difficulty, induces me to make * it publick, in hopes that it 
may be of some use to those who wish to study, or to teach, this Science 
systematically. 

To that class of readers who are satisfied with general views, this work 
will be of little service. Sketches of philosophy, sufficiently comprehen- 
sive to answer their purpose, will easily be found. But the knowledge 
which is gathered up in this cursory manner, must unavoidably be super- 
ficial, and will, in many particulars, be confused and inaccurate. What 
Cicero says of Philosophy in general, is particularly true of Natural l^hi- 
losophy : Djfficile est enim in pbilosophia pauca esse ti nota^ cut non sint aut 

plcraque^ 

^ • In -the Warrington Academy. 
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pleraque^ aut omnia.^ It may be laid down as an universal maxim, that 
there is no easy method of attaining excellence. The small portion of 
learning, or science, which is to be acquired by the help of facilitating 
expedients, has been justly compared f to a temporary edifice built for a 
day. It is as unreasonable, to hope to acquire knowledge without under- 
going the labour by which it is usually gained, as it would be to expect, 
that an acorn will become an oak without passing through the ordinary 
process of vegetation. 

All the knowledge of Natural Philosophy which can be acquired by 
cursory reading, without the assistance of. mathematical learning,' must 
consist in an acquaintance with leading facts and general conclusions. To . 
understand the manner in which the laws of nature have been inferred 
from these facts, and to be able with certainty and precision to apply 
these laws to the explanation of particular phenomena, necessarily requires 
a previous knowledge of the elements of Geometry, Trigonometry, the 
Conick Sections, and Algebra. A mechanick who should set about making 
a inachine without the requisite tools, would not act more absurdly, than 
a student who should attempt to understand the science of Natural Philos- 
ophy without these helps. A Preceptor who professes to teach this science 
in the easy and amusing method of experiment alone, is an architect with- 
out his rule, plumb-line, and compasses. 

Facts are, it is true, the materials of science ; and much praise is unques- 
tionably due to those who have increased the publick store, by new exper- 
iments accurately made, and faithfully related. But it is not in the mere 
knowledge, nor even in the discovery of facts, that philosophy consists. 
One who proceeds thus far, is an experimentalist ; but he alone, who, by 
examining the nature, and observing the relation of facts arrives at general 
truths, is a philosopher. A moderate share of industry may suffice for 
the former : patient attention, deep reflection, and acute penetration, are 

necessary 

# TuscuL Qu«st. II. y. f Knox on Liberal Education, §. 9. 
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necessary in the latter. It is therefore no wonder, that amongst many 
experimentalists there should be lew philosophers. 

The hardy perseverance, and the vigorous exertions, which are neces- 
sary to form this character, are so contrary to that effeminacy and frivolity 
which distinguish the present age, that, if it were not for the provision 
which is made in our Univesities, and other Seminaries, for the propaga- 
tion of sound learning of every kind, there would be some reason to ap- 
prehend, that all the more abstruse and difficult branches of science would 
be excluded from the modern system of education, and consequently would 
fall into disesteem and neglect. 

It is by no means the intention of this Treatise to encourage the indo- 
lent spirit of the times^ by opening a bye-path to the Temple of Philosophy, 
The known and beaten road is the safest and the best. It has been with 
the view of assisting the student in his progress, that I have attempted to 
arrange the leading truths of Natural Philosophy in a perspicuous method^ 
and to demonstrate them with conciseness ; adding a brief description of 
Experiments, adapted to illustrate and confirm the IVopositions to which 
they are respectively subjoined. 

Being more desirous to be useful than to appear original, I have freely 
selected from a variety of Authors such materials as suited my design. 
Those who arc conversant with this class of writers will perceive that 
amongst many others, I have made use of the works of Newton, Kei/y 
Wbiston^ Gravesandcy Cotes^ Smithy Helsbam^ Rowning^ and lasily, Rutber-- 
Jortb^ whose arrangement I have in part adopted. 

With respect to any inaccuracies or mistakes which may have escaped 
my attention, Imust rely on that candour, which those who are best ac- 
quainted with the extent and difficulty of this undertaking will be most 
inclined to exercise. 
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ADVERTISEMENT 

TO THE SECOND LONDON EDITION^ 

BY THE EDITOR. 

IN laying before the publick a new edition of " I'be Institutes of Natural 
Philosophy^ by the late Dr. Enfield^^ the Editor feels it incumbent on 
liim to assure the Reader, that he has endeavoured, as far as was consistent 
with an elementary book, to avjul himself of those advantages which the 
publication of new discoveries, and new works in science, has afforded 
him ; and although the limits of an advertisement will not allow him to 
particularize all the additions that will be found interwoven with the 
various parts of the volume, yet it may be expected that, in this place, 
some notice should be taken of the most material of them ; and it is pre- 
sumed that the following account wiH be deemed sufficient for the purpose. 

In. th,e fii;st bppk^ xh^, pcopQ^itioiii^ pn the; 4iyisU>ility of mat^ter^ and the 
attraction of cohesion, are more fully discussed, and a v^iy useful coroUarfv 
is drawn from that on the attraction of capillary tubes. To the first and 
&ird propositions of the second book, considerable additions are su^'oined ; 
and in the second chapter is inserted a new proposition, from which, in 
conjunction with others, are deduced many corollaries and scholiuma, 
connected with the remaning parts of the book.*- Several examples are 
also given in the two first sections of the fifth chapter, which will be 
found useful to the young student as^ illustrative of the theory of falling 
bodies* 

In the third book is given, independently of the additions noticed in 
the margin, f an important proposition on the specificfe gravities of bc^dies^ 

with 

* See Prop. A, (p. 14.) and Cors. Schols. &c. to Prop. 14, 17, 24, 26, 28, 30, 31, 36, 44^ 
46, 49, 52, .53, 54, 57, and 58. 
t See additions to Prop. S| 6^ 12, 13, 18, A, (p. 103) 50 and 55. 
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with which are connected examples^ and a table of the comparative weights 
of many of the most useful substances in nature. Descriptions, accompa- 
nied with figures, are likewise given of the Pyrometer, Air-pump, Barom- 
eter, with its application to the measuring of altitudes, &c Farenheit's 
Thermometer, with a Table of Heat j different kinds of Hygrometers, the 
Steam-engine, and the Hydrometer, 

The principal additions to the book of Opticks, will be found connected 
with the propositions mentioned below ;* in the course of which are in- 
troduced, Mr. Delaval*s Theory of Colours ; brief accounts of Dr. Blair^S 
achromatick Lenses, and Dr. Herschefs grand Telescope. 

On the subject of Astronomy, are arranged under the different articles, 
several useful Tables, and the important discoveries of the illustrious Dn 
Herschel, which have been carefully selected from the last twenty volumes 
of the Philosophical Transactions. The reference in the margin,f will 
direct the reader to those propositions to which the most material additions 
are subjoined. 

Some valuable treatises, on Magnetism and Electricity, particularly those 
of Mr. Gavallo, having appeared since the original publication of this 
volume, it was thought necessary very considerably to enlarge this part of 
the work ; and It is hoped that the principal discoveries in these branches 
of science will now be found under their respective heads. 

By the suggestion of a friend, on whose judgment the publick has long 
placed great confidence, it has been deemed proper that the first principles 

of 

•See Prop. 5. IS, «2, A, (p. 185) 42, B, (192) 61, 6«, 66, 68, 69, 76, D, (p. 212) 945i 
122, 128, 144, and 145. 

t Sec Def. 1, 12- Prop. 8, 16, 20, 82, SS, 89, 51, 57, 72, 7«, 79, 88, 109» 116, 117,' 118, 
'^lig, 120, 123, 186, 167, Ki8, 177, 179, A, B, (p. 351) 182, I8a 

c 
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tj/( tSxemhNyy* ^hMild form % ^it c^ the present vduiMe : and alth(mgh 
ifft hkye th\eAf tbtifinti iMinehred td thee interesting diseoveried <£ th« 
plntMO^hefft Bldick, PriestSe/, and Lavoisier, on Heat and die jfactido^ 
ASft, it is nevarthdess presUtaed, that enough has been said on these sub* 
jeets to render the doctrines and introdttctory pracdce to modem Chemis- 
try perfectly intelligible to any person wbo may: be desirous of farther 
prosecuting the study of this amusing and useful science. 

The fteader ouglil to be apprized, that besides additions to the oH plates, 
tjuro new ones are now given :•— one, as already noticed, accompanying 
descriptions of sevtral pneumatick and hydraulick machines, and tfie ot9ier 
containing figures relating to subjects in magnetism, electricity, and 

chemistry. 

It Is hoped ilhat the augmentafions to iht tdhime, tflthough they com- 
pose al>c«it one third of the whcHe work, wifl be fbund snch as ou^tat 
this period, to be comprehended in an tilementary book of science ; and 
that the speculations of Dr. Herschel, towards the end of the astronomical 
part, will not be considered as an exception ; they are at least the specu- 
lations of a great mind, and capable rf exciting^ in every wefl-disposed 
heart, emotions of interiwt and exquisite pleasure, inasmuch as they lead to 
the grandest and most sublime notions of the great Author cf the urii^erse. 

The Editor will otily add, that tn tlie additions to this work, he has 
Uniformly aimed at conciseness ; and he will consider his exertions well 
rewarded, if it be found, by a candid and dbceming pub)ick,tbat he has 
not sacrificed perspicuity to 'brevity, and that 'he has not omitted, wkinci 
his prescribed limits, any material article that might serve to render the 
txriginal work, in its present enlarged state, generally acceptable and useful. 

-^^ I4> 1799- 

ADVERTISEMENT 

* See Advertiseinent to this second American edition^ p. xii. 



ADVERTISEMEJrr 

TO THE FIRST AMERICAN . EDITION. 

THE principal object ia undertakiag thU American Edition of Dr« Enfield's Institutes 
of Natural Philosophy was to supply our Colleges with a book, which is held in so high es- 
timation for the use of Students in recitations to their Instructors. In some of these semi- 
naries of learning Ferguson's Astronomy is recited, and in one or more of them after the 
exercises in Enfield's Philosophy, exclusive ••£ the Aetronomical part. It was the opinion of 
the Rev. Dr. Willard, President of Harvard College, and Professor Webber, that it would 
be a valuable improvement in this part of Collegial Instruction to substitute Enfield's Astron- 
omy for Ferguson's, provided some additions were made, which should be equally or more 
important than certain Articles in the latter, particularly those relating to the Calculation 
and Projection of Solar and Lutuir CcHpses, including the necessary Table?. On account of 
some particular circumstances, measures were not taken to make the proposed additions till 
the printing was fat advanced, and assurances |;iven that it would be finished wjthin a short 
period* Hence it was ejetremcly diiEcult to execute the plan. Professor Webber, however, 
consented to attempt wJhat tbon seemed jto be practicable, and what, it was hoped, might in 
some good degree answer the purpose. And there appears to he a propriety in giving a 
particular account of the alterations, thiit have been made. 

The errors, whtch occurred, are corrected. And it was thought expedient to retain the 
Introduction to the First Principles of Chemistry, but to annex it as an Appendix** 

A chaise is made in the order of the branches by inserting Magnetism and Electricity be-^ 
tween Pneumaticks and Opticks, instead of placing them after Astronomy ; as it was 
thought a more natural and useful arrangement for a regular course of Instruction, the pro- 
priety !pf,closi23g with Asifonomy being particularly obvious* 

In the Astrpngiuical part the alterations are comprised in a few particulars, the substance 
of which is alau>st entirely taken from Ferguson's Astronomy^ as well as the figures, ta 
which .they ^leficr^* 

An Appendix pf about 8q pagi:^ is subjoined to the Astronomical part, and constitutes th^ 
jnost flistiQguiehi^g .and iniportant peculiairity of this Edition. It contains the mo^t useful 
SoUr.Mid Uunar Tabks, and a Tajble of .Logistical Logarithms, together with their explana* 
.tipn,.4nfilw^tyttwo Problems, .iUiistratin^ their use and application, and exemplifying the 
Pcqjectipa of Eclipses. These ^fe setectcd from a work of Air. Alexander Ewing, Teacher 
of Mathemacicks at Edinhurgb> entitled *' Practical Astronomy," and published in 1797. 
WtibgDe;s|]t,^ct xo.ihe^iroj/ectipn qiF Eclipses, there is a small alteration in making two distinct 
JProhlcms^for xhpJUuuar ^i^d SgUr Prpjectionsi instead of placing them under the respective 

Problems 

* See Advertisement, next page. 

f The particutjir additioQf are the explanationt of the circles of perpetual apparition and occcultation under Prop. 
XX. — Scholium 2 to Prop. LX — Scholium to Prop. LXXXII — Scholium to Prop. CXI V. — Explanation of the figure*- 
of orbits of S^tclliies under Scholium to Prop CXVl. — Scholium to Prop. CXLIU — Cor. to Prop. CLXXIII. — Cor- 
to Prop. CLXXy. A small alteration is made in the demonstration of Prop. CXIX. The Scholium to Prop. CXIX. 
and.8cbbliufl(k.rSit«r raipi)CXX. are omitted The figures, together with four projections of eclipse8» which are akO' 
added with the Appendix to the Astronomical part, fill two plates* 
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Problems for calculating those Eclipses. And two notes are added to the Problem for pte^ 
jetting a Solar Eclipse. The former contains the necessary directions for a diflerent mode of 
projection ; and the latter the Rer. President Willard's method of finding the point on the 
sun's limb, where a Solar Eclipse begins | the knowledge of which point is of great import- 
ance to observers. 

In the whole execution of the work it has been the unfeigned endeaTour of the Editors to 
(neric the approbation of the publick. 

SosTOH, JoMurjt 1802. 



ADVERTISEMENT 
TO THE SECOND AMERICAN EDITION. 

THE first American Edidon of this work has been used, as a classical book, in many 
of the most respectable literary institutions in the United Sutes. . Thb evinces not only the 
reputation of the work itself \ but, is a flattering testimonial of the publick approbation of 
the improTements, introduced into that Edition. 

A copy of the first Edition was in the hands of Dr. Webber for rerisal. The corrections 
and improvements, which he left in manuscript, have been made in this Edition, especially 
under the head of Pneumaticks, as will be obserred without being particularly specified. He 
left no amendments in the Astronomical part, and in some others, which would have been 
TCry acceptable, but which the immediate demand of a new impression rendered unattainable 
from any other source. 

The work was just put to press under the inspection of Dr. Webber, when his decease 
happened, an event much lamented by the friends of science. Since that period the proof 
sheets hare been examined by a gentleman, recommended for that undertaking. 

It was deemed best to omit the Introduction to Chemistry. As an elementary treatise it 
has been found defective, and, as far as our information extends, has not been universally, if 
generally, used in those seminaries, where these Institutes arc taught, the Chemical Profes- 
sors of the same recommending their respective favourite authors. Concise and more com- 
plete works on the subject have, also, become common in the country, and can be purchas- 
ed at a moderate expense. The plate, however, which relates to this subjea, it was neces- 
sary to retain on account of the other branches, to which it refers. 

Such errors of the press, as were noticed in the former Edition, have been corrected in 
this. That the present impression might be found as neat and accurate, as could reasonably 
be expected in a work of this tuture, has been the wish and endeavour of the Publishers. 

2tOSTOM, Jfnit 1811. 
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ERRATA. 

Beiidet a few mhtaiet in orthography and punctuation^ Vfhich will be apparent, the reader ii nMled of the 
following errata. Those, with an asterisk prefixed, €xut in the former eOtion, and were overlod^d in this, 
when the sheets were in the press. 



• Page 8, line 2, for D : 1/ : i( : H read D : ^ :: A : R 

• «« . ^ -r ABa + BBa ^ABtf-f-BB* 

• p. 23, 1. 6, for =r= read -^ 

A+B • A-f-B 

p. 26, line 8 from bottom, for Cor. read Cor. 2, 

* p. SO, 1. 5, for 15 read 25. 

* p. 37, 1. 10 from bottom, in the margin Insert Plate 2. 

Fig. 1. 

* p. 43, 1. 12, for GB read GA. 

* p. 56, 1. 8 from bottom, for EC read EG. 
p. 68, line 3, for ABAi read AB/a. 

p. 187, L 3, for Prop. XXVII read Prop. XXVIIL 

p. 238, line 1 from bottom, for third-glaM read third 

eye-glaM. 
p. 242, line 7, for IDxDX read ID^-DX. 
p. 243, L 3 from bottom, in the margin, for Plate 8. Fig. 

7. read Plate 8. Fig. 13. 

• p. 267, 1. 11 , for 43 read 439. 
Hud. L 21, for 25^i read 45^{ 

p. 298, L 1 1 from bottom, in the margin iacrt Plate 10. 

Fig. a 
p. 884,1 16, for 4271 read 4711. 



p. 394,Tab. I. M«Long. 15 years, read S. 1 1 29^ 22^ 36". 
• p. 395, 0*s M. Anom. April 25, read S. 3 23° 20^ 37". 
p. 396, 0*i Mean Long. May 10, read S. 4 8*^ 8' 3''. 
Ibid. 0*s Mean Anom. Aug. 5, read S. 7 3° 52' 29". 
Ibid. 0*s Mean Anom. Aug. 10, read S. 7 8° 48' 9". 
p. 397, 0*8 Mean Long. Dec. 1 l,read S. 1 1 10° 2^ 54", 
p. 398, Tab. VI. Equat. 0*8 Cent. S. 4 9°, read 1° 3 T 4"^ 
p. 403, Tab. II. Long. Q. 1798, read S. 2 1 1° 55 23". ' 
p. 404, Tab. HI. J 's Mean Motion, Feb, 23, read S. II 

21° 3V 31". 
p. 413, Tab. I. > '8 Lat S. 2 14°, read 4° 56^ 50". 
p. 416, Tab. IlL ]) \ Hourly Motion Long, & 3 S0°. 

read 20". ' 

p. 417, Tab. Months, read Oct S. 2 28° 4 29". 
p. 418, Tab. D 's Mean Motion from ©, 2 days, read 

S. O 24° 22' 53 " ; 3 days, read S. 1 6° 34' aCV. 
Ibid. Tab.L J »8 M. Anom. 1812, read S. 5 18° 45^ 4(^ 
p. 4 1 9, Tab. IIL Days, Jan. 2 1 , read 327. 
y. 422, Logist Log 6^ 12^ , read 9858 ; 5* 44 ", read 101§7. 
Ibid, m the column of ieconds, ixMUadof the tecond 54 

read 55. v 
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BOOK I. 



OF MATTER. 

Definition I. iVJlATTER is an extended, solid, inactive, and movor 

able substance. 

Scholium. Extension and solidity are discovered to be properties of matter by the 
senses. Both by the sight and touch ive perceive material substances to have length, breadth 
and thickness, that is, to be extended : and from the resistance which they make to the 
touch, we acquire the idea, and infer the property, of solidity. It is unnecessary here to 
inquire, whether solidity necessarily supposes impenetrability. Natural Philosophy, being 
employed in invcstigattng the laws of nature by experiment and*observation, and in explain- 
ing the phenomena of nature by these laws, has no concern with metaphysical speculations, 
which are generally lit^e more than unsuccessful eflFbrts to extend the boundaries of human 
knowledge beyond the reach of the human faculties. 

D£F. IL A body is any portion of matter. 

Corollary. All bodies have some figure ; for, being portions of matter, they are 
finite, and therefore bounded by lines either straight or curved. 

PROPOSITION L 

Matter may be, and mere extension is, infinitely divisible, or capable of be» 
ing divided beyond any supposed division. 

I. Any particle of matteri placed upon a plane surface, has an upper and a lower side, 

or a part which touches, and anotjber which does not touch the plane, and is therefore 
divide. 

1 2. Let 
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Plate 1. 2. Let CO, MD, be two parallel right lines, to which let AB be drawn perpendicular. 

In the line MD, on one side of the perpendicular AB, take, at equal distances, the points 
£, F, Gy H. On the other side of AB, in the line CO, take any point C, and join 
CE, CF, &c. Each of the lines CE, CF, &c. will cut oflF a portion from AB : But 
whatever number of lines be drawn in the same manner from C to MD produced, there 
will still remain a portion of AB not cut off; because no line can be drawn from the point 
C to the line MD, which shall coincide with CO : The line AB is therefore infinitely 
divisible. 

Plate I. 3. Let the right lines AC and GH be drawn perpendicular to the right line BF. In 

'^* ^' AC, produced at pleasure, take any points C, C, &c. from which, as centres, with the 
distances CA, CA, &c. describe arcs of circles KAL, NAO, &c. touching BF in the 
point A, and cutting HG. The farther the central point is taken from A, the greater 
will be the circles, and the nearer will the arcs approach to the line BF -, but (£1. IIL 
Fr. 16. Cor.) the arcs, touching BF in A, cannot touch it in any other point. The line 
HG is therefore infinitely divisible. 

From this proposition the following theorems are derived by Dr. Keiil, 
iri his fifth lecture. 

Theorem i. Any quantity of matter, however small, and any finite space, however 
.large, being given, (as for example, a cube circumscribed about the orb of Saturn) it is 
possible for the small quantity of matter to be diffused throughout the whole fpace, and to 
fill it 80 that there shaU be no pore or interstice in it, whose diameter shall exceed a given 
finite line. 

Con. Hence there may be given a body, whose matter, if it be reduced into a space 
absolutely ifull ; that space may be any given part of its former magnitude. 

Theorem i i. There may be two bodies of equal bulk, whose quantities of matter 
being unequal, in any proportion i yet the sum of their pores, or quantity of void space in 
each of the two bodies shall be to each other nearly in a ratio ^f equality.— 'Enample* 
Suppose 1000 cubick inches of gold, when reduced into a space absolutely full to be equal to 
^one cubick inch : then looc cubick inches of water, which is 19 times lighter than gold, will, 
when reduced, contain T^th part of an inch of matter. Consequently the void spaces in 
the gold, will be to those'in water as 999 to 999x|-i or nearly in the ratio of equality. 

In the present state of knowledge, it is impossible to determine how far the division of 
matter can be aAually carried, or whether there be any indivisible atoms by the arrange- 
^ntafld CDmbinationoif irhich all o^Hfiible .bodies Are fiormed. 'We me, however, JfiiftiiBhed 
both by art and nature with many astonishing instances of miivute divisioa>-4lf la'po^ndrof 
silver and a grain of gold be melted together, the gold will be equally diffused through the 
whole eilver ; and if a grain of the maas, containing only the j7<5ith part of a grain of 
foMi be dissolved ia dqua fortUi the gold wiU sobside, 

Agxain 
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A grain of gold may be spread by the gold-beater into a leaf containing 50 square inches^ 
and this leaf may be divided into 500,000 parts: and by a microfcopCy magnifying the 
diameter of an object 10 times, and its area 100 times, the looth part of each of these, that 
is, the 5^ millionth part of a grain of gold will be visible. 

The natural divisions of matter are still more wonderful. In odoriferous bodies a sur- 
prising subtilty of parts is perceived : several bodies scarcely lose any sensible part of their 
weight in a great length of time, and yet continually fill a very large space with odoriferous 
particles. Dr. Keill has computed the magnitude of a particle of assafoetida to be only the 

i:o6o.odo.o5ooo,o6o^^^ P^^^ ^^ ^ ^"^^^"^ »"^*^- ^8^^"^ '^'- Leewenhoeck informs us that there 
are more animals in the milt of a cod-fish than there are men on the whole earth, and a 
single grain of sand is larger than four millions of these animals. Moreover, a particle of 
the blood of one of these animalcula has been found, by calculation, to be as much smaller 
than a globe of the j^th of an inch in diameter ; as that globe is smaller than the whole 
earth. Nevertheless, if these particles be compared with the particles of light, they will 
be found to exceed them in bulk as much as mountains do single grains of sand. 

These instances may serve to shew the amazing fineness of the parts of bodies which are 
nevertheless compounded. Gold, when reduced to the finest leaf, Aill retains those proper- 
ties which arise from the modifications of its parte. Microscopick animalcula are, without 
doubt, organized bodies, and the globules of their blood are possessed of specifick qualities. 
Even the the rays of light are compounded of an indefinite variety of particles, which, when 
separated, have the power of exciting the ideas of colours. 

Def. III. That force by which the parts of the same body, or of 
different bodies, on their contact, or near approach, are united to or tend 
towards each other, 15 called the attraction of cohesion. 



PROP. IL The attraction of cohesion appears in solid bodies. 



£xp. 1. Observe the difierent degrees of cohesioji in different kinds of wood, suspending 
weights, from pieces of equal diaxoeter^placedyeiticaUy or horizontally, till- they break. 

2. Measure the different degrees of cohesion in silk, thread, horse-hair, &c. by weigtits 
suspended from cords of each, placed vertically or horizontally. 

The result of sundry experin^^nts^ made bgr professor Mussoheabroek, to shew the cohesive 
power of difi*erent solids, may be ,^een in the following table. In estimating the absolute 
cohesion of solid bodies, he applied freights to .separate them ..^ocording to their length : the 
pieces of wood which he used were. parallelopipedonsA each 4M/le of which was -p~^ths of 
an inch, and the metal wires n^A4^ use of were -^^tb Qjf ^Jftf^nland inch in diameter, and. 
they were drawn asunder by the £ctl|pwing w^bts ;; .. 

Fir 

• * #* ^ ) 
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' '^ — - lb ^ lb 

Fir - - ^ - 600 Copper - - - - ^99^ 

Elm - - - - yjo Brass - . - - 360 

Alder - - - 1000 Gold ----- 500 

Oak - - - - 1150 Iron ----- 450 

Beech - - - 1250 Silver - - - - 370 

Ash . - - - 1 250 Till ----- 49^ 

Lead ----- 29^ 

PROP, III. The attraction of cohesion takes place between particle? 
of the same fluid. 



Exp. I. A drop of water, at the end of a small cylinder of wood, will hang in a 
spherical form. The drop is sphericaU because, each particle exerts an equal power in eveiy 
"direction, drawing other particles towards it on every side as far as its power extends. 

2. Two globules of mercury, on meetingy unite^ which union can arise only from their 
strong attraction. Drops of water will do the same. 

PROP. IV. The attraction of cohesion takes place between two solid 
bodies of the same kind ; and the more perfect the contact, the greater 
is the attracting force. 

Exp. I. Two plates of glass laid together, though perfectly dry, will cohere. 

2. Two leaden balls, having each a flat surface of a quarter of an inch in diameter, scraped 
smooth, on being forcibly put together, will cohere so strongly as sometimes to require a 
weight of nearly loolb. to separate them. 

3. Two polished plates of brass, smeared with oil, will cohere strongly. 

M. Musschenbroek found that the adhesion of polished planes, about two inches in diame- 
ter, heated in boiling water, and smeared with grease, required the following weights to 
teparatethem : 



Cold Grease. 


Hot Grc 


Planes of Glass • • - 1301b 


3001b 


Brass - - - 150 


800 


Copper - - 200 


850 


Marble - • 225 


600 


Silver - - - 150 


250 


Iron *- - - 300 


950 



PROP. 
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PROP. V. The attraction of cohesion takes place between solids and 
fluids. 

Exp. I. A plate of glassy or metalj will retain drops of water^ or mercury, when 
inverted. 

2. If a plate of glass be in part immerfed in a vessel of water, the water which lies con- 
tiguous to the glass will rise above the level. 

3. Water rises above its level between two parallel plates of glass at a small distance 
from each other, and in a glass tube having a fine bore, called a capillary tube. 

4. The fluid will rise between parallel plates, and in capillary tubes, in vacuo. Hence 
it appears, that the ascent of fluids in capillary tubes is not owing to the pressure of the air. 

5. Human blood will rise to a great height in a tube having an exceedingly fine bore. 

6. Water will ascend in the cavities of sponge, sugar, an^ other porous bodies. 

7. If a drop of oil be poured upon a plate of glass laid horizontally, and another plate 
of glass be so placed as to meet the first plate at one edge, and be at such a distance from 
it at the other, as just to touch the drop of oil; this drop, because its touching surface i8 
continually enlarging, will move, with increasing velocity, towards that edge. If the planes 
be lifted up on the side where they meet, the motion will be retarded, stopped or reversed^ 
according to the degree of elevation. 

8. The same phenomenon takes place in a tube of unequal bore. 

9. Two glass bubbles, floating near each other on water, rush together. 

10. A glass bubble floating on water in a glass vessel, moves towards the side of the 
vessel. 

11. Two circular pieces of cork, placed upon water, and brought near each other, will 
be attracted. 

12. A circular piece of ice, two inches and a half in diameter, exactly balanced and 
brought to touch the surface of some mercury, will be so strongly attracted by the mercury, 
as to require more than nine penny weights,, in the opposite scale, to restore the equilibrium* 

13. A piece of wood having a fmooth and plane surface, suspended from a beam and 
balanced, on touching a surface of water, will be attracted ; and it will require an additional 
weight in the opposite scale to separate them. 

Scholium i. As it is by the attraction of cohesion that the parts of a body are kept 
together \ so when a body is broken, this attraction is only overcome. Hence the reason of 
soldering of metals \ gluing of wood, &c. Hence also may be explained why some bodies 
are hard^ others jofi, and others ^i//V/, which properties may result from the different figures 
of the particles, and the greater or lesser degree of attraction consequent thereupon. E/as^ 
ticity may arise from the particles of a body, when disturbed, not being drawn out of each 
othei^s attraction ; as soon, therefore, as the force upon it ceases to act, they restore them« 
selves to their former position. 

a ScHouuM 
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Scholium ii. Solids are dissolved in menstruums from the particles of the solid being 
more attracted to the fluid than to themselves. Precipitation arises from a like cause ; for if 
to the solution of any solid in a fluid, some other solid or fluid be added, the pnrticlcs of 
which are attracted by the fluid with a greater force than those of the solid which' was dis- 
solved, the solid falls to the bottom in a fine powder. Thus silver dissolved in aqua fortis is 
precipitated by copper. 



PROP. VI. The heights to which a fluid rises between parallel plates 
of glass are inversely as the distances of the plates. 



The absolute attractive force of the plates, will always remain the same, whatever be 
the distance of the plates. The same weight of fluid must, therefore, at different distances 
of the plates, be supported. But the quantity of fluid supported can only continue the 
same, when the height of the column supported is reciprocally as its base ; that is, when as 
much as the height is increased the base is diminished, and the reverse. Now, the length 
of the base remaining unvaried, the base can only be made greater or less, by increasing or 
diminishing the distance between the plates. Therefore, the force, and the quantity of 
fluid supported, remaining the same, the height will be greater as the distance of the plates 
is less, and the reverse. 

Let ff, Bf Z>, express the height, base and distance, when the plates are at any given 
distance, and A, b, J, express the same when they are brought nearer : from what has been 
shewn, H : h: : b : B i but b: B : : d : D s therefore H : h : : d : D, 

Exp. Let two parallel plates of glass be immersed, at diflferent distances from each other, 
in a vessel of coloured waters 



PROP. VII. The suspension of the fluid, in capillary tubes, is owing 
to the attraction of the ring of glass contiguous to the upper surface of 
the fluid* 

Every ring of glass below the surface attracts the water above it as much downwards, as 
it attracts the water below it upwards, and consequently can contribute nothing towards the 
support of the column : and the action of the lowest ring upon all the fluid in the tube, 
within its surface of attraction, must either concur with' the force of gravity to bring the 
fluid downwards, or, acting upon it at right angles, can have no eflTect in suspending it 
within the tube. The fluid therefore can only be supported by the ring of glass contiguous 

to 

* This proposition has been disputed. Dr. Hamilton, in his second lecture, supposes that the suspension arises 
from the attraction of the annulus lying just within the lower orifice of the tube. But Mr. Parkinson rejects 
both iiuppositions, and concludes, that the fluid it sustained by the immediate attraction of the glass. Set Fu-k- 
intones HydroIUtipk*, p« 39. 
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to its upper surface, which, attracting upwards, opposes the action of gravitation by which 
the fluid endeavours to descend. — ^^fhis reasoning may be applied to the fluid raised between 
parallel plates of glass. 

Exp. Let a capillary tube be composed of two parts, the bore of one of which is wider 
than that of the other : immerse its wider orifice in water, till it is filled to any height less 
than the length of the wider part ; the fluid will only rise to the height to which it would 
rise if the tube were throughout of the same bore with the wider part : but immerse the tube 
till the fluid enters the smaller part, and the whole column will be suspended, provided its 
length do not exceed that of the column which a tube of the smaller bore is capable of 
supporting. 

Hence it is manifest, that the water is sustained by the attraction of the narrower part of 
the tube, for the wider part could not sustain so long a column : it is also manifest, that it is 
sustained by tliering contiguous to the upper surface ; for if it were sustained by the ring at 
the lower surface, no reason could be assigned why this should now support the greater 
column in both parts of the tube, when it was before only able to sustain a column which 
filled a part of the wider tube. 

Next, let the tube be inverted, and the water be raised into the lower extremity of the 
wider part; when the suspended column is of greater length than that which a tube of the 
same bore with the wider part is capable of sustaining, it will immediately sink : whence it 
is manifest, that the suspension of the column in this case depends upon the attraction of the 
wider part of the tube ; for the narrower part could sustain a larger column : and also, that 
it is sustained by the ring contiguous to the upper surface ; for if it were sustained by the 
ring at the lower surface, it has been seen that this ring could support a much longer column. 

ScHOL. The reason why the narrower or wider ring sustains a column of the same 
length in the unequal tube above described, as in a tube throughout of the same diameter as 
the upper ring, is, that the moving forces of the columns are in both cases the same ; as 
will be more fully shewn hereafter. Book III. Pr. iv. Cor. 

PROP. VIII. In capillary tubes, the heights to which the fluid rises 
are inversely as the diameter of the bores. 

The fluid being suspended (Prop. VII.) by the ring of glass contiguous to the upper 
surface, and the distance to which the attracting force of glass reaches being unvaried ; the 
attracting force which sustains the fluid will be as the number of attracting particles, that is, 
as the circumference, or diameter of the ring, or of the tube. Let Qj 7, then, represent 
the quantities of fluid to be raised in two tubes of different bores ; D, </, the diameters of 
their bores ; and H, A, the heights to which fluids rise in the tubes ; because Q^, y, repre- 
fent two cylinders of the fluid, from the properties of the circle and cylinder (El. XII. 2. 
1 1, and 14-) Qj, 7 : : DDH : ddh / and from the nature of this attraction, which is as the 

diameters 
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diameters of the tubes, Q^: q ::D : d ; therefore DDH : dJh : : D : rf; and consequently 
D :d:h:H. 

Cor. From this proposition it appears, that in any glass capillary tube, the height ta 
which it will elevate water, and keep it sustained, multiplied into the diameter of the tube, 
is a given quantity ; this is found by experiment to be '053, part of an inch ; by means of 
this value the diameter of a capillary tube being given, the height to which it will elevate 
water will be known, for it will be equal to '053, divided by the diameter: thus suppose 
the diameter is -j^ of an inch, the height to which the water will be elevated ='053 X 2* 
=:i'o6. 

Exp. Let two tubes of different bores be immersed in a vessel of coloured water ; it 
will be found, that the water will rise as much higher in the smaller tube, as the diameter of 
its bore is less than that ofthe larger tube. 

PROP. IX, Between two glass plates, meeting on one side, and kept 
open at a small distance on the other, water will rise unequally ; and its 
upper surface will form a curve, in which the heights of the several points 
above the surface of the fluid, will be to one another reciprocally as their 
perpendicular distances from the line in which the plates meet* 



Plate 1. Let A£ be the surface of the fluid ; AF the line in which the plates meet ; HL the curve 

Tiff. 3. formed by the surface of the raised fluid; GB, IC, KD, LE, perpendicular to AE, expressing 
the heights of the respective points G, I, K, L, in the cutve, above the surface of the fluid, 
and AB, AC, AD, AE, perpendiculars to AFj expresaing the distances of the same points 
from the line in which the plates meet : these heights and. distances are reciprocally propor- 
tional. For let the lines GB, IC, KD, L£, represent pillars of fluid of an equal but 
exceedingly small breadth : those portions of the glass plates, which, by their attraction, sup- 
port these pillars being equal, will sustain equal quantities of fluid ; that is, the pillars will be 
equal. But the pillars may be considered as similar parallelopipeds, which (£1 XI. 34.) 
are equal when their bases and altitudes are reciprocally proportional. And the bases, being 
equal in breadth, are as their lengths, that is, as the intervals between the plates : and since 
the intervals continually increase as the distance from the line in which the plates meet in- 
creases, these intervals, at the points B, C, D, E, are as their distances AB, AC, AD, AE^ 
from the line AF. Since, then, the heights of the pillars are reciprocally as the intervalsi 
the heights GB, IC, &c. are reciprocally as the distances AB, AC, &c. 

Exp. Let coloured water rise between two glass plates (their inner surfaces being first 
moistened) meeting on one side according to the proposition. 

PROP. 
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PROP. X* Some bodies appear to possess a power the reverse of the 
attraction of cohesion, called repulsion. 

Exp. I. If a piece of iron be laid upon mercury, the surface of the mercury near the 
iron will be depressed 

2. A fine needle laid upon water will swim. 

3. Twocircular plates of tinfoil being placed upon water, and pressed down by a small 
additional weight upon their surface, repelling the water, will have a cavity round them : 
but when they are brought near each other, they will rush together ; the re-action of the 
water on the outer-side of the plates being greater than the re-action on the inner-side, where 
the two cavities produced by repulsion are united. 

4. Mercury, poured into a recurved glass tube, having the bore on one side exceedingly 
fine, and on the other large, will not rise so high in the narrow, as in the wide bore : water 
will rise higher. 

5. Melted glass, dropped into water, forms globules with a stem, (called Prince Rupert's 
drops) which on breaking the stem will burst with great violence, and fall into powder. 



PROP. XL All bodies on or near the surface of the earth tend to- 
wards its centre, by the attraction of gravitation. 

A stone, or other heavy body, let fall, will move towards the earth till it meet with 
some other body to obstruct its course. And bodies move in lines perpendicular to the 
surface, because the point to which they ultimately tend is the centre of the earth, and the 
line of direction produced, coincides with the radius, and is at right angles with the surface^ 
which is nearly spherical. Some bodies ascend, because they are acted upon by a force 
greater than the attraction of gravitation, and in a contrary direction. Vapours, smoke, &c. 
do not descend, because they are lighter than the air, and supported by it. 

Exp. I. Smoke or steam will descend in an exhausted receiver. 

2. Any boiling fluid being placed in a scale and balanced, the balance will be destroyed 
by evaporation. 

ScHOL. I. When we speak of attracting powers, we do not attempt to expUn their 
nature, or assign their causes. Having derived general principles, or laws of nature, from 
phenomena, we only give a name to these principles, in order to explain other appearances 
by them. 

ScHOL. 2. The tendency of all bodies towards the earth really results from their ten- 
dency towards the several parts of the earth. For by an experiment made by Dr. Maikelyne 
upon the side of the mountain Schehallien, he found the attraction of that mountain sufficient 
to draw the plumb-line sensibly from the perpendicular. See PhiL Trans. Vol. LXV. or 
Sir J. Pringle^s Discourses. 

BOOK 
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OF MECHANICKS, 

O R 

THE DOCTRINE OF MOTION, 



CHAP. I. 

Of the General Laws of Motion. 

PROPOSITION I. 

EVERY body will continue in ita state of rest, or of uniform motion 
in a right line, until it is compelled, by some force, to change its 
state. 

' Any body at rest on the surface of the earth will always continue so, if no external force 
be impressed upon it to give it motion, and if the obstacle which hinders the attraction of 
gravitation from carrying it towards the centre be not removed. A body being put into 
motion by some external impulse, if all external obstructions were removed, and the attrac- 
tion of gravitation suspended, would move on for ever in a right line \ for there would be 
no cause to diminish the motion, or to alter its direction. This cannot be fully established 
by experiment, because it is impossible entirely to remove all obstructions ; but, since the less 
obstruction remains the longer motion continues, it may be reasonably inferred, that if all 
obstacles could be removed, motion once communicated to any body would never cease. 

Exp. I. A body at rest requires some degree of force to put it into motion : and when 
in motion, it will continue to move longer on a smooth surface than on a rough one \ in* 
stances of which occur in the use of friction rollers \ in the exercise of skaiting, &c. 

2. If a stone be whirled round in a string, on being set at liberty it will continue to 
move with the force which it has acquired. 

3. If a vessel containing a quantity of water be moved along upon an horizontal plane, 
the water, resisting the motion of the vessel, will at first rise up in the direction contrary to 
that m which the moving force acts : when the motion of the vessel is communicated to the 

water. 



Chap. I. OF THE LAWS OF MOTION. i » 

Dv'ater, it will persevere in this state ; and if the vessel be suddenly stopped, resisting the 
change from motion to rest, it will rise up on the opposite side. In like manner, if a horse 
which was standing still, suddenly starts forwards, the rider will be in danger of being thrown 
backwards ; if the horse stops suddenly, the rider will be thrown forwards. 

ScHOL. This proposition suggests two methods of distinguishing between absolute and ap^ 
parent motions, (i.) Absolute motion, or change of absolute motion, may sometimes be dis- 
tinguished from apparent, by considering the causes which produce them. When two bodies 
are absolutely at rest, they are relatively so ; and the appearance is the same when they are 
moving at the same rate, and in the same direction : a relative motion, therefore, can only 
arise from an absolute motion in one or both of the bodies, which (by the Prop.) cannot be 
produced but by force impressed. Hence, then, if we know that such a cause exists, and acts 
upon one of the bodies, and not upon the other, we may conclude that the relative motion 
arises from a change in the state of rest, or absolute motion of the former ; and that with re- 
spect to the latter, the effect is merely apparent. Thus when a person on board a ship ob- 
serves the coast receding from him, he knows the appearance arises from the motion of the 
ship upon which the wind or tide is acting. 

(2.) Absolute motion may sometimes be distinguished from apparent by the effects produc- 
ed. A body in absolute motion endeavours to proceed in the line of its direction : if the mo- 
tion be only apparent, there is no such tendency. It is in consequence of the tendency to 
persevere in a rectilinear motion, that a body, revolving in a circle, constantly endeavours to re- 
cede from the centre. This effort is called a centrifugal force : and as it arises from absolute 
motion only, whenever it is observed, we are convinced tliat the motion is real. 

Exp. Let a bucket, partly filled with water, be suspen4ed by a string, and turned round 
till the string is considerably twisted \ then let the string untwist itself. At first the water re- 
mains at rest, but as it acquires the motion of the bucket, the surface grows concave to the 
centre, and the water ascends up the sides, thus endeavouring to recede from the axis of 
motion, and this eflect increases till the water and bucket are relatively at rest. When this is^ 
the case, let the bucket be suddenly stopped and the absolute motion of the water will be grad- 
ually diminished by the friction of the vessel ; and at length, when it is again at rest, the sur- 
face becomes plane. Thus the centrifugal force does not depend upon the relative, but upon 
the absolute motion, with which it begins, increases, decreases and disappears. 



PROP. II. The change of motion produced in any body is proportional 
to the force impressed, and in the direction of that force. 



Effects are proportional to their adequate causes. If, therefore, a given force will produce a. 

I^ven motion, a double force will produce the double of that motion. If a new force be im»- 

pressed upon a body in motioDi in the direction in which it moves, its motion will be increas* 

• cdi 
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cd proportionally to tiie new force impressed : If this force acts in a direction contrary to that 
in which the body moves, it will lose a proportional part of its motion : If the direction of this 
force be oblique, to the direction of the moving body, it will give it a new direction. 

Exp. Let one clay ball, suspended by strings, strike another clay ball suspended in the same 
manner, at rest or in motion, it will communicate a degree of motion greater or less in propor- 
to the force of the striking body : In the opposite direction^ motion will be destroyed in the 
same proportion. 

Cor. Since the effect produced by two bodies upon each other, depends upon their relativi 
velocity^ it will always be the same whilst this remains unaltered, whatever be their abfoluie 
motions. 



PROP. III. To every action of one body upon another, there is an equal 
and contrary re-action : Or, the mutual actions of bodies on each other are 
equal and in contrary directions, and are always to be estimated in the same 
right line. 



Whatever quantity of motion any body communicates to another, or whatever degree of re« 
sistance it takes away from it, the acting body receives the same quantity of motion, or loses 
the same degree of resistance in the contrary direction : the resistance of the body acted upon 
producing the same efiect upon the acting body, as would have been produced by an active 
force equal to, and in the direction of, that resistance. 

Cor. I. Hence it appears, that one body acting upon another, loses as much motion as it 
communicates ; and that the sum of the motions of any two bodies in the «ame line of direc- 
tion cannot be changed by their mutual action. 

Cor. II. This proposition will explain the manner in which a bird, by the stroke of its 
wings, is able to support the weight of its body. For if the force with which it strikes the air 
below it, is equal to this weight, then the re-action of the air upwards is likewise equal to it ; 
and the bird being acted upon by two equal forces, in contrary directions, will rest between 
them. If the force of the stroke is greater than its weight, the bird will rise with the differ^ 
ence of these two forces : And if the stroke be less than its weighty then it will sink with the 
difference* 

Exp. Let a clay ball in motion strike another equal to it at rest : The striking body will 
lose half its quantity of motion, which will be communicated to the other body. 

ScHOL. These three laws of motion may be illustrated by experiments, but their best con- 
firmation arises from heacci that all the particular conclusions drawn from them agree 

with 
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with universal experience. They were assumed by Sir Isaac Newton as the fundamental prin- 
ciples of mechanicks ; and the theory of all motions deduced from them, as principles^ being 
found to agree, in all cases, with experiments and obsenrationsy the laws themselYes are con- 
sidered as mathematically true. 



CHAP. IL 

Of the Comparison of unifbrm Motions. 

PROP. IV* The quantities of matter in bodies are in the compound 
ratio of their magnitudes and densities. 

If the magnitudes of two bodies be given, the quantities, of matter will be as the densities : 
If their densities be given, the matter will be as the magnitudes : therefore the matter is 
universally in the compound ratio of the magnitudes and densities. For example ; If A and 
B be two balls equal in magnitude, the quantity of matter in A will be to that in B, as the den- 
sity of A is to that of B : if both be of the same density, their quantities of matter will be as 
their magnitudes. 

PROP. V. The velocities with which bodies move, are directly as the 
spaces they describe, and inversely as the times in which they describe these 
spaces. 

It is manifest, that the degree of velocity increases as the space a body passes over in a given 
time increases, and as the time in which it passes over a given space decreases ; and the re- 
verse. For example.; If one ball A move over six feet, and another ball B over three feet in 
the same time, A has double the velocity of B : but if the ball A passes over six feet in two 
seconds of time, and the ball B passes over six feet in one secondj the velocity of B is double 
of that of A. 

PROP. VI. The spaces which bodies describe are in the compound 
ratio of their times and velocities. 

It is evident, that the longer time any body continues to move, and the greater velocity it 
moves with, the greater space it will pass through ; and the reverse. If, for example, the body 
A moves for one second, and the body B moves for two seconds, both moving with the 
same velocity, A will move through half as much space as B : If A moves with two degrees 
of velocity, and B with one degree of velocity, A will, in the same time, pass over twice as 
much space as B. 

PROP. 

4 
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PROP. VII. The times in which bodies move are directly as the spaces, 
and inversely as the velocities. 

The greater space any body passes through, and the less degree of velocity it mores with, 
the greater must be the portion of time taken up in the motion ; and the reverse. For exam- 
ple ; If the ball A moves with the same velocity with the ball B, but passes over double the 
space, A will meve twice as long as B ; If A moves over the same space with B, and with 
half the velocity, it must, in this case alsp, move twice as long as B. 

PROP. A. If bodies be acted upon by different constant forces, the ve- 
locities communicated will vary in a ratio compounded of the forces and 
times. 

Let F, V, T, represent force, velocity and time, and be supposed variable ; it is evident 
that the velocity will be increased and diminished in the same ratio with both force and time, 
and these being independent of each other, V will be as F XT. 

CoR. If, therefore, F be compared with any other known forcey capable of generating a 
velocity equal to v in the time f, then V : v : : FXT i/X/. 

PROP. VIII. The power required to move a body at rest is as the quan-. 
tity of matter to be moved. 

Each particle of matter in any body cesisting motion, a force must be exerted upon each 
particle to overcome this resistance ; if, therefore, two bodies containing different quantities of 
matter are to be moved^ the greater body will require the greater force. 

Def. I. The momentum of any body is its quantity of motion. 

PROP. IX. In moving bodies, if the quantities of matter be equal, the 
momenta will be as the velocities. 

It is manifest, that if the body A be equal to the body B, but A has twice the velocity of 
B, A has twice as much motion as B. 

PROP. X. The velocities of two bodies being equal, their momenta will 
be as their quantities of matter. 

The bodies A and B moving with equal velocities, since every portion of matter in A has as 
much motion as an equal portion of B, it is evident, that if A has twice the quantity of matter 
in B, it must have twice as much motion. 

PROP. XI. The momenta of moving bodies are in the compound ratio 
of their quantities of matter and velocities. 

The greater quantity of matter there is in any body, and the greater velocity it moves 

with, the greater will evidently be its quantity of motion j and the reverse. If. for 

example, 
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example, the body A be double of the body B| and moves with twice its velocity, the 
momentum of A will be quadruple of that of B : For it will have twice the momentum of 
B from its double velocity, and also twice the momentum of B from its double quantity of 
matter. 

CoR. Hence, if in two bodies the product of the quantities of matter and velocities are 
equal, their momenta are equal. 

PROP. XIL The velocities of moving bodies are as their momenta 
directly^ and their quantities of matter inversely. 

The greater momentum any body has, and the less quantity of matter it contains, the 
greater must be its velocity. For example j If the body A is half of B, and their momenta • 
are equal, A will move with twice the velocity of B ; and if A and B are equal, and the 
momentum of A is double of that of B, its velocity will also be double. 

PROP. XIII. The force, or power of overcoming resistance, in any 
moving body, is as its momentum. 

Since a body having a certain degree of motion is able to overcome a certain degree of 
resistance, it is manifest, that with an increased momentum, it will be able to overcome a 
greater resistance. 

Cor. Hence the momentum of any body is measured by its power of overcoming 
resistance. 

ScHOL. Let ^, qt denote the quantities of matter in any twobodieSf D, ^, their 
densities, and B^ if their bulk or magnitude, F, v, their velocities, 7*, /, the times of their 
motion, S, /, the spaces over which they pass, P, p, the moving powers, Mf m, their 
momenta^ and F^/^ their force : The preceding propositions may be thus expressed : 



. IV. 


^: g i I BD : W 


V. 


T t 


VI. 


S : s : : TF : tv 


VII. 


F V 


A. 


F : V :: FXT: f%t 


VIII. 
IX. 


P : p : : ^ : q 

M: m : : F : v : \l ^=jp 


X. 


M : tn : : ^ : q : \i F^v. 


XI. 
XII. 

XIII. 


M: tn : : ^F : qy 

mw. A€ HI 
If • mm • • . 
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CHAR m. 

Of the Composition and Resolution of Forces. 

Def. a. Equable motion is either simple or compound Simple 

motion is that which is produced by the a£tion, or impressed force of one 

cause. Compound motion is that which is produced by two or more 

. conspiring powers, i. e. by powers whose directions are neither opposite 

nor coincident* 

PROP. XIV. A body acted upon by two forces united, will describe 
the diagonal of a parallelogram, in the same time in which it would have 
described its sides by the separate action of these forces. 

Plate I. If in a given time, a body, by the single force M impressed upon it at the point A, 

would be carried from A to B ; and by another single force N impressed upon it at the same 
pointi would be carried from A to C ; complete the parallelogram ABDC ; and with both 
forces united, the body will be carried in the same time through the diagonal of the parallel- 
ogram from A to D. For since the force N acts in the direction of the right line AC 
parallel to BD, this force (by Prop. II.) has no effect upon the velocity with which the 
body approaches towards the line BD by the action of the force M. The body will there- 
fore arrive at the line BD in the same time, whether the force N is impressed upon it or not j 
and at the end of that time will be found somewhere in the line BD. For the same reason 
at the end of the same time it will be found somewhere in the line CD ; therefore it must be 
found at the point D, the intersection of these two lines. And (by Prop. I.) it will move 
in a right line from A to D. 

Exp. Two equal leaden weights, suspended at *the end of a triangular frame of wood to 
give them a steady motion, and let fall at the same instant from equal heights, striking a 
ball suspended by a cord at the point in which their lines of direction meet, will carry it 
forwards in the diagonal of the parallelogram of those lines produced. 

CoR. I. Hence, the velocity produced by the joint action of two forces is to that with, 
which the body moves by the action of each force singly, as the diagonal of the parallelo' 
gram to either side \ for the diagonal is described in the same time with either side. 

Cor. 2. If two sides of a triangle represent the directions and quantities of two forces, 
the third side will represent the direction and quantity of a force equivalent to both acting 
jointly : For the third side may be considered as the diagonal of a parallelogram. 

Cor. 



/ 
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Cor. 3. A body may be moved through the same line by different pairs of ibrees^ Iq 
plate I. fig. 4. AD is the diagonal both to the parallelogram ABCD, and to the parallelograqi 
AEDF i and consequently expresses a force equal to AB, AC, and to AFj A£. 

Cor. 4. Hence we learn why any heavy body let fall perpendicularly from the top of ^ 
mast, when a ship is under full sail, will fall to the bottom, in the same manner as if it had beefi 
at rest. 

ScHOLinu. This proposition may be farther illustrated. If two men sit upon the oppOr 
site sides of a boat in full sail, and toss a ball to one another, they will catch the ball in their 
turn, just as they would have done if the boat had been at rest The ball is here acted vpoii 
by two forces : (i) it partakes of the motion of the boat, which is common to the ball, the 
boat and the men : (2.) the other force is that with which the man throws it across the boat. 
By these two forces together, the ball will describe the diagonal of a parallelogram, one of 
whose sides is the line that the boat has described whilst the ball is flying across ^ and the 
other side is a line drawn from one man to the other. 

PROP. XV. The velocity produced by two joint forces, when they act 
in the same direction, will be as the sum of the forces, and when they act in 
opposite directions, will be as their difference ; and the velocity will be the 
greater the nearer they approach to the same direction^ and the reverse. 

In the parallelograms ABCD, in which AB, AC, express the direction and quantity of two pj^^ ^ 
joint forces, the side AB being placed at different angles with AC, it is manifest, that as AB Fig. 5. 
approaches towards AC, the diagonal increases, till at length it becomes equal to AC, CD, 
that is, to AC, AB, and the velocity is as the sum of the forces, since they act in the same 
direction. 

In the parallelograms ABCD, as AB recedes from CD, the diagonal decreases, till at length piate 1. 
it vanishes with the angle, and the two sides AB, AC, constitute one right line, the parts of ^* ^* 
which, AB, AC, representing forces acting in opposite directions, if the forces be equal, they 
will destroy each other i if unequal, the velocity will be as their difierence. 

PROP. XVI. Any single force or motion may be resolved into two 
forces or motions ; and the directions of these may be infinitely varied : also 
any two forces may be compounded into single forces. 



A body moTing in the line AD, may be considered as receiving its direction and velocity p|g|^ j^ 
from two forces acting jointly in the directions AB, AC, or from two other forces expressed Kg. 4. 
by AF| A£: For (Prop. XIV. Cor* 3.) each pair would produce the same effect. In like 

5 manner 



i» OF MECHANIGKS. Book II. 

manner the direction and quantities of the forces will be dirersified with every change of the 
sides of the parallelogranii the diagonal remaining the same. 

It is also manifest, that any two joint forces may be compounded into onci being expressed 
by the sides of a parailelogrami or its diagonal. 

PROP. XVII. IF a body is acted upon by three forces, which are pro- 
portional to, and in the direction of, the three sides of a triangle, the body 
will be kept at rest. 

Wate 1. Let a body placed at D be acted upon by three forces AD^ GD, FD, proportional to, and in 

^' ' the direction of, the three sides of the triangle GED : complete the parallelogram GEFD % and 
make AD equal to, and in the direction of, the diagonal £D. 

If the body atDbe acted upon by the forces AD, ED, equal and in opposite directions, it 
will be kept at rest. But the force ED (Prop. XVI.) is equivalent to the two forces DG, DF, 
that is, DG, GE 5 therefore the body acted upon by the three forces AD, DG, DF, that is, by 
three forces proportional to, and vbl the direction of» the sides of the triangle G£D» wifl be 
at rest. 

Exp. Let three weights in the proportions of 3> 4, 5, be suspended from cords, which pass 
over pulliesand meet in a- point; if the directions of the cords be paraHel^ to the sides of a 
triangle (drawn in a plane parallel to the plane of the cords) whose sides are to each other as 
the weightSj a ball at the point in which tiie cords meet will be kept at rest. 

Cor. Th^ body will be at rest if the three forces are proportional to the three sides of a 
triangle drawn perpendicular to the direction of the forces \ for such a triangle is similar tO:thc 
ibrmer Draw A^, G^ and B^, perpendicular to the sides GE, GD, D£. forming a triani^te 
g e d^ which is equiangular to GED ; hence, the sides about their equal angles being propor* 
tional, the forces which are proportional to the lines GE| GD^ and DE, are also proportional 
^ g e^ gd, and d e. 

Scholium* A boy's kite, as it rests in the air, is an instance of a body resting whilst 
three forces act upon it* For the kite is acted upon by the wind \ by its own weight \ and bjr 
the string that holds it. 

PROP. XVIH. The force of oblique pcrciwsion is to that .of direct or 
perpendicular action^ aa the sine of the angle of incidence to radius. 

Plate 1. I^ct a body strike upon the plane AD, at the point D, in the direction BD : the line BD ex- 

P»y- 8- pressing the force of direct impulse may be resolved into two others, BC, BA, the one parallel, 

the other perpendicular to the plane : Of these, the force BC, parallel to the plane, cannot df- 

feet it : The whole force upon the plane may therefore be expressed by BA. But B A 'n> to 

BD as the sine of tbe angle qH incidence BD A. is to radmsir 

SCHOL. 
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ScHoL. If the surface to be struck be a curve, let AD be made tangent to the eurve at D, 
and the proof will be the same. 

PROP. XIX. The force of oblique action produced by percussion is to 
that of direct action, as the cosine of the angle, comprehended between the 
direction of the force a'nd that in which the body is to be moved, to radius. 

Let FD represent a force acting upon a body at D, and impelling it towards E ; but let DM P|at« '• 
be the only way in which it is possible for the body to move. The force FD may be resolved ^' 
into two forces FG, FH, or GD ; of which only the force GD impels it towards M. And, 
FD being radius, GD is the c6sine of the angle FDG, or MDE, comprehended between the 
direction of the force, and that in which the body is to be moved. 



CHAP. IV. 

Of Motion J as communicated by Percussion in Non-Elastick and Elastick BodieSj. 

D£F. IL Bodies are non-elastick, which^ when one strikes another, dp 
not rebound, but move together after the stroke. 

Coft. nence their relodfies after ^ttt stroke are equaL 

Def. ni. Bodies are elaslick, which have a certain spring, by whicli 
their parts, upon being pressed inwards by percussion, return to their former 
state, throwing off the striking body with some degree of force; when t le 
elasticity is perfect, the body restores itself with a force equal to that with 
which it is compressed. 

Exp. The existence of this property is visible in a ball of wool, cotton, or sponge cooi* 
pressed. 

PROP, XX. When one non-elastick body in motion, strikes upoa 
another at rest, or moving with less velocity in the same direction, the sun* 
of their, momenta remains the same after the stroke as before. 

Fbi*(Prop' Ml. Qttc u\ as much motion as the striking body communicates, so much it 
loses ; whence, if the motions of the bodies are in tkc^ sanlb dicectioa^ whatever is added to^ 

the 
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the motion of the preceding body will be subducted from that which follows, and the sum 
will remain the same. 



V 



PROP. XXL When two non-elastick bodies, moving in an opposite di- 
rection, strike upon each other, the sum of their momenta, after the stroke, 
^ili be equal to the difference of their momenta beibre the stroke. 

For (from Prop III. Cor. i.) that body which had the least motion will destroy a quantity 
equal to its own in the other ; after which they will move together with the remainder, that 
IS, the difierence. 

Exp. Let two cylindersy filled with clay. A, B, be of equal weight, and suspended by 
cords from equal heights ; let two other cylinders of the same kind, C» D, but in weight 
as 2 to I, be suspended from the same height The heights from which they are let fall, in 
the arc formed by the motion of the cylinder (from the nature of the pendulum, afterwards 
to be explained) will be the measure of their velocity ^ and (by Prop. XI.) their momenta 
will be as their velocities multiplied into their quantities of matter ; whence the cases 
of the two preceding propositions may be established by the following experiments. 
N. B* Quantity of matter is expressed by ;, velocity by v, and momentum by m. 

No. I. Prop. XX. Case i. Let the cylinder A fall from the height of i8 inches^ upon the 
cylinder B at rest. The momentum of A before the stroke (by Prop. XI.) is i8 ; for the quan- 
tity of matter is i. and the velocity i8 ; whence ^ i x v i8 «i» i8. After the stroke, the 
quantity of matter being (Def. U.) 2> and the velocity of each cylinder 9^ the momentum will b^ 
18 : 9 2 X V9 sm 18. 

No. 2. Case 2. Let A fall from 1 8 inches, and B from 9, in the same direction ; their mo- 
menta before the stroke are 1 8 + 9 == 27 ; after the stroke^ the quantity of matter will be 2, and 
the velocity 137^ whence v 13! x j' 2 b=i» 27. 

. No. 3. Prop. XXI. Case i. Let the equal cylinders A and B fall in opposite directions, from 
the height of 1 2 inches ; the momenta being equal and opposite, the motion of both will be 
destroyed. 

No. 4. Case 2. Let A fall from the height of 1 2 inches, and meet B falling in the opposite 
direction from 6 inches ; their velocity after the stroke bebg 3, and quantity of matter 2, the 
momentum will bed; q 2 X v$^m6. 

No. 5. Prop. XX. Case 3. Let the cylinder C, double of the cylinder D, fall from 12 inches 
on D at rest. Before the stroke, the quantity of matter in C is 2, and irs velocity is 1 2 ; whence 
its momentum is 24 ; ^ 2 X t; 12 = m 24. After the stroke, the velocity will be 8, and quan- 
tity of matter 3 ; whence 9 3 X vi^m 24. 

No. 
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No. 6. Case 4. Let C fall from 1 2 inchesi and D from 6 inches in the same direction. Be- 
fore the stroke^ the velocity of C is 1 2, and quantity of matter 2 ; whence its momentum is 24 ; 
;2Xvi2s:m24; and the velocity of D is 6, and its quantity of matter i ; whence 
q I X f;6si7f6; therefore the whole momentum is 30. After the stroke, the velocity of the 
whole is 109 and the quantity of matter 3 ; whence ^3 x v 10 ss m 30. 

No. 7. Prop. XXI. Case 3. Let C fall from 6 inches, and D from i2, in opposite (Erections, 
the quantity of matter in C being 2, and its velocity 6 ; and the quantity of matter in D being 
I, and its velocity 1 2, their momenta will be equal, and being opposite, will destroy each other. 

Cq2Xv6^mi2iDqi Xv I2=«i 12. 

No. 8. Case 4. Let C fall from 3 inches, and D from 1 2, in opposite directions : Before the 
stroke, the momentum of C is 6; 72x^3=:^ 6, and the momentum of D is 12 ; 
q 1 X V I2=^fn 12; whence the difference of their momenta is 6. After the stroke, the velocity 
i^ 2, and quantity of matter 3 ^ whence the momentum is6'f q 2 Xv 2zs fn6. 



PROP. XXIL When one elastick body strikes upon another of the 
same kind, the one loses, and the other gains, twice as much momentum, as 
if the bodies had been void of elasticity. 



For, since (by Def. IIL) perfectly elastick bodies, on percussion, restore themselves with a 
force equal to that with which they are compressed, whatever momentum is gained by one 
body, or lost by the other, on percussion, from the law of re-action, the same must be gained, 
or lost, from the power of elasticity. 

Cor. I. Hence the momentum of elastick bodies after percussion may be found, by 
doubling the momentum which would have remained, had the bodies been non-elastick. 

2. If one of the bodies, considered as non-elastick, would lose more than half its momen- 
tum, as elastick, it loses more than all, that is, acquires a negative momentum in a contrary 
direction. 

Ex?. The following experiments may be made with ivory balls suspended from strings ; 
they correspond with the preceding experiments on non-elastick bodies. 

Let A and B be equal balls ; and let C be a ball double of the ball D. 

No. I. A, falling from 18 inches on Bat rest, has 18 degrees of momentum before the 
stroke : therefore, after the stroke, supposing the bails non-elastick, the same momentum be- 
longing to the two equal balls together, each has 9 degrees of momentum, and A has lost and 
B gained 9. This being doubled. A, as elastick, will lose 18, and B vtill gain 18 degrees of 
momentum : whence A will be at resti and B will move with 18 degrees of momentum. 

6 No. 
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No. ^' A, falling from i8 inches^ and B from 9 in the same direction; as nonelastick, 
after the stroke, each has 13^ momentum, or A has lost 4^ and B gained 4^. As elastick^ 
after the strokei A loses 9, B gains 9 -, therefore A rises to 9 inches, B to 18. 

No. 3* A and B, falling in opposite directions from 12 inches, as non^-elastick, would lose 
all their momentum ; as elastick, each loses 24 degrees of momentum ; that is, gains 12 in 
» the contrary direction. 

No. 4. A, falling from 12 inches, and B in the opposite direction from 6, as non-elastick, 
the momentum of each, after the stroke, will be in the direction of A ; whence A loses 9, 
and B loses 9, moving 3 degrees in the contrary direction. As elastick, A loses 18, or has 6 
in the contrary direction, and B loses 1 8, or gains 1 2 in the contrary direction. 

No. 5. C, double of D, falling from 1 2 inches on D at rest, the momentum of C, before 
the stroke, being 24, and of D nothing ; as non-elastick, C, after the stroke, having its mo- 
mentum 16, and moving with the velocity 8, will have lost 4 degrees of velocity, and 8 of 
momentum : and D will have gained 8 of each. As elastick, therefore, C will lose 8 degrees 
of- velocity, or (Prop. XI.) 16 of momentum, and D will gain 16 of each; that is, C will 
move with 4 degrees of velocity, and D with i6. 

No. 6. C, falling from 12 inches, and D from 6 in the same direction, before the stroke, the 
velocity of C is 1 2, and its momentum 24 ; and the momentum of D 6. After the stroke, as 
non-elastick, the momentum of C is 20, because q 2 X vio=i»2o; and the momentum of D 
is 10, because ^ixvio = mio; therefore C has lost 4 degrees of momentum, or 2 degrees 
of velocity, and D gained 4 of each. If, therefore, the gain or loss be doubled on account of the 
elasticity of C and D, C will lose 8 degrees of momentum, or 4 of velocity, and D will gain 8 of 
each ; that is, C will move with 8 degrees of velocity,' and D with 14. 

No. 7. C, falling from 6 inches, and D from 12, in opposite directions, their momenta 
being equal, would destroy each other without elasticity : Therefore, being elastick, each will 
acquire the momentum of 12 in opposite directions; that is, D will return to 12, and C to 6. 

No. 8. C, falling from 3 inches, and D from 1 2 in opposite directions ; since the mo- 
mentum of C, before the stroke, is 6, and of D 12, as non-elastick bodies they would, after 
the stroke, move in the direction of D, with the velocity of 2 ; whence C would move in the 
direction contrary to its first motion with 4 degrees of momentum, and lose 10 ; and D 
would lose 10 : Therefore, being elastick, C will lose 20 degrees of momentum, and also D 
20 ; whence C will move in the contrary direction with 14 degrees of momentum ; that iSf 
will return to 7 ; and D will return to 8. 

Cor. r. If the sum of two conspiring momenta, or the difference of two contrary momen- 
ta, be divided by the sum of the quantities of matter in both the moving bodies, the quotient 

•will crive the rommon vplni'itw affpr flie Ahrntp. 



will give the common velocity after the stroke. 



SCHOL. 




CftAP. IV. OF ELASnCK BODIES. 

ScHOL. Let itf and £ be two spherical bodies, moving with their centres in the same line ; 
and let their velocities be a and ^. The momentum of J, before the stroke is ^a, and 
that of 5 is Bh j their sum, or their diflFerencc, is Aa-i-Bt, or Aa—Bb. Therefore (by Prop. 
XX. rad XXI.) the momentum, after the stroke, is expressed by Aa-f- Bi, and, their common 

Aa+Bi AAar^ABb 

velocity by ^j^ - Hence the momentum of A, after the stroke, is — ^^g — j and that 

ABa^BBa 
of Bis -^^r- 

Next, suppose the bodies perfectly elastick. Subtract the momentum of A considered 

AAa^ABb 
as non elastick, after the stroke, —;j[:^ , from its momentum, before the stroke, Aa ; 

ABa-^^Bb 
and the remainder, — -^f;^ — , will express the momentum in that case lost by A, and 

ABa+ABb 
gained by B. Subtract this remainder, ^+5 > from the momentum of A, as non- 

AAa+ABb 
elastick, after the stroke, ^^ . a^j ^jd the same remainder to the momentum of B, . 

ABa+BBb AAa+iABb—ABa 
after the stroke, -^^ — : the difference, -jj:^ — , will express the mo- 

2 ABcr^BBb+ABb 
mentum of A, after the stroke, and the sum ^4:^ will express the momen- 

Aa^Bb—Ba 
tum of B, after the stroke, supposing them perfectly elastick. And li^ > ^^^ 

2 Aa^-Bb+Ab 
' ' jf^^' 9 win express their respective velocities. 



Con. 2. If there be any number of elastick, equal, and spherical bodies, whose centres 
are placed in the same line, and the first body strikes upon the second in the direction of 
that line, all the bodies will be at rest except the last, which will move off with the velocity 
of the first. 

lExp. Several equal ivory balls, being so suspended as to have their centres in a right 
line, if the first be let fall upon the second, the last will fly ofi^, to the height from which 
the first fell. 



CoR. 3. When the striking ball is less than the quiescent, there will be an increase of 
momentum. 

Exi^ Let the ball D fall from 1 2 inches upon C, double of D, at rest. If they were 
non-elastick, they would proceed together, and their velocity, being the same, C, after the 
stroke, wooldhave double the momentum of D ^ that is> C would have 8 degrees, and D 4 ; 

whence 



»$ 



i 
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whence D would have communicated more than half its momentum to C. The effect being 
doubled by the elasticity of the bodies, D communicates to C i6 degrees of momentumi and 
loses as much itself, or returns with 4 degrees of momentum in the contrary direction : 
while C moves forwards with 4 degrees more momentum than D had at the first. Thus 
the whole sum of momentum is increased from 1 2 to 20 degrees ; but as much as the mo- 
mentum is increased in the direction in which D first moved, so much is given to D in the 
contrary direction. In this manner may momentum be continually increased by a series of 
bodies. 

CoR. 4. If a non-elastick body striken upon an immoveable obstaclcj it will lose aU its mo- 
tion ; an elastick body will return with a force equal to the stroke. 

Exp. Let a leaden ballj and an ivory ball, strike upon any fixed plane. 



CHAP. V. 
Of Motion y as produced by the Attraction of Gravitation. 

S E C T. I. 

Of the Laws of Gravitation in Bodies falling without Obstruction. 

PROP. XXIII. The motion of a body, falling freely by the attraction 
of gravitation, is uniformly accelerated, or its velocity increases equally 
in equal times. 

A new impression being made upon the falling body, at every instant, by the continued 
action of the attraction of gravity, and the efiect of the former (by Prop. I.) still remaining, 
the velocity must continually increase. Suppose a single impulse of gravitation, in one in« 
stant, to give it one degree of velocity ; if, after this, the force of gravitation were entirely 
suspended, the body would continue to move with that degree of velocity, without being 
accelerated or retarded. But, because the attraction of gravitation continues, it produces as 
great a velocity in the second instant as in the first ; which being added to the first, makes 
the velocity in the second instant double of what it was in the first. In like manner, in the 
third instant, it will be tripled ; quadrupled in the fourth : and in every instant, one degree 
of velocity will be added to that which the body had before; that is, the motion will be 
uniformly accelerated.* 

Cor. The velocities of falling bodies, are as the times in which they are acquired. 

PROP. 

* All bodies detcending in vacuo by gravity, whether great or small, dense or rare, are found to fall through 
16*1 feet in one second, and to acquire a velocity in falling which would carry them uniformly through S2-2 feet in 
the next second, and an increaM of velocity, equal to this, is found to be added to every succeeding sacood of tini^. 
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PROP. XXIV. The force of the attraction of gravitation acting upon 
any body is as its quantity of matter. 

For each particle of matter in any body being acted upon by gravitation, the greater ■ 
number of particles are contained in any body> the greater force must be exerted upon it ^ 
that isi the force increases as the quantity of matter increases. 

Exp. Let two unequal balls, suspended by threads of the same length, be let fall at the 
same time from points equally distant from the lowest points of the arcs in which they 
move : The vibrations of each will be performed in equal times, and consequently their veloc- 
ities will be equal ; whence the momenta (Prop. XI.) will be as the quantities of matter; 
But (by Prop. XIII.) the force producing motion, is as the quantity of motion, or momentum, 
produced : Therefore the force of gravitation is as the quantity of matter ; that is, as 
much greater force is exerted upon the larger body than upon the less, as its quantity of 
matter is greater than that of the less. 

Cor. "f . The weight of any body is as its quantity of matter ; for weight is the degree 
of force with which any body is acted upon by gravitation. 

• 

Cor. 2. If the attraction of gravitation were increased in any ratio, the weight of a 
given body would be increased in the same ratio. Substituting, therefore, W, Q^, F, for the 
weight, quantity of matter, and force of gravity, respectively, and supposing them to be 
variable ; W will be as Q^x F« 

PROP. XXV. The velocities of bodies falling from the same height^ 
without resistance, are equaL 

If two bodies of difierent quantities of matter fall from the same height, the attracting 
force which acts ujfon the greater body, will (Prop. XXIV.) exceed that which acts upon 
the less, as much as the greater body exceeds the less in quantity of matter ; whence they 
must move with equal velocities. 

Exp. a guinea, and a feather, or other light body, in the exhausted receiver of an air- 
pump, will fall through the same jpace in the same time. 



PROP. XXVI. The spaces described by falling bodies are as the 
squares of the times from the beginning of the fall, and also as the 
squares of tlaue last aci^uired velocities; jox in the ra^o compounded of 



vdocities. 



■ I 



In 
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K*^^io ^^ ^^ triangle ABC, let AB express the time in which a body is falling, and BC the 

Telocity which it has acquired at the end of the fall i let AF, AD, be parts of the time 
AB -, and through F, D, draw FG, D£, parallel to BC. 

^ Because the triangles ABC, ADE, are similar, AB is to AD as BC to DE ; but AB 
and 'AD express times of descent, and BC expresses the velocity acquired in the time AB; 
^ therefore, since (Prop. XXIII. Cor.) the velocities are as the times, DE expresses the velocity 

acquired in the time AD. In like manner GF, any other right line parallel to BC, 
expresses the. velocity acquired in the time AF. Therefore the sum of the lines which may 
be supposed drawn parallel to CB in the triangle ADE ; that is, the whole triangle ADE, 
will represent the sum of the several velocities with which the falling body moves in the 
time AD. For the same reason, the triangle ABC will represent the sum of the velocities 
with which the falling body moves in the time AB. Since therefore it is manifest, that 
the space which a body passes through in any moment of time is as the velocity with which 
it moves at that moment ; and consequently, that the spaces through which it passes in any 
times whatsoever, are as the sums of the velocities with which it moves in the several 
moments of those times i the spaces passed through in the times AD, AB, are to each other 
as the triangles ADE, ABC. But the triangle ADE (El. VI. 19 ) is to the triangle ABC 
in the duplicate ratio of the homologous sides AD, AB, and also of DE, BC : that is, the 
spaces are as the squares of the times, and also as the squares of the last acquired velocities, 
consequently the spaces described are in the compound ratio of the times and the velocities. 

£xp. Let there be two pendulums, one of which vibrates twice as fast as the other, a 
ball let fall from such a height above the ball of the shorter pendulum as to reach it in one 
vibration, must fall from four times this height, to reach the longer pendulum in one of its 
vibrations. 

CoR. I. Hence, if the forces are variable, the spaces described are as the forces and 
squares pf the times ;-^K>r as the squares of the velocities directly, and the forces inversely. 
For by the Prop, (calling S, V and T, the space, velocity and time) S is as T x V, and 

V* 
{by Prop. A. p. 14) V is as F x T .'. S is as F X T% and S is as*^* 

Cor. The times in > which bodies fall from unequal heights, and their last acquired 
velocities, are as the square roots, or in the subduplicate ratio of their heights. Since TT 
is as S, T will be as y^ S ; and since VV is as S, V will be as ^ S. 

Cor. 3. Iftbetimeof the fall of a body be divided into equal parts, the spaces through 
which it falls in each of these parts, taken separately, will be as the odd numbers i, 3, 5, &c. 
The spaces being as the squares of the times or velocities, if the times be as the numbers 
i> 2, 3, 4, the spaces will be as i, 4, 9, 16 ; whence, m the first time the space will be as i> 
in the second timci the space passed over will be as 3i in the third| as 5^ &o. 

ScHOLf 
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. ScHOL. Since S is as Ts» and as in the first second of time a body freely descending by 
the force of gravity falls through i6'i feetj we easily find the space described in any given 
number of seconds i for S =s i6'i x T*. Thus in 5" a body will fall through 40a feet ; for 
16*1 X ^5 = 4^^' Again^ the spaces, fallen through in the tst^ ad, 3d, seconds, are 16*1 { J^ 
'6*1 X 3>J6*'XS respectively. Tt 

PROP. XXVII. The space which a body passes over in any given 
time from the beginning of the fall, is half that which it would pass 
over in the same time, moving with the last acquired velocity. 

For the triangle ABC (by Prop. XXVI.) expresses the space passed over in the time AB, Pj*^* ^\ 
when the motion is uniformly accelerated ; the last acquired velocity is expressed by BC ; 
and the rectangle of AB^ BCf rightly expresses the space passed through in the time AB with 
the equable velocity BC : since therefore the triangle ABC is half of the rectangle AB, 
BC^ the proposition is manifest. 

PROP. XXVIIL The motion of a body thrown upwards is uniformly 
retarded by gravitation : the time of its rise will be equal to that in 
which a body falling freely acquires the same degree of velocity with 
which it is thrown up ; and the height to which is rises will be as the 
square of the time, or first velocity. 

The same force which accelerates a falling body, acting in an opposite direction upon one v 

thrown upwards^ must retard it : and, since the action of gravitation is uniform, in what* 
ever time it generates any velocity in a falling body, it must in the same time destroy the 
same velocity in a rising body : through whatever space the falling body must pass to acquire 
any velocity, the rising body must pass through the same to lose it : and whatever ratio the 
spaces bear to the velocities and times in one case, must take place in the other : the efiect 
of gravitation in rising bodies being in all respects the reverse of ks efiect upon falling 
bodies. 

ScHoL. As the force of gravity near the surface of the earth is constant, and known 
by experiment, and as the spaces described by falling bodies vary as the squares of the times, 
(T*) or as the squares of the velocities (V^) : hence every thing relating to the descent' of 
bodies, when accelerated by the force of gravity ; and to their ascentj, when they are re* ' 

tarded by that force, may be deduced from the foregoing propositions. 

(i.) When a body falls by the force, of gra^ty, the velocity acquired in any time, as 
T'^, is such as would carry it uniformly over a F T in i^- ; where F «s 16*1 feet. 

EziM. The. velocity acquired by a falling body in 6'^ a 32*2 X ^j ^^ ^^^^ ^^ would 
carry it uniformly through 193 feetin 1".^ 

{2.) The 
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(2.) Ihe space fallen tlirough to acquire the velocity V is Tp". For S : F :: V* : 2FI 

orS=^F. 

Exam. If a body fall from rest till it acquire a velocity of 20 feet per second, the space 



m fallen through is --^ — = 6-2 feet. 

From these three expressions, V » iFT j S « 5^ and S a FT* (Cor. i. Prop. XXVI.) 

4F 
any one of the quantities S, T, V, being given> the other two may be found. 

Exam. i. To find the time in which a body will fall 400 feet; and the velocity ac* 
quired. 

^ fdoo" 
Since S = FT* .-. T =5 y'-p^ = v' 75:7 = S" nearly, and V being equal aFT = 32-2x5/^= 

161 feet s= velocity acquired. 

Exam, a* If a body be projected perpendicularly downwards, with a velocity of 2o.feet 
per second, to find the space described in 4^^' 

The space described in 4" by the first velocity is 4 x *Of *nd the space fallen through by 
die action of gravity is i6'i x 4*f thereforethe whole space described is 33 7 "6 feet. 

Exam. 3. To what height will a body rise in 3'' which is projected perpendicularly 
upwards with a velocity of 100 feet per second ? 

The space described in 3'' by the first velocity b 300 feet, and the space through which 
the body would fall by gravity in 9'^ is i6'i x 3* = '44'9 f^^^ therefore the height re- 
quired is 300— i44'9 2= 1 55' I feet. 



SECT. IL 

Of the Laws of Gravitation in Bodies Jailing down inclined Planes. , 

Def. IV. An inclined plane, is a plane which makes an acute or ob- 
tuse angle with the plane of the horizon. 

PROP. XXIX. The motion of a body, descending down an incUned 
plane, is uniformly accelerated. 

In every part of the same plane^ the accelerating force has the same ratio to Ac force of 
gravitation acting freely in a perpendicular direction, and is therefore (El. V. j^) equally 

exerted 
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exerted in every instant of the deteent ; whence, (as was shewn coneeming bodfies £sdlin|f 
freely, Prop XXIU.) the motion must be uniformly accelerated 

Cor. Hence, whatever has been demonstrated concerning the perpendicular descent of 
1)odies, is equally applicable to their descent down inclined planes, the motion in both cased 
being uniformly accelerated by the same power of gravitation. 

PROP. XXX. The force, with which a body descends by the attract 
tion of gravitation down an inclined plane, is to that with which it would 
descend freely, as the elevation oi the plane to its length j or as the sine 
t>t the angle of inclination to radius. 

I^t AB be the length of an inclined plane, and AC its elevation, or perpendicular Plata i. 
height. If the force of gravitation with which any body descends perpendicularly be '*^' "' 
€xpres8ed by AC, and this force be resolved into two forces, AD, DC, by drawing CD 
perpendicular to AB ; because the force CD is destroyed by the redaction of the plane^ the 
body descends down the inclined plane only with the force AD. And (El. VI. 8. Cor ) 
AD is to AC, as AC is to AB ; that is, the force of gravitation down the inclined plane is 
to the same force acting freely, as the elevation of the plane to its length, or as the sine of 
the angle of inclination ABC is to the radius AB. 

CoR. I. Hence, the force necessary to sustain a body, on an inclined plane, is to the 
absolute weight of a body, as the elevation of the plane to its length : for the force requisite 
to sustain a body, must be equal to that ' with which it endeavours to descend ; which has 
been shewn to be to that with which it would descend freely, as the elevation of the plane 
to its length. 

CoR. 2. If H be the height of an inclined plane, L its length, and the force of gravity 

be represented by unity 5 the accelerating force on the inclined plane is represented by y— . 

For by the Prop, the accelerating force is to the force of gravity (i) asHisto L.'.the 
accelerating force « £i- 

La 
H 

CoR. 3. Hence -- varies as the sine of the angle of inclination. 

CoR. 4. If a body f aU down an inclined plane, the velocity V generated in T" is such 

as would carry ii uniformly over —- x 2 F T feet in i" where, as before, F is equal i6-i. 

H 
For (by Prop. A. p. i4.)the velocity varies as the force and time, (i. e.) as y- x T, and 

H 

the velocity generated by the force of gravity in one second is a F, therefore V •« j- X a 

? T. S to. 
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Ex. If L : H : : 2 : i, aiii#lx .falling down the plane wiU> at the end of ^'\ acquire a 
velocity of ^X 32*2x4=5 64*4 feet per second. 

Cor. 5. The space fallen through in T" from a state of rest, is t- X FT* for (Prop.. 
;'i^ XX\ri.) the spaces described vary as die squares of the times. 

Ex. I, If H =s — the space through which a body falls in s" w 5 X i6*i X i j = 201 ( 
feet. 

Ex. 2. To find the time in which a body will descend 40 feet down this plane. Since 

S X Ij ^40 X 2 
S = T-x F T*, therefore T = \/ ^ ^ ^ = 4/ ^^^^ =2-2 seconds. 

Cor. 6. The space through which a body must fall, from a state of rest, to acquire a 
velocity V, is p. X -- For (Cor. i. Prop. XXVI.) S is as ^ therefore the space 

through which the body falls by the force of frravity, is to the space through which it falls 
do^va the plane, as die square of the velocity direcdy, and as the force inversely in the 
former case, is to the same in the latter \ and if F ; f6M) be the space fallen through by 

gravity, and 2 F is the velocity acquired in 1'' ; hence F : S : : i_P ] ; -* x V« and S 
L v«. 

Ex. 1. If L=2 H, and a body fall from a state of rest till it had acquired a velocity 

of 40 feet per second, the space described is i x ^— s ro feet nearly. 
'^ * I <S4-4 ^ 

Ex. 2. If a body fall 40 feet from a state of rest down diis plane, to find the velocity 
acquired. V«=s4FSXj--s=64 4X4oXi= 1289, and V = 35-8 feet per second. 

PROP. XXXI. The space described in any given time by a body 
descending down an inclined plane, is to the space through which it 
would fall perpendicularly in the same time, as the elevation of the plane 
to its length. 

ijiate 1. ^^ ^^ represent the force with which a body would fall perpendicularly : CD being 

%. 11. drawn from C perpendicular to A13 j aD, as was shewn ( t'rop. XXX.) will represen- the 

force witli which the body descends down the inclined plane AB. And, since the spaces 

through which a body falls in any given time must be as the forces which move them, the 

space through which the body will fall down the incUned plane AB^ is to that through which 

it will fall perpendicularly in the same time, as the force AO, to the force AC. But A 13 

i^ to AC (tl. Vi. 8. Cor.) as AC the elevation to AD the length of the plane ; therefore 

the 



^/). 
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the space through which the body will fall in a* given time down the inclined plane AB» will 
be to the space through which it would fall perpendicularly in the same time, as the elevatioa . 
•f the plane to its length. 

Cor. I. A body would fall down the inclined plane from A to D, in the same time in 
which it would' fall perpendicularly from A to C. Fori the spaces passed through in any 
given time are as'^AC to AB, that is (El. VI. 8 Cor.) as AD to AC: consequently, if AC is 
the space passed thftuigh in any given time by the body falling freely, AD will be the space 
passed through in the same time, down the inclined plane AB. 

CoR. 2. Having the space, through which a body falls in a perpendicular direction, we 
•an easily find the space which a body will describe in the same time, on planes differently iii- 
olinedi by letting fall perpendiculars, as CD on those planes respectively. 

PROP. XXXII. The velocity, acquired in any given time by a body 
descending down an inclined plane, is to the velocity acquired in the same 
time by a body falling freely, as the elevation of the plane to the length. 

In an uniformly accelerated motion, the velocities produced in equal times are as the forces 
which produce them : but (by Prop XXX.) the force with which a body descends down an 
inclined plane, is to that of its perpendicular descent, as the height of the plane to its length ; 
therefore the velocities produced in equal times are in the same ratio. 

PROP. XXXIII. The time, in which a body moves down an inclinedi 
plane, is to that in which it would fall perpendicularly from the same height^ 
as the length of the plane to its elevatioiu 

The square of the time in which AB is passed over, is to the square of the time in which piatt u 
AD is passed over (compare Prop. XXVI. with Prop XXIX. Cor ) as AB to AD, that is, ^- ^h 
since AB, AC, AD (El. VI 8- Cor) are continued proportionals, as the square of AB to the 
squire of AC. Therefore the times themselves are as the lines AB, AC, that is, as the length 
•f the plane to its elevation. 

CoR. Hence, if several inclined planes have equal altitudes, the times, in which those p^^^^ ^ 
planes are described by bodies falling down them, are as the lengths of the planes. For the Fig. igw 
time of the descent down AC is to the time of the fall down AB, as AC to AB ; and the 
time of the fall down AB is to the time of the descent down AG, as AB to AG ; there- 
fore (Kl. V. 1 1 ) the time of the descent from A to C is to the time of descent from A to G, 
is AC to AG| that is^ the times are as the lengths of the planes. 

PROP- 
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PROP. XXXIV. A body acquires the same velocity in falling down an 
inclined plane, which it would acquire by fsdling freely through the perpen- 
dicular elevation of the plane. 

Plate 1. The square of the velocity which a body acquurea by falling to D, is (by Prop. XXV[« com* 
'^^ *^* pared with Prop. XXIX. Cor.) to the square of the velocity it acquires by falling to B, as the 
space AD is to the space AB, that is (EL VI. 8. Cor.) as the square of AD is to the square of 
AC ; and consequently the velocity at D is to the velocity at B, as AD is to AC. But, be- 
cause AD and AC (Prop. XXXI. Cor.) are passed over in the same time, the velocity acquir- 
ed at D is (by Prop. XXXII.) to that which is acquired at C» as AD to AC Since then the 
velocity at D has the same ratio to the velocities at B, and at C, namely, the ratio of aD c# 
AC, the velocities at B and C (Eir V. 9.) are equal* 

Wate 1. Cor. I. Hence the velocities acquired by bodies falling down planes difFcrently inclined 

fig. la. are equal, where the heights of the planes are equal I he velocities acquired in falling from 

A to C, and from A to G, are each equal to the velocity acquired in falling from A to B^ 

and therefore equal to one another. 

CoR. 2. Hence if bodies descend upon inclined planes, whose heights are diffefent, the 
telocities will be as the square roots of their heights. For ( ig. 8. and 9 ) the velocity in D 
is equal to that in A, and the velocity in D is equal to that in G. Therefore the velocity in 
D (Fig. 8 ) is to that in D (Fig. 9.) as ^Ab is to ^hZ (by Cor. Prop. XXVI.) 

PROP. XXXV, A body falls perpendicularly through the diameter, and 
obliquely through any chord of a circle, in the same time. 

Plate 1. In the circle ADB, let AB be a diameter, and AD any chord; draw BC a tangent to the 

'^ ' ^^' circle at B ; produce AD to C, and join DB. Because ADB (El. III. 31 ) is a right angle* a 
body (by Prop. XXXI Cor.) will fall from A to D on the inclined plane in the same time in 
which it will fall from A to B perpendicularly. In like manner let the chord A \* be produced 
to G ; and because AEB is a right angle, a body will fall from A to £ in the inclined plane 
in the same time in which it would fall from A to B. 

Cor. I. Hence all the chords of a circle are described in equal times. 

CoR. a. Hence also the Telocities, and accelerating forces, will be as the lengths of the 
iohords. 

PROP. XXXVI. If a body descends along several contiguous planes^ 
the velocity which it acquires by the whole descent, provided it lost no 
woUoa in going from one to another^ is the same which it would acquire^ 

if 
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If it fdl both the same perpendicular height along one continued plane ; and 
this velocity will be the same with that which would be acquired by the per- 
pendicular £biH from the elevation of the planes- 

Let AB, BC9 CD, be sereral contiguous planes; through the points A and D, draw HE, ?'^^]' 
DF, parallel to the hori^oni and produce the contiguous planes CB, CDy to G and E. By 
Prop. XXXIV. Cor. the same velocity is acquired at the point B, whether the body descends 
from A to B, or from G to B. Therefore, the line BC being the same in both cases, the ve- 
locity acquired at C must be the same, whether the body descends through AB, BC, or along 
GC. In like manner, it will have the same velocity at D, whether it falls through AB, BC, 
CD, or along ED, that is, (by Prop. XXXI V.) its velocity will be equal to the velocity acquir- 
ed by the perpendicular fall from H to D. 

CoR. Hence, if a body descends along any arc of a circle, or any other curve, the velocity 
acquired at the end of the descent is equal to the velocity acquired by falling down the per- 
pendicular height of the arc $ for such a curve may be considered ad consisting of indefinitely 
small right lines, representing contiguous inclined planes. 

■ 

ScHOL. The velocity of a body, passing from one inclined plane to another, is diminished 
in the ratio of radius, to the co-sine of the angle between the directions of the planes. Let 
BC, or B i» (Fig. 20.) represent the velocity acquired at B, and resolve BC into B n and C tip 
by letting fall the perpendicular Cn : m n will be the velocity lost, therefore the velocity at B 
is to the velocity diminished by passing from AB to BD as BC to B /i, or as radius to the cn** 
sine of the angle between the directions of the planes. 

PROP. XXXVIl. If two bodies fall '^own two or more planes equally 
inclined, and proportional, the tidies of falling down these planes will be as 
the square roots of their lengths* 

* £ct At inclihcd planes be Aft, Bt!, Dfc. EF : let A^, DH, ht lines drawn parallel to the J!***'** 
horizon \ let *. B, UE, be equally inchned to the plane of the horizon, and also BC, hF \ let Afi '^' 
be to DE as aG to DH and as BC to EF, and draw GB, HE. 

. Qec^use ABG, DEH. are similar triangles, AB is to DE (El. VI. 4.) as BG to EH, and i/AB 
to i/DE as V^BG to y^EH : also AB is to DE as BG H- BC is to HE -^ EF, and v^AB to 

VDE as ^^<i + BC7 or ^GC is to ^HE + EF, or y'HF. 

And since 'by construction) AB is to DE as BC to EF* AB is to DE as AB 4. BC is to 

DK + EF, and ^\B to y^Dt, as y^ AB +15crto ^DE + EF. But AB, DE, b:inp planes 
equally i<iclined, the acctkrating force of gnvitanon will be the same upon each, and the bodie# 
descending upon them may be considered as falling down difierent parts of the same plane. 
Hence, (Frop. XXVI. Cor. 1 . and XXIX. Cor.) the time of descent along aB is to that ^loing 

o D£, 
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DE, as ^ AB to ^^DE ; and the time of descent along GC is to that alonjr HF, as v^GC is 
V^HF, that is^ as y^AB to y'DE. Again, the time of descent along GB is to that along HE as 
VBGis^EH, that is, as ^ VBto ^DE. hince, thtTcfore, the time of descent along the 
whole plane GC is to that along the whole plane HF, as ^AB to ^Dfe, and that of the part 
GB is also to th^t of the part HE. as y^AB to y^DE, the time of descent al sng the remainder 
BC is to that along the remainder EF (tl V. 19.) as ^ VB to ^DE. Cons -quenrly, the time 
of descent d own AB + BC is to that down DE + £F, as v^AB to ^DE, that is, as 
J/^b + BC to v'DE + EF. 

Cor. Hence, if bodies descend through arcs of circles, the times of describing similar arcs 
will be as the square roots of the arcs For such similar arcs may be considered as composed 
of an equal number of proportional sides, or planes, having the same inclination to each other, 
and their elevations equal : whence, by this proposition^ the times of descent will be as the 
square roots of the lengths of the arcs. 

PROP. XXXVIIL If a body be thrown up along an inclined plane, or 
the arc of a curve, it will, in the same time, rise to the same height, from 
which, with equal force, it would have descended ; and any velocity will be 
lost in the same time in which it would, in descending, have been acquired. 

For the same force of gravitation has, in every respect, the same efficacy to retard the mo- 
tion of bodies ascending, as to accelerate them descending on an inclined plane or curve. 



SECT. m. 

I Of the Pendulum and Cycloid. 

Def. V. A pendulum is a heavy body, hanging by a cord or wire, and 
moveable with it upon a centre. 

PROP. XXXIX. The vibrations of a pendulum are produced by the 
force of gravitation! 

Let the ball A, suspended from the centre B by the cord B A, be drawn up to C and let fall 

Fi^**l5. f^^^ thence : it wilJ descend by the force of gravitation to A, from whence (being prevented 

from falling farther by the cord) it will proceed (by Prop. XXXVI. Cor.) with a velocity 

equal to that which it would have acquired in falling perpendicularly from £ to A, which 

will 
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will carry it on the opposite side to the height from which it fell. Being brought back again 
towards A by the force of gravitation, it will acquire a new velocity which will carry it to- 
wards C : and hi this manner it will vibrate by the force of gravitation^ till the resistance of 
the air, and the friction of the string, stop its motion* 

PROP, XL. The same pendulum, vibrating in small unequal arcs, peri- 
forms its vibrations nearly in equal times. 

In the circle CG A, the small arcs CA, EA, will difFer little from their respective chords in Pjate u 
length or declivity. But (by Prop. XXXVI. Cor.) the times in which the chords are passed J^ ^^ 
over are equal; therefore the times of describing the arcs CA, EA, and also (by Prop. 
XXXVIII.) of describing their doubles C AD, EAF, will be nearly equal. 

Exp. Two equal pendulumsi vibrating in small, but unequal arcSj will| for a long timci keep 
pace in their vibrations* 

PROP^ XLI. If a pendulum vibrate through small arcs of circles of dif- 
ferent lengths, the velocity, it acquires at the lowest poiai> is as the^chord of 
the arc which it describes in its descent. 

Let B A be the pendulum, and CAD, E AF, the arcs through which it vibrates; and draw the ^^^^ ^ 
horizontal lines £Kj CH The velocity acqu red in falling from H to A is (by Prop. XXVI. Fig. i«. 
Cor.) to that acquired by falling from G to A, as V'H A, to y'G ^, that is, (by EL VI. 8. Cor.) *"^ i*^- 
as CA to G A. For the same reason, the velrcity acquired m filling from G to A, is to that ac- 
quired in failing from K to A, as G A to £A. Consequently, ex aquali, the velocity acquired in 
fa ling from H to A, is to that acquired by falling from K to A, as CA to £A. But (by Prop* 
XXXVI. Cor.) tht. velocity acquired in falling from H to A is equal to that from C to A i and 
the velocity acquird in falling from K to A is equal to that from £ to A. 'i herefore the velocity 
acquired in descending through the arc LA^ is to that through £A, as the chord Ca to the 
chord £A : and the same may be shewn concerning the remaining half of the vibrations, AF, 
AD. 

Cor. Hence the lengths of the chords of arcs through which pendulums move, are mea- pig. 17^ 
tures of velocity. 

PROP. XT JI. The time of the descent and ascent of a pendulum, sup- 
posing it to vibrate in the chord of a circle, is equal to the time in which a 

body, falling freely, would descend through eight times the length of the 

pendulum. 

For 
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For the time of tlTe descent of a body upon the chord, is (by Prop. XitXV.) equal to that of 
the fall through the diameter of the circle, which is twice the length of the pendulum $ but 
in double that time, that is, in the descent and ascent, or whole vibration, the body would fall 
(by Prop. XXVII.) through four times the space, that is, through eight times the length of 
the pendulum* 

PROP. XT III. The times in which pendulums of diflerent kngths pcP-^ 
form their vibrations, are as the square roots of their lengths. 

Wife I. Let the two pendulums, AB. CD, be of different length?. The time in which the first, 

^^ AB, vibrates through a chord, is equal to that in which a body (Prop. XXXV ) would fall 

freely through twice AB, the diameter of the circle of which AB is radius : in like manner, 
the time in which CD vibrates, is equal to that in which a body would fall through twice CD. 
But the times in which a body would fall through these different spaces are (Prop. XXV L 
Cor I ) as the square roots of the spaces, that is, as the square roots of AB and CD, the 
lengths of the pendulums : therefore the vibrations are in the same ratio. 

1%. 19. CoR. The times in which pendulums of unequal lengths vibrate, are as the square roots of 

the similar arcs through which they move. Let BA, BC, be pendulums of different lengths 
vibrating in the similar arcs FG, DE* Since the times of vibration are as the square roots of 
the lengths B A, BC, and that similar arcs are as the diameters, the times of vibration, are as 
the square roots of the arcs, FA, DC, or of their doubles, FG, D£. 

Exp. Two pendulums* the lengths of which are as i to 4, wiJI perform their vibrations in 
times as i to 2, that is, the shorter pendulum will make two vibrations, whilst the longer 

makes one : for T : / : : \/li : v^ /• 



PROP. XLIV. The squares of the dmes, in which a pendulum of a givw 
en length performs its vibrations, are inversely as the accelerating forces, or 
gravities. 

By Prop. XXVI where the accelerating force is given, the space described is as the 
square of the time in which it is described. And since, in any given moving body, the 
velocity is as the accelerating force (Prop. A. p. 14.) where the square of the time, or the 
time itself, b ^ven (by Prop. II.) the space described will be as the accelerating force. 
Consequently, where neither the accelerating force, nor the square of the time, is given, 
the space described will be in the ratio compounded of both. If then the space described 
be called S, the accelerating force A, and the square of the time T«, S will be as T«A, 

whence-— ^» or T« is as—. But, when the spaces «rc equal, 5 is a given quantity: 

wbencp 
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whence (since fractions, whose numerators arc given, are inversely as their denominators) 

- is inversely as A- But T* is asL. therefore where S is given, T® is inversely as A -, that is, 
A A 

where the spaces described are equal, the squares of the times in which they are described are 
inversely as the accelerating forces. And if the squares of the times of falling bodies are in- 
versely as their accelerating forces, the squares of the times in which pendulums vibrate, are in 
the same ratio, on account of the constant equality between the time of vibration and that of tlic 
descent through eight times the length of tiie pendulum, by Prop. XLII. 

CoR. I. Hence, if the same pendulum, at different pnrts of the earth, performs its vibrations 
in diflFerent times, the forces ot gravitation will, in tliose places, be inversely as the squares of 
those times. 

CoR. a. If the vibrations of p'^ndulums of unequal lengths be performed in the same 
time, the accelerating forces will b»i as their lengths. For (by Prop. XLIII. and XLIV.) 

T :/:: — : —, therefore when T = / ; A :a: : L : /. Hence, as it is known by experiment, 
A a 

that the lengths of pendulums that vibrate seconds are diminished in approaching the equator, 

the force of gravity must also decrease. 

Ex. At the equator a pendulum vibrating seconds is y^th of an inch shorter than such a pen-* 
dulum in the latitude of London, jnd the length of this pendulum in London is 39*2 inches, 
therefore gravity under the equator is to gravity here as 391 is to 392. 



LEMMA I. 



If ^ from Xas the centre^ with any distance XA, ^ quadrant of a circle 
ADB be described^ and in the right line AX /? body descends with such force^ 
that its velocity m any points M, N, b'f. shall be always as MD, NP, Sifr. 
the sines oj the arcs A D, AP : the time in which the body will descend from A 
to X, will be equal to the time in which it would describe the whole arc ADB 
with the uniform velocity^ expressed by XB, acquired by the falling body when 
it arrives at X : also^ the time of the fall through any space AVI, will be to the 
time of the fall through any other space AO, as the arc AD to the arc AQ^; 
and the force with which the body is accelerated in any place i\l, a^ill be as 
^l.X the distance of that place from the centre. 

Let 
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Let DP be a part of the circumference taken indefinitely small, and therefore not assignably 
diflPering from a right line ^ join DX ; and draw DL perpendicular to NP Because the 
triangles MUX, LDP, are similar (having each a right angle» and the angles MDX, LDP^ 
whose common complement is LOX, equai) Mi) will be to DX as LD or MN to DP. But, 
by the hypothesis^ MD is as the velocity of the descending body at the point M» that is, as 
the velocity with which the indefinitely small line MN is described i and XD is as the 
velocity last acquired by the falling body at X, that is, as the uniform velocity with which 
the arc DP is described. The velocity therefore of the body descending through the indefi- 
nitely small line MN, will be to the velocity of the body moving along the arc DP, as MN to 
DP. Wherefore, since the velocities are proportional to the spaces passed over, the times 
wherein those spaces, MN, DP, are described, will be equal. After the same manner it 
may be proved, that any other indefinitely small portion of the circumfcrenre, PQ^i may be 
described with the velocity XB, in the same time in which the corresponding line NO will 
be described with the corresponding velocity NP : and consequently, by composition, the 
falling body will descend through all the indefinitely small portions of the perpendicular .\X, 
that is, through the whole line, in the time in which all the corresponding p.irts of 
the circumference^ that iS| the whole quadrant ADBj is described with an uniform velocity 
asXB. 



Moreover, the time in which the falling body descends from A to M, is equal to the time in 
Ixrhich the arc AD is passed over and the time in which it descends from A to O is trqual 
to the time in which the arc AQ^is described : but the time in which the arc A D is passed 
over, is to that in which the arc aQ^is passed over, (since they are both described with the 
same velocity) as the arc AD to the arc .\Qj therefore the time of descent from A to M, 
will be to the time of descent from A to O, as the arc AD to the arc AQ^: and consequently, 
by division, the time of descent through AM will be to the time of descent through MO, as 
the arc AD to the arc DQ^ 

Lastly, let the arcs DP, PQ^« be equal ; join XP, and from P let fall PS perpendicular to 
0(J : the time of descent through M M will be equal to that through NO : and, since the 
triangles LDP, MDX, are similar, and also SP<^, NPX ; LP will be to DP or PC^, as MX 
to XD or XP \ also PQ^is to SQ^as XP to XN ; and consequently (El V. 1 1.) LP will be to 
SO as XM to XN. But LP is as the increment of the velocity acquired while the body is 
passing over MN, and SQ^is as the increment of the velocity acquired in passing over in an 
equal time the indefinitely small line NO ; and the forces with which the body is accelerated 
at M and N, are as the increments of the velocities generated in equal times : the accelerating 
forces at M and N will therefore be as the lines LP, S(^i that is, the force with which the 
body is impelled at M is to that at N, as the distance X.vl to the distance XN, or the accelerat*- 
ing forces are as their distances from the centre. 

Cor. Hence, conversely, if a body, descending from A to X, is impelled by a force which 
is as its distance from the centre X, and that force at the beginning of the motion ib expressed 

b7 
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by the right line CE (the arc AE being taken indefinitely small) the .velocities of the same 
body in any places M, O, will be expressed by the sines MD, OQj and the times by the arcs 
AD» AQ^; and the increments of the velocities, or, if the arcs increase equallyi the accelerat- 
ing forccsy will be expressed by the increments of the sines. 



LEM. II. If a body^ moving along the line AX, be impelled by forces p^^^ ^ 
proportional to its distance from the point X ; from whatever height it falls ^ ^»8- ^• 
it will arrive at the point X in the same time ; and this time will be to the 
time in which it would move over the whole line AX with the velocity which 
it acquires by falling from A to X, a^ half the circumference of a circle to its 
diameter. 



Let two bodies be let fall from the points A and P at the same time ; and let them be im- 
pelled by forces proportioiial to their distances from the point X : these bodies will come to 
X at the same time. From X as a centre, with the radii XA and XP, describe the two quad- 
rants AB and PQ^* and let the force by which the body A is impelled, or, which is the same 
thing, its velocity at the beginning of motion, be represented by RS, the sine of the indefi- 
nitely small arc AS : it is manifcbt (from the Cor. of the preceding Lemma) that its velocity, 
after the fall to X, will be properly expressed by XB. But, by hypothesis, the force by which 
the body at A is accelerated, is to that by which the body at P is accelerated, as AX is to PX, 
that is, (since the arcs AS and PN are similar) as RS to MN. As therefore KS expresses the 
first velocity of the body moving from A, MN will express the first velocity of the body 
moving from P : and consequently (by the Cor to the last Lemma) XQ^will express the ve- 
locity of the body moving from P, when it arrives at X Farther, the time of the fall from 
A to X (by Lemma I.) is equal to the time in which the arc AB would be described with a 
velocity as XB : and the time of the fall from P to X is equal to the time in which the arc 
FQ^would be described with a velocity as XQ^. But (because the line XC^is to the line XB 
as the arc PQ^to the arc AB, and that the spaces passed over are proportional to the times) 
the time in which the arc AB is described with the velocity XB is equal to the time in which 
the arc P<^is described with the velocity XQ^ Wherefore the time of the fall from A to X 
will be equal to the time of the fall from P to X. 

Again, since (by Lem. I.) the time in which a body would fall from A to X is equal to the 
time in which it would move over the arc /)B, with its last acquired velocity at X; and since 
it is evident, that the time in which a body would move over the arc AB with the velocity at 
X is to the time in which it would move over AX with the same velocity, as AB is to AX; 
the time in which a body would fall from A to X is to the time in which it would move over 
A\ with the last acquired velocity as AB to AX. But AB is to AK, as twice AB to twice 
AX9 that isj as half the circumference of a circle is to its diameter. Therefore the time in 

which 
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IJ'.VI. IV. y^ tanytnt t^j the cycUiJ at the p Ant C is parallel to GX a 

tht,nl ttf ihr cin.l/: lA^X. 



Driw lit, |i.ir.ill« I to ffir b-iv: ;tr,'| indcfinit':Iy neir to CK meeting the cycloid in r, the 
.I'l. ill I, .ind til'- ( If I'- in '/. I>':t C'/ ^ri'! Cj«, p.r-illcl to the axis, meet ck in 1/ ami «, 
.iihI hfiiii I, till M-ritr': of tli'r rirrjr XGDM, rir<iw the radius FG- Since eg is equal 
(I.I III III ) I'l >;X, /fl In i/ij/ luldrd to both, //r will be equal to \g+gk : therefore f« the 
««ii iti III ,1- .ibovi" CK i'» «'i|ii.il U9 (fy+yftf tbc excess of X;(+^it ibovc XG +GK. And, 
il VII itii|i|Mi<ir il lo .i|»}iroa( li toward-, CK, as dg and gN vdm^h^ the triangles G^/i and 
<• I K Imiiiiih liiiiiil.ii , Inr tlir ;iri)d(' ;;(#// is then equal to the angle IGK, since both have 
(III- ii.itni .iiij'ii- hi','\\ lit It ; alii-rti'iff ^iTK, a*, their complement. Whence G^ is to gn 
a., IC; III IK, .ind (I'l V. iH) (;;:+;/// io gn, as TG+ TK or DK to TK ; but Gn is 
tn yti iiiiUv 111 riv I ihrnfdie i»g+gn ia to G// as DK ib lo GK^ that is, (£1. VI. 8.) as 

GK 
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GK to XK. And consequently cu (shown to be equal to Gg + gu) is to Gw, or Cw, ai» 
GK to XK : and if the chord Cc be drawn, the triangles C//r, XKG, will be similar : so 
that the chorcf Cc (as the points C and c coincide) becomes parallel to XG ; therefore the 
tangent of the cycloid at C is parallel to XG* 

LEM. V, If from a point of the cycloid^ as L, the line LMK be'^^^^^ 
drawn parallel to the base AB, the arc XL of the cycloid^ will be double of 
XM the chord oj the circle corresponding thereto. 

Draw the line ^h parallel and indefinitely near to LK crossing the circle in R, and the 
chord XM produced, in P : join the points X and R ; on MP let fall the perpendicular 
RO ; and draw MN, XN, tangents to the circle at M and X. Then will the lines XN 
and i^S, being each perpendicular to the diameter DX, be parallel : and the triangles 
MNX, MPR, having their angles at M vertical, and at P and X alternate, will be 
similar. But the tangents NX and NM are equal ; (£1. III. 36.) whence the lines PR 
and RM are also equal : the triangle RMP is therefore isosceles ; and RO being perpendic- 
ular to its base MP, MO (El I. 26 ) is equal to OP ; whence MP is equal to twice MO. 
The indefinitely small arc LS of the cycloid will not assignably difler from a portion of a 
tangent drawn through the point L. LS may therefore (Lem. IV.) be said to be parallel 
to MP, and consequently (from the parallelism of ML and PS) equal to it : it is therefore 
equal also to twice MO. But LS is the difference between the cycloidal arcs XL and XS \ 
and MO is the difference between the chords XM and XR : for since XO and XR are in- 
definitely near to each other, RO which is perpendicular to one of them, may be considered 
as perpendicular to both : the indefinitely small difference therefore between any two arcs 
of the cycloid is twice that which is between the two corresponding chords of the circle ; 
and the same is true when the magnitude of the difference is assignable, because such differ- 
ence is compounded of indefinitely small parts. Kow, any arc whatsoever may be con- 
sidered as a difference between two arcs» and consequently any arc, as XL, is double of 
the corresponding chord XM. 

CoR. Since when the arc XL becomes XB, the corresponding chord XM becomes XD 
the diameter of the circle DMX; it is obvious, that the semicycloid BX, or AX, is equal 
to twice DX the diameter of the generating .Qifcle J^MX. 

LEM. VL If a body descends in a cyqloid^ the free of gravity^ so far 
as it acts . upon the body in causing it to descend along the cycloid^ will be 
proportional to the distance of the body from the lowest poitU of the cycloid. 

Let the cydoid be AXB, whose base is A.B, and its axis DX ; on which last, as a piate 2. 
diametetj describe the , gepf;f^tiQg (^cle .P(^ : draw the chords UX and QX \ through ^*§* ^ 

II the 
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Ot^ yi,f,^% (9 %'%A O^ %fA ym*\UA v* •^it S«we Ai, *fcv«r -iiis incf LS -•rrf 

//'/; 44 f» 1^^/fiM /!/# 4if//r« ff»<; tm^fr^ t^Aj 'f^rv^.vtir.^ a>/:^ tae dxxi. ^ iX : Jtii,fi9r die fike 
r^«v/fi,if ^r^ru f>#e <<iim« f/>r^>; Bpr/^i st vr>*:n k oycm to M, dac k voacUA^if k vac 
A»'s*i^f%A'mf,4\tff^ ()% '. bi*e -^ff*-!! Prvp. XXXV} di* prywer or Cjrt of gRfkf opoa 
h/^/|i«f« A''%'n$4in% %Um% the thfffA% OX arvl OX, ate as dks Sczigdis of dboor cfconii ; Ast i% 
b)r \,^fu^ V fUn\fK%hr\n*^ pr^fp^/rtirptul to their whobs; «% dbc ka^ofthe cydoidal arc» 
rX 4^i'l MX. Tli^ f//fC4 ttier^f^/re of zj^^'*^T opoo a body li nrfiiii i g ia die cydaidal at 
ill*' poinf /# u to itt f';fce upon tfi^s %zmc when at M ''«s atajr be said ol aoj odscr cor* 
frtpz/rt'liMK |9^/iriU; a# tfi^ «p«ceor <lia4nce it tia»to more orer ia die farmer case* before it 
rr4« fir^ tlie lowr^t pr/int X, to chat which it has to pass orcr in the faaer, before k arrires 
Nt ilie Mni« |M;int« 



PROP. XLV. If a pendulum be made to Yibrate in a cycloid, all its 
vibrttti(;n(»| Itowcvcr unequal in length, will be perforoied in equal times. 

The (nrce t){ ftnifUj^ (hj l^m VI.) to far as it causes a body to descend in a cycloid, is 
proporliofittl 10 thr (Ii»t4nce of chat bodf from the lowest point : imagine then that bodjr to 
Im* s prniliilum vibrafin^ in the cycloid^ and from whatever point it sets out, it will (by 
l«rm n )t*omr to the lowest point in the same time : and consequentlyi since the same may 
hr rttsily Infrrred in its ascendiriK from that pointy all its vibrations, be they large or smallf 
will he performed in the same time. 

M« iicii., ThU proposition is demonstrated only on the supposition that the whole mass of 
till |n*iMlulum is roiiciMilratcd in a point, for it cannot otherwise take place, because as the 
uliiiig ViirioH in Us length, the centre of oscillation of a body will vary Onthis account, 
ihnrlorr, prnduUnnn vihruting in circular arcs arc now always used, for the same arcs will 
bv ulwitys dcHcnlKcl in the same time. 

PRC)1\ XLVl. To make a pendulum vibrate in a given cycloid. 

rUi* II \x\ AXI\lM»thf nWrn cycloid i its base AB, its axis DX, and its generating circle 

*^ ^ ntJX, rtn Uoltnv J pnuluiT XI) to C, till DC is equal to DX : through C draw the line 
KKpMrtllfho A»» Aud t4kc CK and CF, each cqud to AD or DB ; and on the line CB 
AS «i Imsn *nd with the Krncrating circle AGE cqu d to DQX, describe the semicycloid 
CTA* ^\\\\%^ vrrtox will thrrrfore touch the base of the given cycloid in A. And on the 
U«* CK ^\m\ *« A bASc, dcM't ho «n equal semicycloid Cli. Let the semicycloids CA, CB, 
tti^itstnl thin i^Uus ^ m^ui btut to ilicir figuret and on the point C, hang the pendulom 

crp 
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C TP by a flexible line equal in length to the line CX. The upper part of its stringy (as 
Cr, inits present situation in the figure) as it vibrates, will then apply itself to the 
cycloidal cheeks C A and CB» and a ball at P will oscillate in the given cycloid AXB. 

Draw TG and PH each parallel to the base AB, and draw AG and UH. Then (Lem. V, 
Cor.) AC is equal to twice AE; and by construction, twice DC, that is, twice A£, is 
equal to CX ; therefore AC is equal to CX. Also, by construction, C TP is equal to CX, 
that is, to A rC : whence, taking away CT, AT is equal to TP. By Lem. IV. G A is 
parallel to TP ; and, by construction, AK is parallel to GT; therefore G A is equal to 
TKi and GT to AK ; but (Lem. V.) GA is half TA j therefore TK is equal to half 
TA : since therefore it has been proved that TA is equal to TP, TK is equal to half 
TP, that is, to KP. Hence it is manifest, that the parallel lines G f, PH are equally 
distant from AD, the arc GA equal to the arc DH, the chords GB and DH parallel, and 
G£ equal to HX And, because GA has been shewn to be parallel to TK, and also to 
DH, KP and DH are parallel j whence KD is equal to PH. But (Lem. III.) GT, 
that is, AK is equal to the arc /vG : and by the description of the semicycloid C FA, 
AKD is equal to \GE ; therefore KD is equal to EG, that is PH is equal to HX» 
And (by Lem. Ill ) if PH be equal to HX, P is a point in the cycloid AXB. The ball 
of the pendulum therefore being at that point, is in the given cycloid. 



ScHOL. I- It is easy to conceive, that in a pendulum there must be some one point, on 
each side of which the momenta of the several parts of the pendulum will be equal, or in 
which the whole gravity of the pendulum might be collected without altering the time of 
its vibrations. This point, which is called the centre of $sciiiationf is different from the 
centre of gravity : for if a plane, perpendicular to the string of the pendulum AB, be con- piate i. 
ceived to pass through the centre of the bail B, bisecting it ; the velocity of the lower half, ^>fl^' ^^^ 
and consequently its momentum, will, in vibration, be greater than that of the upper half : 
consequently the centre of oscillation must be farther from A than the centre of gravity is ; 
and a plane passing through the centre of oscillatioa will divide the ball into two unequal 
parts, so that the greater quantity of matter above it, shall compensate for the greater veloci- 
ty below it, and the momenta on each side be equal. If the pendulum be an inflexible rod, 
every where of equal size, it is found, chat the distance of the centre of oscillation from the 
point of suspension is two-thirds of the length of the rod. 

If, whilst a pendulum is in motion, it meets with an obstacle at its centre of oscillation 
sufficient to stop it, the whole motion of the pendulum will cease at once, without any 
jarring : for the obstacle resists equal momenta above and below this point ; which is there- 
fore also called the centre ofpercusswn. 

ScHOL. 7. The vibrations of pendulums are subject to many irre^larities, for which 
no effectual remedy has yet been devised These are owing partly to the variable density 
and temperature of the air, partly to the rigidity and friction of the rod by which they arc 
suspended, and priocipoUy to the dilatation aa4 Comraction of the materiaiSf of which they 

arc 
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are formed. The metalline rods of pendulums are expanded b^ beat, and contracted by 
cold ; therefore clocks will go slower in summer, and faster in winter. The common 
remedy for this inconvenience is the raising or lowering the bob of the pendulnm (bjr means 
of a screw) as the occasion may require. By the last scholium it appears, that a pendulum 
consisting of a tube of glass or metal^ ertrrj where uniform, filled with qmcksilver, and 
58 8 inches long, will vibrate seconds ; for y of 58 8 is equal to 39*2. Such a pendulum 
will be expanded and contraaed at the same time \ for when the tube is extended by hea^ 
the mercury will also be expanded, and by rising; in the tube, will raise the centre of oscil* 
lation, so that its distance from the point of suspension will be diminbhed, and the vibrations 
of the pendulum, which would have been rendered slower by^ the expansion of the tube, will 
become quicker by the expansion of the mercury : and, by adjusting the tube and mercury in 
such a manner, that these contrary eflFects may be the same, a clock with such a pendulum 
would admit of little or no variation for a long time. Phil. Irans. No. 392. p. 40* 



SECT. IV. 

Of the Centre of Gravity. 

PROP. XLVTI. In everybody there is a centre of gravity^ or a point 
about which all its parts balance each other. 

late 9. L<t AB be an inflexible rod, throughout uniform and of the same density : let it be 

'^* ^* supported at the point C, equally distant from its extreme points A and B, by the prop C. 
Let A and B be indefinitely small and equal portions of the rod AB. These portions, A 
and B, tend towards the centre of the earth with equal forces of gravitation. They would 
'^' ^' likewise, without obstruction, move with equal velocities : for if the rod AB be moved 
on its prop till it come into the position UE, the velocities of the parts A, B, or F, will 
be as the spaces over which they pans in the same time ; that is, as the arcs AD, £B or 
FG \ which arcs are as their respective circumferences, or as their diameters or radii : 
whence the velocity of the part B is to the velocity of the part A, or F, as BC is to AC, 
or PC. And the quantities of matter in A and B are by supposition equal. Therefore,if 
the parts A and B were in motion, they would have equal momenta ; that is, the efibrts 
which A and B make to descend towards the earth, are equal. But these efforts counteract 
each other : for, whilst the portion A endeavours with a certain force to draw down one 
arm of the rod, the other portion B endeavours with the same force to draw down the other 
arm, that is, since the rod is inflexible, to raise the portion A. Tiierefore the portion A is 
acted upon by two equal forces in contrary directions, and txmsequontly must be at rest. 
For the same reason, the portion B will be at rest. And the same may be ^hewn concerning 
any other equal portionsiSt equal distances irom C^ iin the nod AB. llieroforq the rod 

wiU 
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Wril be at re^ ; that }8» tfie parts on eacli akie of the point will balance each other, a«d C wiA 
be the centre of gravity. 

If the rod were placed oblique to the prop C, indefinitely small and equal parts being takes, 
as before^ at equal distances from C, and resoMng each oblique force into an horizontal and 
perpendicular force (as in Prop. XVI.) it might be shewn, by a similar manner of reasoning, 
that they would tend towards the earth with equal forces, and consequently, that an equilibrium 
would be produced. 

And if, instead of equal portions of the rod, portions of matter were placed at different ^g. c. 
distances, which should be to each other inyersely as those distances, as at F and B, the equi- 
librium would still be preserved : for the forces with which such portions of matter, so situ- 
ated, would endeavour to descend, would be equal, when the quantities of matter, multiplied 
into the velocities with which they are endeavouring to chove, that is, into their distances 
(Prop. XL Cor.) are equal ; as will be more fully shewn, in treating of the Mechanical 
Powers. 

Since, therefore, all the parts of any irregular body may be referred to some one of the 
above cases, it is manifest, that there is in every body a certain pointy the parts on each side 
of which balance each other. 

PROP, XL VIIL If the centre of gravity in any body be supported^ the^ 
whole body is supported ; if this centre be not supported, the body will fall* 

For, when the centre of gravity is supported, the body rests on a prop on which the parts 
oh each side, acting with equal force against each other, will (Prop. XL VII.) be in eqnilibrio, 
and neither side will move ; but when this centre is not supported, but the body has a prop 
under some other point, the parts of the body on one sid6 df that other point will over-balance 
the parts on the other side, and the body will fall. 

Cor. Whenever a body moves by the power of gravitation, or falls, its centre of gravity 
descends : for if this centre do not descend, it must be supported \ and if the centre be sup» 
ported, the whole body is sustained or kept from falling. 

Exp. I. Let a board of a circular form be sustained perpendicularly on its centre of grav* 
ity, it will be at rest in any position. 

1. A beam turning on an axis which passes through its centre of gravity will rest in the 
same manner. 

3* A beam, whose axis passes through a point which is directly above the centre of gravi- 
ty, will be at rest only when the beam is parallel to the plane of the horizon, because the cen- 
tre of gra^ty will be thai fellctt as low as pesstbte. 

4. A cylinder, which has its centre of gravity near one of its sides, will roll up an incBned' 
planci if the side nearest the centre of gravity be placed towards the upper part of the planer 

at *sf 
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for this centre, endeavouring to descend, will carry the cylmdcr forward in the ascending di- 
rection of the plane. 

5. Let a body, consisting of two equal and similar cones united at their bases, be placed 
upon the edges of two straight and smooth rods, which at one end meet in angle, and rest 
upon an horizontal plane, and at the other are raised a little above the plane, the body will 
roll towards the elevated end of the rules, and appear to ascend, while its centre of gravity 
descends ; as may be seen by applying a string horizontally above the path of the base of the 



cones. 



PROP, XLIX. If the line of direction comes within the base on which 
any body is placed horizontally, the body will be sustained ; otherwise it 
will falL 

Plate 2- In the body ABDE let C be the centre of gravity. The line of direction CO (that is, the 

line drawn from the centre of gravity towards the centre of the earth) being within the base; 
DE, the body will be supported, because the weight presses upon the base. Alsp since the' 
body cannot fall towards K without turning round on the point E, the point C must in the 
motion ascend towards F, contrary to Prop. XLVllI. Cor. But in the position of the body 
abdcy CO the liae of direction falling out of the base, c in its motion towards it descends, and 
the body will fall. , 

Our own motions and actions are subject to this rule. When a man stands upright, his 
centre of gravity falls between his feet, and he is supported; but if he lean forward he throws 
the line of direction without his base, and he would fall if he did not put forward one of his 
feet so as to cause it to fall within. Hence a porter, with a load on his back, leans forward that 
the load may not throw the line of direction out of his base behind *, and by an artful adjust- 
ing of this point it is that such wonders are performed in horsemanship, and on the tight and 
slack rope, &c. 

Exp. I. Anybody of a cylindrical or other regular form, so placed upon its base, that its 
line of direction does not come within the base (which may be seen by a cord and weight 
suspended from the centre of gravity) will fall ; otherwise it will not fall. 

2. Let two bodies be laid upon an inclined plane, the one a cube, the other a figure with 
many sides, and let the line of direction of the former fall within the base, and that of the 
latter without the base, the former body will sUde^ the latter roll down the plane. 

Def. VIL The centre of motion is the point about which a body 
moves. 

PROP. 
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PROP. L. A heavy body suspended on a centre of motion will be at 
rest, if the centre of gravity is directly under, or above, the centre of motion 9 
otherwise it will move. 

If a heavy body £» hangs by a string on a centre of motion C, the action of gravitation at plate 2. 
E, is in the direction EL, contrary to the direction in which the string acts to prevent the ^*^* ®' 
body from failing. In this position, therefore, the opposite forces being equal and in contrary 
directions, destroy each other, and the body is at rest. But if the body is at p^ one of the 
forces acts in the direction ^C, and the other in the direction /L, that is, in directions ob- 
lique to each other, whence the body will move in the diagonal of the parallelogram formed 
by/C, /L. And in all cases, since (without the aid of mechanical powers afterwards explain- 
ed) the force which sustains any body must be equal to its weight, the centre of gravitation 
can only be at rest when these forces are in the same line of direction, that is, when the 
centre of gravity is directly under, or directly above, the centre of motion. 

Exp. a circular board, sustained at a point above or below the centre of gravity, will only 
be at rest when the centre of gravity is at the lowest point, that is, in the line of direction j or 
when the centre of gravity is in the same line above the centre of motion. 

ScHOL. If two or more bodies be united, they may be considered as one, and have a com- 
mon centre of gravity. 

Exp. I. Let two unequal balls be fixed upon the ends of a wire, they will have a common 
centre of gravity. 

2. A board, which of itself would fall from a table (its centre of gravity lying beyond the 
edge of the table) may be made, in the same position, to support a vessel of water, hanging 
upon it near the table : if a stick, fixed with one end at the bottom of the vessel, and the other 
in a hole in the horizontal board, be long enough to push the vessel a little out of the petpen- 
diciilar, that is, to bring the centre of gravity of the whole under the table. 

ScHOL. The common centre of gravity of any number of bodies may be thus found. Pl^tc 2; 
Let C be the common centre of gravity of two bodies, dividing their distances (see Prop, ^^^' ^' 
XLVII ) in such a manner, that AC is to CB, as B to A; whence AX AC=BXBC, and 
consequently, if the point C is supported, the bodies A and B balance each other. Suppose a 
third body, equal to the sum of A and B, placed in their common centre of gravity C \ from 
the point C draw a right line to the centre of a third body D, which divide in O, so that OD 
may be to OC, as A+B is to D ; then is O the common centre of the three bodies, A, Bj D. 
In the same manner may be found the common centre of any number of bodies* 

PROP. 
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PROP. LI. If any number of bodies move uniformly in right lines, 
vhether in the same or different directions, their commou centre of gravicy 
is either at rest, or moves uniformly in a right line. 

Matet. If two bodies, A and B, move towards each other in the same right line, having their 

^S* ^ common centre of gravity C, and their momenta equal, the velocity of A will be to that of B, 
as the body B to the body A, that is (as was shewn. Prop. XL VII*) as AC to ^C, Whence 
(Prop. VI.} whilst A passes through AC, B will pass through BC, and the bodies will meet ia 
C, which is their centre of gravity during their motioui and at the time of concourse : thers^ 
fore the point C remains at rest* 

In the same manner, it mav be shewn, that if the bodies recede from each other with uni^ 
form motions, the centres of gravity will be at rest. 

Flate s. Next, suppose that two bodies, A and B, move in diflferent directions AC, BD, describing 
P%* 9' equal spaces AC, CE, and BD, OF, in equal times ; th^ir conmion centre of gravity L, will 
move uniformly in a right line. Produce C A, DB, till they meet in G : Make AG to GH, at 
AC is to BD j draw the right line AH ; and through C and £ draw CI, EK, parallel to AH. 
AC is to HI (El VL 2.) as AG to GH, that is, as AC to BD : Therefore (£1. V. 9.) HI is equal 
to BD, and adding IB to each, HB it' equal to 10. In like manner, C£ is to IK, as AG to GH, 
that is, as AC to BD, or Ct to OF : therefore (El. V. 9.) IK is equal to DF. and adding KD 
to each, ID is equal ti« KF: But ID was proved to be equal to HB ; therefore, KF b equal to 
a B. From L, the common centre of gravity of the bodies A and B, draw LM parallel to BD : 
Draw GM, and produce it till it cut CI, £K, in the points N and O ; and through these points 
diaw NP, OQ^ paraUel to BD. AL is to LB (£1. VI. i.) as AM to MH ; and CP to PD, 
(as CN to NI, that is) as AM to MH ; therefore (£1. V. 1 1.) CP is to PD, as AL to LB, that 
is, (because Lis the common centre) as B to A. Consequently, P will be the common centre 
of the bodies when they are found in C and D : And, in like manner, it may be shewn, that 
Q^will be their common centre, when they are in E and F. But, since ML is to HB. as AM 
to AH, that is, as CN to Ct, that is, as NP to ID, and that HB has been proved to be equal 
to ID, ML is equal to NP; and, in like manner, NP equal to OQ^: Whence (ML, NP^ 
OQ^ being parallel to one another) the line LPQ^is equal to the line MNO, and, the 
points P, Q^. (any pr*nts of the line in which the common centre of gravity is found at 
the bodies are moving from A to £, and from B to F) will be in a right line. Moreover, 
since (El. VL 2.) AC is to CE, as MN to NO, or LP to P(^ , and that AC is equal to 
CE, LP will be equeil to PQ^ Pherefore the common centre of gravity of the bodies A and B, 
is always in the same rig^ UoCf andmovts uatforialy, or passes over equal spaces in equal 
times. 

In like manner, the common centre of these two bodies and any third body, or of the three 
bodies and a foiirth» &c* being founds it may be proved that it moves uniformly in a right 
Rne. 

Cqr. 
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Cor. I. Hence it is manifest, that any forces acting upon a system of bodies, must zfkci 
the m<)tion of the common centre of gravity of that system, in the same manner as if the 
same force were similarly applied to a body equal to the sum of all the bodies, placed in the 
common centre of gravity. And the mutual actions of the parts of a system upon each 
other, producing (by Prop. III.) equal momenta in contrary directions, cannot change the 
state of motion or rest of their common centre of gravity. Consequently, the law of a 
system of bodies, as to motion or rest, is the same as that of one body, and is rightly 
estimated from the motion of its centre of gravity* 

Cor. 2. Hence the centre of gravity of a system of bodies, will not be disturbed by 
their mutual attractions, as the motions thus communicated are always equal and opposite. 
Hence the centre of gravity of our system of planets is either at rest, or moves uniformly 
in a straight line. The latter 19 supposed by Dr. Herschel to be the case. 



CHAP. VI. 

■ 

Of Motion as directed by certain instruments called MSCH ANicAL PoWElRs. 

Def. VIII. That body^ which communicates motion to another^ {s 
called the Power. 

Def. IX. That body, which receives motion from another, is called 
the Weight. 

Def. X. The Lever is a bar, moveable about a fixed point,called its 

fulcrum^ or prop. It is in theory considered as an inflexible line without 

weight. It is of three kinds : the first, when the prop is between the 

weight and the power; the second, when the weight is between the 
prop and the power ; the third, when the power is between the prop 
and the weight. 

Exp. Let the three kinds of the lever be shewn, as in Plate 2, Fig. 12, 13, 14. 

PROP. LII. A power and weight acting upon the arms of a lever 
will balance each other, when the distance of the point at which the 
power is applied to the lever from the prop, is to the distance of the 
i>oint at which the wdght is applied, as the weight is to the power. 

13 Let 
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Plate 2. Let C be the centre of motion in the lever KL ; let A and B be any two powers applied 

'^' ^^* to ic at K and L, acting in the directions KA and LB. From the centre of motion C, let 
CM and CN be perpendicular to those directions in M and N ; suppose CM to be less than 
CNy and from the center C, at the distance CN, describe the circle NHD, meeting KA 
in D. Let the power A be represented by DA, and let it be resolved into the power DG 
acting in the direction CD, and the power DF perpendicular to CD, by coqnpleting the 
parallelogram AFDG. The power DG, acting in the direction CD from the centre of the 
circle, or wheel, DHN towards its circumference, has no effect in turning it round the 
centre, from D towards H, and tends only to carry it off from that centre. It is the part 
DF only that endeavours to move the wheel from D towards H and N, and is wholly em- 
ployed in this effort. The power B may be conceived to be applied at N as well as at L, 
and to be wholly employed in endeavouring to turn the wheel the contrary way, from N 
towards H and D. If, therefore, the power B be equal to that part of A which is repre- 
sented by DF, these efforts being equal and opposite, must destroy each other's effect ; that 
is, when the power B is to the power A, as DF to DA, or, (because of the similarity of 
the triangles AFD, DMC) as CM to CD, or as CM to CN, then the powers must be 
in equilibrio ; and those powers will sustain each other, which are inversely as the distances 
of their directions from the centre of motion. 



Plate % Otherwise ; Case t. • When the power acts pei^endicularly : Let AB be the lever, C 
*?• ^0. ^^ prop, P the power, W the weight. The force with which any body moves being as 
its momentum, (Prop. XIII.) and its momentum as the quantity of matter multiplied into 
tKe velocity, (by Prop. XI. Cor.) the force with which the weight W would move in the 
first instant of its motion, if no other body counteracted it, would be as its quantity of 
matter multiplied into its velocity. But beeause the weight W is suspended from the lever 
AB at the point B, it would move with the same velocity as this point ; which (as was 
shewn in Prop. XLV II.) is as the distance of the point B from the prop C, or D. The 
foFCf therefore with which the weight W would move without any counteracting force, is 
as its quantity of matter multiplied into the distance of the point of suspension B from the 
prop C, or D. But the weight will be prevented from descending, if a forc< equal to that 
with which it would descend without obstruction, acts upon it in tke contrary, difectiojxs 
that is, if a force be applied to raise the point B of the lever AB, equal to that with which 
the weight W would draw it downwards. Let the power ff be suspended from the other 
extremity of the lever at the point A j and let the quantity of matter in the pQW^r P . puld^ 
plied into the distance of A, its point of suspension from C, or D, be equal to the quantity 
of matter in the weight W multiplied into the distance of B from C, or D : it appears from 
what has been said concerning the weight, that the force with which the power P, without 
o1)StTUction, would <lewend and draw down the point A, is c^ual to the fttrcc J^th which 
the weight W would descend and draw down the point B. But,.^ mi\^ f^roq^ the pow^r 
P exerts to draw down the point A, it ^Xjcrts p^ raise tb^ ^t fi. TfH^^jpiqxe equ^l and 
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opposite forces are exerted to raise and depress the point B ; and consequently it will continue 
at rest} and the weight and power will balance each other. 

Case 2. When the power acts obliquely : 

I^et the weight A hang freely from one end of a balance, so as to have its line of direction Plate s. 
DA perpendicular to the arm of the balance ; and let another weight as B, be hung at the ^^* ^' 
other end £» in such manner that its line of direction EC, by passing over a pulley at C, 
may be oblique to the arm of the balance. If the whole force of gravity in the weight B 
acting in the direction EC, be denoted by the line ECj it may be resolved into two forces 
denoted by EF and FC, acting in the directions of these lines ; of which two forces, the lat- 
ter only, which acts in the direction FC perpendicular to the arm of the balanccj resists the 
force of gravity in the weight A, the other force FE acting in the direction of the line of the 
lever. Since, therefore, that part of the weight B which acts in opposition to the weight A, 
is to the whole weight B, as FC to EC ; it is manifest, that in order to make the weight B 
balance the weight A, it must exceed the weight A, in the same ratio that the line EC ex- 
ceeds the line FC. If from G the centre of motion be let fall GH perpendicular to EC pro- 
duced, that line will be the perpendicular distance of the direction EC from G ; and EG, 
equal to DG, the perpendicular distance of the direction DA : but the triangles EFC and 
EHG are similar, consequently (El. VI. 4.} as EC is to CF, so is EG to HG : but the weight 
B is to the weight A, as EC to FC ; B is therefore to A, as EG, or DG, to HG. 

ScHOL. It is evident that the force of the power is increased by the two first kinds of 
lever, but not by the last. The former are adapted to produce a slow motion by a swift one ; 
and the latter serves to produce a swift motion of the weight, by a slow motion of the power. 
See Fig. 12, 13, and 14. ^ 

^o the ^rst kind of lever may be reduced several sorts of instruments ; such as the steel- 
yard, whose arms are unequal ; the false balance, whose arms are imperceptibly unequal ; the 
common balance, whose accuracy depends on its possessing the following properties : 
(i.) The arms must be equal in length and weight. (2.) The centre of motion must be a lit- 
tle above, and directly over the centre of gravity. (3.) The points from which the scales are 
suspended should be in a right line, passing through the centre of gravity of the beam. And 
(4.) the friction of the beam on the centre of motion should be as little as possible. Scissars, 
pincers, snufiers, &c. are formed of two levers, the fulcrum of which is the pin which rivets 
them. 

To the second kind of lever may be reduced oars and rudders of ships ; cutting knives fixed* 
at one end ; doors moving on hinges, &c. 

To the third kind, we may refer the action of the muscles of animals, ladders fixed at one * 

.:; r. ■ .\)ci^;,.( tij.dvf ^lyio a :._i»: . if- 
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Def. XI. The JVbeel and jJxis is a wheel turning round together with 
its axis ; the power is applied ic the circumference of the wheel, and the 
weight to that of the axis, by means of cords. 

, PROP. LIII. An equilibrium is produced in the wheel and axis, whea 
the weight is to the power, as the diameter of the wheel to the diameter of 
the axis. 

p[9Xt s. Let AB be the diameter of the wheel, DE, that of the axis, W the weight, and P the powcf, 

^* ^' suspended from the points D and B. When the wheel has performed one revolution, the 
power P has drawn off as much, cord from the wheel as is equal to its circumference, and has 
therefore moved through a space equal to that circumference. In the same time the weight 
W is raised through a space equal to the circumference of the axis, upon which the cord, hj 
which the weight is suspended, is once turned round. Therefore the velocity of the power 
exceeds the velocity of the weight as much as the circumference, that is, the diameter of the 
wheel exceeds that of the axis. If then the weight exceeds the power as much as the velocity 
of the power exceeds that of the weight, that is, as much the diameter, or semidameter of the 
wheej, AB, or CB, exceeds the diameter, or semidiameter of the axis, DE, or CE, the mo* 
menta will be equal, and the power and weight will balance each other. 

Or thus ; Tlie axis and wheel is a lever of the first kind ; in which the centre of motion is 
in C, the centre of the axis ; the weight W, sustained by the rope DW, is applied at the dis- 
tance DC, the radius of the axis ; and the power P, acting in the direction PB perpendicular 
' *' to CB, the radius of the wheel, is applied at the distance of that radius : therefore, Prop. LIL 

there is an equilibrium, when the power is to the weight, as the radius of the roller to the 
radius of the wheel. 

Cor. I. Hence it is evident, that by increasing the diameter of the wheel, or diminishing 
that of the axis, a less power may sustain a given weight. 

Cor. 2. The thickness of the rope to which the weight is suspended, ought not to be 
neglected. 

ScHOL* To the wheel and axle we may refer the capstan, mills, cranes, &c. A drawing 
and description of a safe and truly excellent crane, invented by Mr. James White, may be seen 
in the loth volume of the Transactions of the Society for encouraging Arts and Sciences, in 
Xiondon. 

Def. XII. The Puliey is a small wheel, moveable about its asds, by 

means of a cord, which passes over it. 

PROP, 
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PROP. LIV. When the axis of the pulley is fixed, the pulley only 
changes the direction of the power ; if moveable puUies are used, an equili- 
brium is produced, where the power is to the weight as one to the number 
of ropes applied to them : If each moveable pulley has its own rope, each pul- 
ley will double the power. 

If the pulley ED be fixed upon the beam A, the power and weight, in equilibrioi will be Plate s. 
equal. But, if one end of the rope be fixed in B, and the other supported by the power P, it S^f' 
is evident, that in order to raise the weight W one foot, the power must rise two 5 for both 
the ropes, BC and CP, will be shortened, a foot each ; whence the space run over by the 
power will be double of that of the weight ; if therefore the power is to the weight as i to 29 
their momenta will be equal : For the same reason, if there be four ropes passing from the 
upper to the lower pullicsi the velocity of the power will be quadruple to that of the weight, 
or as 4 to ly &c. In all cases, therefore, when the power is to the weight, as i to the num- 
ber of ropes passing from the upper to the lower puUies, there will be an equilibrium. 

Or thus ; Every moveable pulley hangs by two ropes equally stretched, which must bear ^>S« 5. 
equal parts of the weight; and therefore when one and the same rope goes round several fixed 
and moveable pullies, since all its parts on each side of the pullies are equally stretched, the 
whole weight must be divided equally amongst all the ropes by which the moveable pullies 
hang : Consequently, if the power which acts on one rope be equal to the weight divided by 
that number of ropes, the power must sustain the weight. 

If each moveable pulley has its own cord, the first, as appears from what has been said, Fig. 6. 
doubles the velocity of the power i and therefore if the power be half of the weight, the mo- 
menta will be equal, and the balance will be produced. In like manner, the second pulley 
causes the weight to move with half the velocity with which it would move, if suspended 
from the first moveable pulley, that is, makes the velocity of the power quadruple of that of 
the weight *, and so of the rest. 

If in the solid block A, grooves be cut, whose radii are i, 3, 5, 7, &c. and in the block B PJate 12. 
other grooves be cut, whose radii are 2, 4, 6, 8, &c. and a string be passed round these '^* 
grooves, the grooves will answer the purpose of so many distinct puUies, and every poi/it in 
each, moving with the velocity of the string in contact with it, the whole friction will be re- 
moved to the two centres of motion in the blocks A and B, which is a great advantage over 
the common pullies. This pulley was invented by Mr. James White. 

PROP. LV. In the Inclined Plane the power and weight balance each 
other, when the power is to the weight, a8 the sine of the inclination of the 
plane is to the sine of the angle, which the line of the direction of the power 
with the perpendicular to the plane. 

14 Let 
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Plate s. Let a weight be supported on the inclined phne CA by a power acting in any given di- 

^& ^- rection PD. Let the whole force, whereby the weight would descend perpendicularly, be re- 
presented by PB : and resolving PB into two forces, one of which, BD, is perpendicular to 
the plane C A, and the other, PD, is in the direction of the power ; the force BD is destroy- 
ed by the re-action of the plane, and the force PD wili be sustained by an equal poweri acting 
in the direction PD. Therefore, when there is an equilibrium, the power is to the weight, 
as PD to PB ; that is, as the sine of the angle PBD, or (El. VL 8.) its equal CAB, to the sine 
of the angle PDB. 

When PD is in the direction of the plane, this ratio becomes that of CD to CB, or of the 
height of the plane CB, to C A its length. 

When the direction of the power PD is parallel to the base of the plane, the ratio of the 
power to the weight becomes that of ED to EB } or (El. VI. 8. Cor.) of CB, the height of 
the plane, to BA the base. 

When the direction of the power coincides with the perpendicular BD, the ratio of the 
power to the weight becomes that of the sine of a finite angle, to the sine of an angle indefi- 
nitely diminished. From which it appears, that no finite power is sufiicient to support a 
weight upon an inclined plane, if that power acts in a direction perpendicular to the plane. 

Def. XIIL The Screw is a cylinder, which has either a prominent part, 
or a hollow line, passing round it in a spiral form, so inserted in one of the 
opposite kind, that it may be raised or depressed at pleasure, with the weight 
upon its upper, or suspended beneath its lower, surface* 

PROP. LVI. In the screw the equilibrium will be produced, when the 
power is to the weight, as the distance between two contiguous threads, in a 
direction parallel to the axis of the screw, to the circumference of the circle 
described by the power in one revolution, 

Plate 3. While the screw is made to perform one revolution, the weight W may be considered, 
as raised up an inclined plane cq^ whose height cp is the interval between two contiguous 
spirals, whose base pq is the periphery of the cylinder, and whose length cq is the spiral line,, 
by a power acting parallel to the base of the plane : for such an inclined plane, involved 
about a cylinder, will form the spiral line of the screw. A power at /, acting parallel to the 
base, is in equilibrio with the weight W to be raised, when the power is to the weight, as 
the height of the inclined plane, to the base ; or, in this case as /r, the interval between 
the spirals, to the circumference described by p : but a power applied at P, which is to that 
applied at ^, as the circumference described by /, to the circumference described by P, has 
the same efiect ; therefore there is an equilibriuma when the power applied at P is to the 

weight 



Chap. VL OF THE MECHANICAL POWERS. ' 55 

weight to be raised, as pc^ the interval between two contiguous spirals, to the circumference 
described by the power P. 

Def. XIV. The W^dge Is composed of two inclined planes^ whose 
bases are joined^ 

PROP. LVIL When the resisting forces, and the power which acts 
on the wedge, are in equilibrio, the weight will be to the power, as the 
height of the wedge, to a line, drawn from the middle of the base to 
one side, and parallel to the direction in which the resisting force acts on 
that side. 

Let the equilateral triangle ABC represent a wedge, whose base, or back, is AC, whose P^e 8. 
sides are the lines AB and CB, and whose height is the line BP, which bisects the vertical '^' 
angle ABC, and also the base perpendicularly in P. Let £ and F represent two bodies, or 
two resisting forces acting on the sides of the wedge perpendicularly, and whose lines of 
direction £P and FP meet at the middle point of the base, on which the power P acts 
perpendicularly, then will £P and FP (£1. L 5. and 26.) be equal : Let the parallelogram 
£NFP be completed \ its diagonals PN and £F will bisect each other perpendicularly in H» 
Now when these forces (which act perpendicularly on the sides and base of the wedge) are 
in equilibrio, they will be to each other (Prop. XIV.) as the sides and diagonal of this 
parallelogram, that is, the sum of the resisting forces will be to the power of P, as the sides 
£P and FP to the diagonal PN, or as one side £P to half the diagonal PH, that is, (from 
the similarity of the right-angled triangles B£P, £HP) as BP, the height of the wedge, to 
£P the line which is drawn from the middle of the base to the side AB, and is the direction 
in which the resisting force acts on that side. 

From the demonstration of this case, in which the resisting forces act perpendicularly on 
the sides of the wedge, it appears that the resistance is to the power which sustains it, as one 
side of the wedge AB is to the half of its breadth AP \ because AB is to AP, (£1. VL 8.X 
as BP is to £P. 

It appears also from hence, that if PN be made to denote the force with which the power 
P acts on the wedge, the lines P£ and PF which are perpendicular to the sides, will denote, 
the force with which the power P protrudes the resisting bodies in directions perpendicular 
to the sides of the wedge; 

Let us now suppose, in the second case, that the resisting bodies E and F act upon the 
wedge in directions parallel to the lines DP and OP, which are equally inclined to its 
sides, and meet in the point P. Draw the lines £0 and FK perpendicular to DP and OP j 
then making PN denote the force with which the power P acts on the wedge, PE and 
n? will denote the forces with which it protrudes the resisting, bodies in directions per- 
pendicular 
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pendicular to the sides of the wedge, as was observed before ; now each of these forces may 
be resolved into two, denoted respectively by the lines PG and GE, PK and KF, of which 
G£ and KF will be lost, as they act in directions penpendicular to those of the resisting 
bodies ; and PG and PK will denote the forces by which the power P opposes the resisting 
bodies, by protmding them in directions contrary to those in which they atf On the wedge ; 
therefore, when the resisting forces are in equilibrio with the power P, the fotitier diikst b^ 
to the latter, as the sum of the lines PG and PK, is to PN, or as PG is to PH But 
(El. VI. 4 ) PG is to PE, as PE to PD } and PH is to PE, as PE to PB : whence (El. VL 
1 6.) both the rectangle PGXPD and the rectangle PHXPB, are equal to the square of 
PE; these rectangles are therefore equal to one another ^ whence their sides (El VI. iz^) 
are reciprocally proportional, that is, PG is to PH, as PB, to PD* 'Whence it follows 
from what was shewn above, that, in equilibrio, the resisting forces are to the power, as 
PB toPD i that is, as the height of the wedge to the line drawn from the middle of the 
base to one side of the wedge, and parallel to the direction in which the resisting force acts 
on that side. 

From what has been demonstrated, we may deduce the proportion of the power to the 
resistance it is able to sustain in all the cases in which the wedge is applied. First, when in 
cleaving timber the wedge fills the cleft, then the resistance of the timber acts perpendicu- 
larly on the sides of the wedge, therefore in this case, when the power which drives the 
wedge, is to the cohesive force of the timber, as half the base, to one side of the wedge, 
the power and resistance will be equilibrio. 

Secondly; When the wedge does not exactly fill the cleft, which generally happens be- 
cause the wood splits to some distance before the wedge. Let ELF represent a cleft into 
which the wedge ABC is partly driven ; as the resisting force of the timber must act on the 
wedge in directions perpendicular to the sides of the cleft, draw the line PD in a direction 
perpendicular to EL the side of the cleft, and meeting the side of the wedge in D ; then 
the power driving the wedge and the resistance of the timber, when they balance, will be to 
each other as the line PD to PB the height of the wedge. 

Thirdly ; When a wedge is employed to separate two bodies that lie together on a 
horizontal plane, for instance, two blocks of stone ; as these bodies must recede from each 
other in horizontal directions, their resistance -must act on the wedge in lines parallel to its 
base CA ; therefore the power which drives the wedge, will balance the resistance when 
they are to each other as PA, half the breadth of the wedge, to PB its height 

ScHOL. I. Since in all the mechanical powers, an equilibrium is produced, when the 
power is to the weight as the velocity of the weight is to the velocity of the power, in all 
compound machines there will be an equilibrium, when the sum of the powers are to the 
weight, as the velocity of the weight is to the sum of the velocities of the powers. 

ScHOL. 2. In the theory of the mechanical- powers, we suppose all planes and bodies 
perfectly smooth ; levers to have no weight ; cords to be perfectly pliable, and the parts of 

machines 
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Itoacbines to have no friction. (See SchoL 3.) Allowances, howerer, must be made fot At 
d^Berence between theorjr and practice. Mr. Ferguson obseires, that there are but few 
comt>ound machines, but what, on account of friction, will require a third part more to 
worit them, when loaded, than what is sufficient to constitute an equilibrium between the 
weight and the power. 

Ezp. I. Let A, B, C, be a compound lever, consisting of three levers, in the first of P)*^^ ^• 
which. A, the velocity of the weight is to that of the power, as i to 5 ; in the second, B, '^* ^^' 
as I to 4 } in the third, C, as i to 6. The velocity of the weight will be to that of the 
power, as i to 5x4x625120; and if the power be to the weight, as i to lao, they will 
balance each other. 

2. Let GC and LF be the levers fixed to the supporters R A, SE, and let their shorter arms Kg' 1^/ 
be kept in equilibrio with the longer respectively by the weights fixed at G and L. Let 

MH be a bar screwed to the fixed parts to keep them steady. If the power C be ten times 
farther from A the prop, than the weight P, they will be in equilibrio when the power C 
is to the weight P, as i to 10. In like manner, the distance JME being ten times D£, if 
the power M be iV of the weight C suspended from J), they will be in equilibrio : whence 
Ad, I, will balance P, 100. 

3. Exhibit models or draughts of difierent compound machines, as mills, cranes, the 
pile-driver, &c. 

ScHOL. 3* The inequality of the surface on which any body moves occasions an attri* 
Hon, called friction, which prevents the accurate agreement of many experiments in me- 
chanitks with theory. On this subject the very accurate experiments of Mr. Vince should be 
consulted, the object of which was, to determine, (1.) Whether friction be an uniformly 
retarding force, (a ) The quantity of friction. (3) Whether friction varies in propor* 
tion to the pressure or weight. And (4.) whether the friction be the same, on whichever 
of its surfaces a body moves. After a great variety of experiments made with the utmost 
care and attention, Mr. Vince deduces the following conclusions! which may be considered 
as established facts. 

I. That friction is an uniformly retarding force in hard bodies^ not subject to iteration 
by the velocity ; except when the body is covered with woollen cloth, &c. and in that case 
the friction increases a little with the velocity. 

II. Friction increases in a less ratio than the weight of the body, being different in differ* 
ent bodies. It is not yet sufficiently known for any one body, what proportion the increase 
of friction bears to the increase of weight. 

nu The smallest surface has the least friccioni thewcigiM beipg the same. But the 
ratio of the friction to the surface ia «€^ accurately 4Known. 

See a full account of nhese txperimentSfiViil MKV* VUL Tian^t 

ScHQIr* 
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ScHOL. 4* Wheel carriages are used, to aroid friction as much as possible. A wfaed 
turns round upon its axis, because the sereral points of its circumference are retarded in 
succession hj attrition, whilst the opposite points move freely. Large wheels meet with 
less resistance than smaller from external obsucles, and from the friction of the axle, and arc 
more easily drawn, having their axles level with the horses. But in uneven roads, small 
wheels are used, that in ascents the action of the horse may be nearly parallel with the 
plane of ascent, and therefore may have the greatest effect : small wheels are also more con* 
veniently turned. The greater part of the load should be laid on the hinder part of a whed 
carriage* 



CHAR VII. 

0/ Motion as produced by the united Forces of PROJECTION and 

Gravitation^ 

SECT. I. 

Of Projectiles. 

PROP. LVin. Bodies thrown horizontally or obliquely, have a cur- 
vilinear motion, and the path which they describe is a parabola ; the air'g 
resistance not being considered. 

Plate 3. If a body be thrown in the direction AF, and acted upon by the projectile force alone^ 

^^* 10, \^ ^1 continue to moye on uniformly in the right line AF, and would describe equal parts 
of the line AF in equal times» as AC, CD, D£, &c. But if, in any indefinitely small 
portion of time, in which the body would by the projectile force move from A to C, it 
would, by the force of gravity, have fallen from A to G ^ by the composition of these 
forces (Prop. XVI.) it will, at the end of that time, be found in H, the opposite angle of 
the parallelogram ACGH. In two such portions of time» whilst it would have moved 
from A to D by the projectile forces it would. (Prop. XXVI.) by gravitation fall through 
four times AG, that is, AM ; and therefore, these forces being combined, it will be found 
at the end of that time in I, the opposite angle of the parallelogram DM. In like manncTf 
at the end of the third portion of time, it would by the projectile force be carried through 
thrre equal divisions to £, and by the force of gravitation over nine times AG to N ^ and 
cons quently by both these forces acting jointly, it will be carried to K, the opposite angle 
of the parallelojrr^m EN. Therefore the lines CH, Dl, £K, that is, AG, AM, AM* 

which are to each other as the numbers ij 4j 9i are as the squares of the lines AC| AD AE| 

that 
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diatisi GH» MI, NE, which are as i» 2, 3. And because the actum of gravitation is con* 
tinual, the body in passing from A to H, &c. is perpetually drawn out of the right line in 
which it would move if the force of gravitation were suspended, and Aerefore moves in a 
curve. And H, I and K, are any points in this curve in which lines let fdl £rom points 
equally distant from A in the line AB meet the curve. Therefore the body moves in a 
parabola, the property of which is {Simpsotfs Cmck Sections^ Book L Prop- XII. Cor ) that 
Hit abscissa AG, AM, AN, are to each other as the squares of the ordinates GH, MI, NK« 

Remark. Very dense bodies moving with small velocities describe the parabolick track 
so nearly, that any deviation is scarcely discoverable ; but with very considerable velocities 
die resbtance of the air will cause the body projected to describe a path altogether diflerent 
from a parabola, which will not appear surprising when it is known that the resistance of 
the air to a cannon ball of two poinds weight, with the velocity of 2000 feet per second, is 
more than equivalent to 60 times the weight of the ball. See Hutton's Diet* Art. Resistance. 

PROP. LIX. The path which a body thrown perpendicularly up- 
wards describes in rising and falling is a parabola. 

A stone lying upon the surface of the earth» partaking of the motion of the earth (here 
supposed) round its axis, this motion which it has with the earth will not be destroyed by 
throwing it in a direction perpendicular to the surface of the earth. After the projectioUi 
therefore, the stone will be moved by two forces, one horizontal, the other perpendiculars 
and will rise in a direction which may be shewn, as in the last proposition, to be the parabolick 
curve *, in which it will continue till it reaches the highest point, from whence it might be 
shewn^ as in the last proposition, that it will descend through the other side of the parabola. 

PROP. LX. The velocity vdth which a body ought to be projected 
to make it describe a given parabola, is such as it would acquire by falling 
through a space equal to the fourth part of the parameter belonging to 
that point of the parabola from which it is intended to be projecte4« 

The velocity of the projectile at the point A (by Prop. LVTIl) is such as would carry PUte s. 
it from A to E, in the same time in which it would descend by its gravity from A' to N. ^^' J?* 
And the velocity acquired in falling from A to N (by Prop. XXVII.) is such as in the same 
time by an uniform motion would carry the body through a space double of AN. There- 
fore the velocity which is acquired by the body in falling toN is to that with which the 
body k projected at A, and nniformly carried forwards to E, as twice AN is to AE, ' But 
mnce, from the ttaturc of the paarabola, {SimpsHfs Comsk 8eetums\ BocJk I; Pk^. -^HT.) 

pij^ '^ eqjaalto the parameter of the point A^ <Nie, ibiifth ywt of this parameter will be 

expressed 
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expressed by ^ ^ , And because the velocities acquired by faffing bodies are (by Prop. 
XXVL Cor. 1.) as tbe square roots of the spaces they fall through, the velocity acquired 

by a body in falKng through AN is to the velocity acquired in falling through ^ ^» or one 

AN 

fourtbpartof the parameter of A, is the square root of AN to the square root of 3lA5!! ; 

1 AW 

that is, as ^ AN to -?-—«* or AN to ^AE, or twice AN to AE. Therefore the 

velbcity acquired by a body in falling from A to N has the same ratio to the velocity with 

which the body is projected or the line AE described, and to the velocity acquired by m 

body in fsdling through a fourth pare of the parameter beiunging to the point A : consequently 
(El. Vm II.} these velocities are equal. 

Plate 3. C^^* Hence may be determined the direction in which a projectile from a given point 
Fig. I J. yfixii ^ given velocity, must be thrown to strike an object in a given situation. 

Let A be the place from which the body is to be throii^, and K the situition of the 
object. Raise AB perpendicular to the plane of the horiz<Mi, and equal to four times 
the height from which a body must fall to acquire the given velocity. Bisect AB in G : 
through G draw HG perpendiculai^ to AB : at the point A raise AC perpendicular to AK, 
and meeting KG in C : on C as a centre with the radius C A describe the circle ABD ; and 
through K draw the right line KBI perpendicular to the pane of the horizon, and cuttmg 
the circle ABD in the points £ and L AE, or AI, will be the direction required. 

For, drawing BI, BE, since AK is a tangent to the circle, and B A. JK, are parallel to 
each other, the angle ABE (El. 111. 32.) is equal to the angle EAK ; and the alternate 
angles B AE, AEK, are equal : Therefore the triangles ABE, AEK, are similar ; and AB is 

to AE, as AE toEK. Therefore AB x EK = AE* ; and AB = ^-. In like manner, 

the triangles BAI, KAI, being similar, BA is equal to -««-. Since, then, AB is equal to 
four timcb die height from which a body must fall to acquire the velocity with which it is 
to be thrown i wp— (or -rj^ its equal) is the same. Consequently (by this Prop.) the 

p:)intK will be in the parabola which the body will describe, which is thrown with the 
given velocity in the directiont AE, or AI9 and tht body will strike an object placed at K. 

ScHOL. If the velocity with which a projectile is thrown be required, it may be deter* 
mined from experiments in the following manner. By the help of a pendulum or any other 
exact chronometer, let the time of the perpendicular flight be taken $ then, since the times 
of the ascent and descent are equal, the time of the descent must be equal to one half of the 
time of the flight, consequently, that time wUlbe kaown : and, since a heavy body descends 

from 
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from a state of rest at the rate of i6*i feet in the first second of time, and that the spaces 
duougb wjfkh bodies descend are as the squares of the times ; if we say, as one second is 
to <6*i £eet, so is the square of the number of seconds which express the time of the de- 
scent of the projectilet to a fourth proportional, we shall have the number ot feet through 
iriiich the projectile fell, which being doubled, will give us the number of feet which the 
projectile would describe in the same time with that of the fall, supposing it moved with an 
uniform velocity, equal to that which it acquired by the end of the fall ; which last found 
number of feet, being divided by the number of seconds which express the time of the 
projectile's descent, will give a quotient, expressing the number of feet, through which the 
projectile would move in one second of time with a velocity equal to that which it acquired 
io its descent, which velocity is equal to the velocity with which the projectile was thrown 
up I consequently! this velocity is discovered. 

PROP. LXL The squares of the velocides of a projectile in dif- 
ferent points of its parabola, are as the parameters belonging to those 
points. 

For (by the last Prop.) the velocities in the several points of the parabola, are equal to 
the velocities acquired in falling through the fourth parts of the parameters of the points. 
Therefore the squares of these velocities being (by Prop. XXVI.) as the spaces described, 
the squares of the velocities in the several points of the parabola are as the fourth parts of 
the parameters of those points : but the whole parameters are as their fourth parts : there- 
fore die squares of the velocities at the several points of the parabola are as the parameters 
of those points. 

Cor. Hence, setting aside any difference which may arise from the resistance of the air, 
a projectile will strike a mark as forcibly at the end as at the beginning of its course, if the 
two points be equally distant from the principal vertex : foe, the parameters belonging to 
these points being equal, the velocities in these points Qimt slUq be e<)ual. 

PROP. LXII# When a body is thrown obliquely with a given velo- 
city, if the space through which it must baye fallen perpendicularly to 
acquire that velocity is made the diameter qf a circle, the height to 
which the body wiU ri«e ia equal to th? v^ed sine of double the angle 
of elevation* 

Let a body be thrqwnin the direction BE, with the same velocity which any body would Pi^ts a. 
•acquire by falling perpendicularly through \& } if AB is made the dma^ttr of j^ circiCi the ^* 
greatest height to wfakh the bod^ wiU rise will be BP. 

16 let 
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Let IL be a right line ^rawn in the plane of the horizon, touching the circle in B, and 
making with the line BE, which is tJnc direction in which the bodjr is throwpg the angle 
IBE, or angle of elevation. Because IL touches the circle, and £B drawn in the cirde 
meets it in the point of contact, (El. III. 32.) the angle EBI is equiil to the angle £AB. 
And ECB is double of EAB, (EU III. 20 ) therefore ECB is double of EBI, the angle of 
elevation. And BD is the versed sine of ECB, that is, of double the angle of elevation. 

Let BE represent the velocity with which the body^ts thrown. Then since this velocity 
is, by supposition, such as might be acquired by falling down AB, if the body was thrown 
perpendicularly upwards with the same velocity BE, it would rise to the height BA Let 
the oblique motion BE be resolved into two others, one in the direction BD perpendicular 
to the horizon, and the other in the direction DE parallel to it : then the ascending velo- 
city will be to the horizontal velocity, as BD to DE, and to the whole velocity, as BD 
to BE. But the part of the velocity BD is the only part which is employed in raising the 
body, since the other part DE is parallel to the plane of the horizon. . Now, the height 
of a body ascending perpendicularly with the whole velocity BE, will be to the height 
when it ascends with the part BD (compare Prop. XXVI. and Prop XXVI II.) as the 
square of BE to the square of BD. But because (EU VI. 8 ) the triangle EDB is similar 
to the triangle AEB, BD is to £B, as EB is to BA; and BD, BE, BA, being continued 
proportionals, BD is to BA, as the square of BD is to the square of BE. And the perpen- 
dicular heights to which the velocities BE and BD will make the body ascend have beem 
shewn to be as the square of BE to the square of BD ; the heights are therefore as BA to 
BD. Since therefore the first velocity BE would make the body ascend through BA, the 
other velocity BD, which is the part of the whole velocity which acts to make the body 
thrown in the direction D£ to ascend, will carry it to the height BD, which is the versed 
sine of double the angle of elevation. The same might be shewn in any other direction of 
the body, as BF, or BG. 

Def. XV« The Random of a projectile is the horizontal distance to 
Tyhich a heavy body is thrown. 

PROP* LXIIL When a body is thrown obliquely with a given 
i^elocity, if the space through which it must have fallen perpendicularly 
to acquire that velocity is made the diameter of a circle, the random will 
be equal to four times the sine of double the angle of elevation. 

PUte a If EBI be the angle of elevation, and ECB double that angle, DE will be the sine of 

' S* ^^' double the angle of elevation. Let a body be thrown from the point B in the direction 
BE, with the velocity which it would acquire in falling through AB ^ the random^ of 
^oriaostal diitaiKt at which the body will fally is equal to four times DE. 

For^ 
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For, since (as in the last Prop.) the relocity BE being resolved in BD^ DE, the ascending 
velocity is BD, and the horizontal DE» if these two velocities were to continue ttniform^ 
the spaces described in equal times (Prop. V.) would be as the velocities, and in the same 
time in which the body by th<^ ascending velocity would rise through BD, by the horizontal 
Telocity it would be carried forwards through DE. Of these velocities, the horizontal one 
DE is uniform, because the force of gravity can neither accelerate nor retard a motion in 
this direction i but the ascending velocity is uniformly retarded ; and therefore the body 
(compare Prop. XXIII. and XXVIII.) will be twice as long in ascending to its greatest 
height BD, as it would have been if the first ascending velocity had continued uniform : 
but on this supposition, the body would have been carried through BD and DE in the same 
time : therefore in double the time, that is, in the time of ascent through BD with an 
uniformly retarded velocity, it would be carried forward through twice DE : consequently, 
in the times of descent and ascent together it would move forwards through four times DE. 
Therefore a body thrown from B in the direction BE with such a velocity as might be 
acquired by falling down AB, the diameter of a eirde, wiU faU at the distance of fouc 
times the sine of double the angle of elevation. 

PROP. LXIV. The random of a projectile will be the greatest 
possible, with a given velocity^ when the angle of elevation is an angle of 
forty-five degrees. 

The velocity being given, the height from whence the body must have fallen to acquire 
that velocity, or (Prop XXXV.) the diameter of the circle AB, b a given quantity. 
And in a given circle the greatest sine is the radius or sine of a right angle : therefore four 
times the radius is greater than four times any other sine ; and consequently, the random 
which is equal to four times the radius, (which, by Prop. LXII. will be the case when the 
double angle of elevation is a right one, or the angle of elevation forty-five degrees) will 
be the greatest possible random^ 

Exp. Tlus proposition^ and the twa fbllowinj^ may be illustrated by water spouting 
from a pipe. 



PROP. LXV. The random of a projectile, whose velocity is given^ 
will be the same at two different elevations, if the one be as much above 
forty-five degrees as the other is below iu 

If EBf be an angle of jo degreesi and GBI an angle of 60 degrees, because EBT falls Tf^^^l^ 
•hort of half a right angle a» much as GIU exceeds it, the double of EBI will fall short of '^' ^^ 
A right angle as much as the double of GBI will exceed it, therefore, from, the definition of a 

sine,! 
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stiiet these doubles will have the same sine. Consequentlf ^ four times their 8iiies» that iSf 
(by Prop. LXIIL) their randoms will be equal. 

PROP. LXVI. The greatest random of a projectile, iivhose velocity 
18 given, is double the height to which it would rise if it were thrown 
perpendicularly with the same velocity. 

Plates. If a body be projected in the direction BF» at an angle of forty-fiye degrees^ and its 

*"S?« 12. yeJocity be equal to that which a body would acquire in falling down AB (by Prop. LXIV.) 
the random will be the greatest possible, and will be equal to four times CF, or twice BA» 
But the body cast perpendicularly upwards with the same velocity would (by Prop. XXVIII.) 
rise to the height BA. Therefore the greatest random, with a given velocity, is double the 
height to which the body, thrown perpendicularly with the same velocity» would rise. 

PROP* LXVII. The randoms of projectiles, whose elevations arc 
given, are as the squares of their velqciUeSr 

iPlate 3. If a body be thrown in any direction BE, its random (Prop. LXIIL) will be equal io 
^' four times DE, or four times the sine of double the angle of elevation, hi a circle whose 

diameter AB is the height from which the body must fall to acquire the velocity with which 
it is projected. But the velocities being supposed variable, AB the diameter wUl be directly 
«8 the velocity ; since the greater velocity a body moves with, the greater space it will 
fall through in a given time. And becaoset in the triangle EDC the angle at D being a 
right angle is always invariable, and tliat the angle ECD, which is double of EAD, that 
is (£1. 111. 3 a.) of the given angle of elevation EBI, is given, the triangle ECD in every 
variation of AB, is always equiangular and similar to itself, and £D is always as EC : but 
EC being a radius, is as AB : therefore ED, the sine of the given angle of elevation, is as 
AB the diameter. Consequently four times the sine ED, that iS| the random is as AB. 
But the height AB from which a body must fall to acquire any velocity, is (by Prop. XXVI.) 
as the square of that velocity. Therefore the random is as the square of the velocity. 



SECT. II. 



0/ Central Forces. 



PROP. LXVIIL A body which is constantly drawn or impelled 
towards any point, may be made to desoibe, round that point as a centre, 

a curre returning into itself. 

Let 
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Let T be the centre of the earthy and GDEI its surface. Let a body be projected in atfy pute a. 
directioni GH, which does not pass within the surface of the earth. The projectile forcei ^S* ^^' 
together with the force of gravity, will make it describe a curve, which, as the projectile 
force is increased, will recede fardier from the perpendicular GE, as GB, GC, GD. It is 
manifest that the projectile force may be increased, till the body shall pass beyond the surface. 
CDKE, and move in the path GML, GNV, or some larger curve. 

First ; Suppose the projectile force to be such, that the body will be carried in the semi- 
circle GN, it will continue in the curve of that circle till it returns to G. For, when a 
body moves in the circumference of a circle (as in Fig. 15.) the projectile force, acting in a 
line which is a tangent to the circle, as GB, acts (£1. III. 18.) in a direction which is plate 3; 
perpendicular to the direction BA, in which it is impelled towards the centre. And since ^'«' ^^* 
If the force which impels the body towards the centre ceased to act in any point, as C the 
body would move forwards in the right line CF, the projectile force in every point of the 
circumference, acts in a direction perpendicular to the force of gravitation : consequently, 
these two forces remaining the same, and acting always in the same direction with respect 
to each other, the velocity of the body must remain the same : whence, at the point M, it pig. 14. 
will have the same power to recede from the centre as at Q ; and, retaining this power 
through every remaining part of its course, it will proceed in the circumference, till it 
arrive at G, and will continue to revolve in the circle. 

Next ; Let the body be projected from G with a force greater than that which is required 
to carry it round in the circumference of the circle GNV ; and let the curve in which it 
moves be an ellipse, having the earth in its remoter focus. Because the force of projection, 
as the body proceeds in the first half of its orbit, acts in the direction of a tangent to the 
curve, whilst the force of gravitation acts in the direction of a right line from the body to 
the centre of the earth, the directions of these two forces make an acute angle with one 
' another, and consequently, through this part of the course of the body, the force of gravita- 
tion conspiring nvith the force of projection, the velocity of the body must be increased, and 
at the same time it must be continually dravm downwards towards the earth. At the point 
in which the forces act in directions perpendicular to each other, the force of gravitation 
does not conspire with that of projection to bring the body towards the earth : and 
afterwards, in the latter half of its course, the directions of the forces making an obtuse 
angle with each other, the force of gravitation is opposed by that of projection in the same 
degree in which the former was before aided by the latter \ and therefore the body in pass- 
ing towards G will fly off from the earth or rise^ as much as it before approached to the earth 
or descended^ and thus will return to the point G with the same velocity with which it set 
out at first, having lost as much velocity by receding from the earth in the latter part of its 
course, as it had gained by falling towards the earth in the former part. 

Lastly -, Let the body be projected from G with a force which is less than sufficient to 
carry it round in the circle GNV ; and let it perform its revolutions in an elliptick curvC) 
trhose greater axis is less than the radius of the circle GNV| setting out from G, and 

baying 
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having the earth in the neartr focus : the effect will be the same as in the last case, except 
that the projectile force will oppose the force of gravitation in the Jlrst half of the m^oliii^ 
tioui and conspire with it in the latter. 

Exp. Let a ball revolve round the central point of a Whirling Table. Concerning the. 
(Construction and use of this machine see Ferguson's Lectures, Lect. IL 

PROP. LXIX. A body revolving in an orbit^ endeavours in every 
point of its course to fly off from the centre in a right line virhich is a 
tangent to the orbit 

Plate s. Let BCDL be a circle in which a body is revolving : when it is arrived at the point B^ 
^»«* 15. 1^^ ^g f^y^^ which impels it towards the centre be withdrawn, and the body (by Prop. I.) 
would fly oflF from the point B in the direction BG } in like manner at C, it would fly oflF ia 
the right line CF ; at D, in DH i and at L, in LK. The same is manifestly true in a« 
elliptical orbit. Now the same force with which it would fly off, if no other cause prevent* 
ed it| must make it endeavour to fly off in the same manner in every point of the orbit. 

Exp. Whilst a ball is revolving on a whirling table, if the cord which retains it, be sud- 
denly cut, the ball will fly off in a right line^ which will be a tangent to the orbit in which 
It moved. 

Cor. a body revolving about a centre endeavours to recede from that centre : for every 
point of the tangent in which it endeavours to move out of the circle, is farther from the 
centre, than the point in which the tangent meets the curve* 

Def. XVI. TTie force which impels a body towards the centre, when 
it revolves in an orbit, is called the centripetal force : that by which it 
endeavours to recede from the centre, is called the centrifugal force ; and 
these two forces are called jointly, central forces. 

ScHOL. The projectile and centrifugal forces differ from each other, as the whole from 
the pare. The projectile force is that with which a body would move forwards in a 
tangent to its orbit, if there were no centripetal force to prevent it : the centrifugal force 
is that part of the projectile force which carries the body off from the centre while it is 
Plate 3. describing the tangent. Thus, if the body revolved in the orbit BD, the projectile force 
^'^* is that which would make it describe the tangent BA, if the centripetal force were to cease 

acting. But in the mean time, the whole force BA does not carry the body off from the 
centre C : when it is arrived at A, it is farther from the centre than it was at B, only by 
the lex^gth AN^ and it is that part pf the projectile force which, when the whole is r^olved 

into 
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into two forBea» may be considered as acting in this line AN| which carries the bodf off 
iirom the centret and is called the centrifugal force. 

PROP. LXX. When bodies revolve in a circular orbit about a centre, 
the centripetal and centrifugal forces are equal. 

If a body revolve in the circle BD, in the time in which it describes ' the arc BN* it ^^« ^ 
will have been impelled towards the centre through the space AN ; for, by the projectile 
force alone it would have been carried from B tp A, The line AN is then the space 
described by means of the centripetal force, and this force is proportional to AN. But iff 
when the body was at Bj no centripetal force had acted upon it» instead of describing the 
sgrc BN, it would have moved along the tangent BA, and the line NA would have been 
the space through which it would have departed from the centre : therefore the centrifugal 
force is proportional to NA. Both these forces being then proportional to the same line 
NA| they are equal to one another. 



LEMMA I. 

S^antities and the ratios of quantities^ wbicbj in any finite time^ tend 
continually to equality^ and^ before the end of that time^ approach nearer to 
each other than by any given difference ^ become ultimately equal. 

If you deny it^ let them be ultimately unequal; and let their ultimate difference be D. 
Therefore they cannot approach nearer to equality than by that given difference D ; which 
is contrary to the supposition. If a straight and a curve line, continually diminishing, per-* 
petually approach towards equality, and at the end of any finite time would vanish together, 
at the instant in which they are vanishing they are equal. 

LEM. 11. If in any figure AacE^ terminated by the right lines Aa^ pJ»*« * 
AE, and the curve acEj there are inscribed any number of parallelograms 
Abj Br, Cdj Ssfr. contained under equal bases AB, BC, CD, Sffr. and the 
sides ^ B3, Cr, D^/, ^c. parallel to ha the side of the figure ; and the parallel^ 
ograms aKbl^bhc^ cMdn^ &fr, are completed: then^ if the breadth of these 
parallelograms be diminishedj and their number augmented continually^ the 
ultimate ratios^ which the inscribed figure AKbLcMdD^ the circumscribed 
figure AalbmcndoEj and the curvilinear figure AabcdEj have to each other ^ 
are ratios of equality. 

For 
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For the difierence of the inscribed and circumscribed figure is the Sttm of the paraUelo* 
grams K/, Lm, Mn, Do, that is, (because of the equality of ail their bases) the rectangle under 
one of their bases K^, and the sum of their altitudes Aa ; that is, the rectangle AB/a. 
But this rectangle, because its breadth AB is diminished indefinitely, becomes less than any 
given rectangle. 1 herefore (by I^em. I.) the inscribed and circumscribed, and much more 
the intermediate curvilinear figure become ultimately equal. 

|^*jg LEM. IIL The same ultimate ratios are also ratios of equality^ when 
the breadths AB, BC, CD, t^c. of the parallelograms are unequal^ and are 
nil diminished indefinitely. 

For, let AF be equal to the greatest breadth : and let the parallelogram FA^ be com- 
pleted. This will be greater than the difference of the inscribed and circumscribed figures ; 
but, because its breadth AF is diminished indefinitely, it will become less than any given 
rectangle. 

Cor. Hence the ultimate sum of the evanescent parallelograms coincides in every part 
virith the curvilinear figure. Much more does the rectilinear figure, which is comprehended 
under the chords of the evanescent arcs ab, be, cd, &c. ultimately coincide with the curvi- 
linear figure. As also the -circumscribed rectilinear figure, which is comprehended under 
the tangents of the same arcs. And therefore, these ultimate figures (as to their perimeter 
acE) are not rectilinear, but curvilinear limits of rectilinear figures. 

PROP. LXXI. The plane of an orbit in v^hich a body revolves passes 
through the line of projection, and through the centre towards which the 
centripetal force is directed. 

Plate 4. Let ABCF be the orbit in which the body revolves ; S the centrcy or point towards 

Fig. 2. ^hich the centripetal force is directed ; and AV the line of projection : the plane of the 

orbit will pass through AV and S ; or the orbit lies in the same plane, with the lines A V, 

BJi &c. (lines in which the projectile force acts in different parts of the orbit) and with the 

centre S. 

For, let ABCD represent a part of the orbit described by a bodb impelled towards S« 
The body beginning to move by the projectile force from A in the mrection ABV, would, 
by that force alone, be carried on uniformly in that direction. Suppose the centripetal 
force to act upon it by separate impulses after equal intervals of time, and that, when the 
body is carried by the projectile force to B, it receives one impulse from the centripetal 
force, drawing it out of its course towards S, so that by the action of both forces together 
at B, it will (by Prop. XIV.) be made to describe BC in the saine time in which the 
projectile force alone would have made it describe B^. The same will take place after equal 

intervals 
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intervals at C and D. At B, the projectile force is in the direction BV, the centripetal 
force in the direction BS. Let Be and BG, taken in the direction of these forces, represent 
their ratio to each other, and the projectile force be to the centripetal as Be to BG. The 
body (by Prop. XiV) will describe BC, the diagonal of a parallelogram of which Brand 
BG are the sides. But (£1. XI. i. and 2.) fiC is in the same plane with Br and BG, that 
is, with AV, the line of projection, and with BS, in which is the centre or point S. The 
same may be proved concerning the lines CD, and D£. And if the projectile force acts 
continually, and not by interrupted impulses, the diagonals AB, BC, Sec- will be dimintdicd 
indefinitely, and the ultimate perimeter ADF (by Lem. III. Cor.) will become a curve line, 
which, from what hath been shewn, must be always in the same plane with the line of 
projection, and with the centre. 



PROP. LXXII. A body revolving in an orbit describes, by a radius 
drawn to the point towards which the centripetal force acts, equal areas in 
equal times, and in unequal times areas proportional to the times* 

Let ABCD be part of an orbit described by a body which revolves round the point S, Pj^tc 4, 
towards which it is impelled by a centripetal force. If this force be supposed to act upon '^' 
the body by separate impulses, as at B, C, D, when the body receives the impulse at B, it 
will b^ drawn out of its course towards S, and (by Prop. XIV. ) will describe the diagonal 
BC in the same time in which the projectile force alone would have made it describe Br. 
After equal intervals, the same will take place at C, and at D. 

Since AB, BC, &c. are the lines described in equal times by the body, the areas described 
round S by a radius drawn from the body to S, are ASB, BSC, &c. Now AB, Be, 
expressing spaces passed over in equal times by the uniform motion of the body acted upon 
by the projectile force alone, are equal bases of the triangles ASB, BS^, which, being 
terminated by the same point S, are of the same altitude : these triangles are therefore 
(£1 1. 38.) equal. And, because the body at B, is by the joint action of the projectile and 
centripetal forces carried forwards in the diagonal BC, of the parallelogram G^, the opposite 
sides thereof, GB, Ce are parallel ; and Ce is parallel to BS. But BS is the common base 
of the two triangles BSC, BSr. Therefore these triangles, being upon the same base, and 
between the same parallels, (£1. 1. 37.) are equal. Consequently, ASB, which has been 
proved equal to BSe, is likewise equal to BSC \ that is, the areas described in equal times 
are equal. And, by composition, any sums of these areas ASC, ASE, are to each other as 
the times in which they are described ; that is, universally, the areas are as the times. 

Let the number of these triangles be augmented, and their breadth diminished indefinitely, 
and (by Lem. Ill Cor ) their ultimate perimeter will be a curve line } and therefore the 
centripetal force will act continually : and, the above reasoning still being applicable to those 
-trianjgles whose breadth is indefinitely diminished, the areas will be as the times* 

CoR. 

tS 
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Cor. r* The velocity of a body rerolTtng freely about an immoveable centre is inversely 
as a perpendicular let fall from that centre on a right line that touches the orbit. For since 
the lines AB, BC9 are described in equal times, the velocities will be as these lines» which 
being (by this Prop.) the bases of equal triangles* must be inversely as the heights of the 
triangles ; therefore the velocities are inversely as these heights, which are measured by 
perpendiculars let fall from the common vertex, the centre S, to the bases, or the bases pro- 
dttcedi that is» when AB, BC, &c. are indefinitely small, to a tangent to the orbit 

Co&. 2. If the chords AB, BC, of -two arcs successively described in equal times by the 
same body moving freely, are completed into a parallelogram ABCG, and the diagonal 
BG> in the position which it ultimately acquires when these arcs are diminished indefinitely, 
be produced towards S> it will pass through S, the centr^ of the centripetal force : for BG 
is an indefinitely small part of the radius SB. 

Cor. 3. If the chords AB, BC, and DE, £F, of arcs described in equal times be completed 
into the parallelograms ABCG, DEFZ, the centripetal forces at B and £ will be to each other 
in the ultim^e ratio of the dbgonals BG, £Z, when those arcs are indefinitely diminished. 
For, the motions of the body, BC» £F, (by Prop. XVI ) are compounded of the motions 
Br, BG, and J^ £Z ; but BG and £Z are equal to Cr and 1^ which, as appears from this 
proposition, are generated by the impulses of the centripetal force in B and E, and are there* 
fore proportional to those impulsesw 

Cor. 4. The forces with which bodies are drawn into curvilinear orbits are to each 
other as the versed sines, tGB, vZE, of the indefinitely small arcs AC, DF, described in 
equal times, which versed sines converge to the centre S, and bisect the chords when those 
arcs are diminished indefinitely : for such versed sines are half the diagonals of a parallelo- 
gram, BG, £Z, being bisected by the diagonals AC, FD. 

PROP. LXXin. When a body describes equal areas in equal times 
about an immoveable point, or proportional areas in unequal times, it is 
impelled towards that point by the centripetal force which retains it in its 
orbit. 

Mite 4. Let AB, BC, &c be lines described by the revolving body in equal times ; and it may 

^ff* ^* be proved as before, that the triangles ASB, and BSr, being of the same height, and having 

equal bases AB, B^, are equaL But, by supposition, ASB, BSC, are equal ; therefore BS^ 

and BSC are equal. And these equal triangles, being upon the same base SB, (El. I. 39.) 

are between the same parallels ; therefore Cc and BS are parallel. Because the body at B is 

acted upon by two forces, the projectile force in the line Br, and the centripetal force, and, 

by supposition, these two forces together make it describe BC ; BC is the diagonal of a 

])araUelogram of which Bf i» one sidcji aad the direction of the centripetal force at B is in 

tha 
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the olher nde. Now, in the paralleiogram whose dia^nal is BC, and one of its sides 6r» 
Cc must be smother ; whence the opposite side, that is» the direction of the centripetal force^ 
must be parallel to Cr .* but Cc and BS have been proved to be parallel, when equal areas 
are described in equal times about the point S. Therefore^ on this supposition, the body at 
B is acted upon by the centripetal force in the direction BS. The same may be shewn at 
every other point C, D, &c. Therefore the centripetal force tends to that point round 
vhich the body, by a radius drawn thither^ describes equal areas in equal times. 

LEM. IV. If any arc ACB, of a finite curvature^ is subtended by its p>«« ^ 
chord AB, and a straight line AD produced both ways touch the arc in the 
point A, the arc^ the chords and the tangent ^ in their ultimate vanishing state ^ 
will be equal. 

The arc being supposed of a finite curvature, or such as may be measured by a circle of a 
finite diameter; let B -\C be the circle of the curvature; draw the line AC in that circle; 
parallel to the subtense BD, and complete the triangle BAC. Because the angle DAB 
(£1. Ill 32.) is equal to the angle ACB, and the alternate angles CAB, ABD, are equals 
the triangles, CAB, DAB, are similar. Hence, (El. VI. 4.) AB is to AD, as AC is to 
BC. The point B approaching continually to A, let BA become less than any assignable 
quantity ; then the finite lines AC, BC, approach nearer to the ratio of equality, than by 
any given distance : therefore likewise AB, AD, which are proportional to AC| BC| s^nd 
much more the intermediate arc, are ultimately equal. 



LEM. V. The nascent or evanescent subtense of the angle of contact^ 
in circles and in all curves which have a finite curvature^ is as the square of 
the conterminous arc. 

Let AD, in the semicircle ADC, be the given arc, AB the tangent, and the angle BAD '^]^^^ f" 
the angle of contact. Draw B(3, HG, parallel to AC the diameter; thes^ lines, subtending ^'^' ^^' 
the angle BAD, are called the subtenses of the angle of contact. The arcs AO and AG, 
having the common term or limit the point A, are called conterminous arcs. Draw the 
K'es DC, GC. If these lines be conceived to turn round dpon the point C as a centre, so 
& 't the two pointb D, G, and with them die two subtenses BD, HG, may approach tow^ds 
A ; it is manifest, that as these subtenses come nearer to A, they will diminish, and at last 
will vanish in A. At the instant of their vanisbingy BD will be to HG» as ttie square of the 
the arc AD is to the square of the arc AG. 

Let ED be drawn parallel to AB, and FG to AH. Then, because AB is a tangent at 
the point A, aiid consequenrly ^£1. I[l. i8.) perpendicular to the dianeter AC, hD which 
II parallel to AB b likewise perpendicular to AC : for the same reason FG is perpendiculaz^ 

to 
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to AC. And ADC, AGC (El. HI. 31 ) are right angles. Therefore (El. VI. 8.) AED 
is similar to ADC, and AEis to AD, as AD to AC. Therefore (El VI 17.) the rectangle 
of AE, aC, is equal to the square of AD. But AE is equal to BD : therefore the rec- 
tangle BD, AC, is equal to the square of AD. For the same reason, the rectangle of HG, 

AC, is equal to the square of the chord AG. Consequently, tKe square of the chord AD 
is to the square of the chord AG, as the rectangle BD, AC, is to the rectangle HG, AC, 
that is (E!. VI. i.) as BD to HG.^ But (by Lem. IV.) the arc AD and the chord AD, 
are ultimately in the ratio of equality, and also the arc AG and the chord AG. Therefore 
the square of the arc AD is to the square of rhe arc AG, at the instant in which they vanish, 
as BD to HG ; that is, the evanescent subtense of die angle of contact is as the square of the 
conterminous arc. 

Tig, 16. Next ; Let the subtenses be not parallel to the diameter, but parallel to one another. Let 

MN, FG, be the subtenses parallel to the diameter; and AN, OG, two subtenses parallel 
to each other, but not to the diameter. Because BA is a tangent at the point B, BD 
(EI. III. 16.) is perpendicular to BA: since, therefore, MN and FG are parallel to BD, 
they arc also perpendicular to BA, and the angles OFG, AMN, are equal. But because 
OG and AN are parallel by construction, the angle FOG (tl. I. 29 ) is equal to the angle 
MAN. Therefore the triangles FGO, MNA, are similar, and .(El. VI. 4.) AN is to 
OG, as MN is to FG. But it has been proved that MN is ultimately to FG, as the squares of 
the conterminous arcs : therefore AN is ultimately to OG, as the squares of the conterminous 
arcs BN, BG. 

•F'*^*i6 Lastly J Suppose both AN and OG directed to C, tlie centre of the circle. In this case, 

each of these would be a semidiameter, continued from G and N respectively to the tangent 
BA. In their ultimate state these lines AN, OG, must coincide in the point B, and in the 
same right line BC ; and therefore will become parallel, and will be, from what has been 
shewn, ultimately as the squares of the conterminous arcs. 

Fig. 17. If GC, DC, be beginning to move from A, they are in their nascent state ; and it is mani- 

fest, that the subtenses in this state are the same, and therefore have the same ratio, as in the 
evanescent state. 

Cor. 1 . Hence, because the tangents AB, AH, the arcs, AD, AG, and their sines ED, 
FG, became ultimately equal ^by Lem. IV.) to the chords AD, AG, their squares, also will be 
ultimately as the subtenses BD, HG. 

Cor. 2. The same squares are also ultimately as those versed sines of the arcs, which bisect 
the chords and converge to a given point. For by the second case of this preposition these 
versed sines AE, AF, are as the subtenses BD, HG, or AN, OG. 

Cor. 3. Hence these versed sines AE, AF, are as the squares of the times in which a body 
describes the arcs AD, AG, with given velocities. For the spaces -\D, AG, dcvscribed with 
given velocities, are as the times, and the squares of the spaces as the squares of the times ; 
but (by last Cor.) the squares of these spaces are as the versed sines AE, AF ; therefore these 
versed sines are as the squares of the times in which the arcs AD, AG, are described. 

LEM. 
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LEM. VI. The nascent or evanescent subtense of the angle of contact 
is equal to the square of the conterminous arc divided by the diameter. 

It has been shewn in the preceding Lemma, that BD is to AD, as AD, is to AC. ^^\^' 

AD* 
Therefore BD multiplied into AC, is equal to the square of AD, and BD =Tr^ ^^^ ^Y 

Lem. IV. the arc AD is ultimately equal to the chord AD : therefore the nascent or eraaeBr 
oent subtense BD is equal to the square of the arc AD divided by the diameter AC* 



PROP. LXXIV. The centripetal forces of bodies revolving in dif- 
ferent circular orbits about the same centre towards which they tend, are 
as the squares of the arcs described in the same time, divided by the 
radii of the circles. 

In the circular orbits BND, RLE, let bodies revolire about the centre C, towards which Plates. 
^ they tend. Let them in the same time describe the indefinitely small arcs BG, RL. Then ^'S* ^^ 
because the projectile forces would carry them in the same time through the tangents BF, 
Rii; and the spaces through which, at the points G and L, they have been drawn from 
the tangents towards the centre by the centripetal force, are FG, HL ; the centripetal 
forces must be as FG and HL. And by (Lem VL) the evanescent, or nascent, subtense 
FG is equal to the square of the arc BG divided by BD, and the evanescent, or nascent, 
subtense HL is equal to the square of the arc RL divided by RE. iherefore the subtense 
FG is to the subtense HL as the square of the arc BG divided by BD, or its half BC, is 
to the square of the arc RL, divided by RE, or its half RC. Therefore the centripetal 
forces, when the arcs are nascent, are in the same ratio, diat is, as the squares of the arcs 
divided by the radii. 

And this is true» whatever arcs BG and RL be taken, if diey be described in the same 
Ume : for the nascent arcs will be as the velocities-, and any other arcs BM), RLE, 
described in any given time, will be also as the velocities ; therefore, the arcs BND, RLE^ 
are as the nascent arcs BG, KL, and thtir squares are likewise proportional. But the 
ceTitriperal forces are as the squares of the nascent arcs, BG, RL, divided by the radii BC, 
RC \ therefore these forces are as the squares of any other arcs,. BND, RLE, divided by the 
radii of their circles. 



PROP. LXXV. The centripetal forces of equal bodies revolving in 
eirc'ular orbits^ ate . as the squares of the velocities direcdyy and the radii 
of the orbits idyersdy. . u 

Because 
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AecAiide^rcs/liUGrihnlin thetaiMlime aoe as idie TelQciticSftml that. the centripetal 
forces are (by ^top. LX)UV.) a$ tj^ ^lu^xs of ^^ arc$ described in the s^^mc^iiof ^difided* 
by the radii, these forces are also as the squares of the velocities divided by tne radii, that 
is, as the squares of the velocities directly^ and the radii of the orbits inversely. 

Coa. Hcifce the centripetal forces of equal bodies, at equal distances from the centre, 
are as the squares of the number of revolutions in any given time ^ for tiiis number is as 
th^feiocity with which the |)ody moves. 

PROP. LXXVI. The centripetal forces of equal bodies revolving ia 
equal circular orbits are inversely as the squares of their periodical times. 

. ■ • 

The ciriCul9^i9TbUs or Q|>ace&I^ing equal, th^e times in which these are described^ or tbf, 
periodical iimeSi are.^by Prop. V.) inversely as the velocities f and therefore the squares of 
the periodical times are inversely as the squares of the velocities, or t^e squares of the 
velocities are inversely as the squares of the periodical times : But (by Propl LXXV.) the 
centripetal forces are as the squares of the velocities : Therefore these forces are inversely as 
the squares of the periodical times* 

PROP. LXXVIL The centripetal forces of equal bodies revolving; 
in unequal circular orbits^ if the peripdical ^es are equal, are as thip 
radii of the circles* 

fiates. Let one body, revolve, in. tl^e circular orbit BNp, and another, in the same time, in the 

rjg* IG* circular orbit RLE. Because fkc periodical times are equal, each body in any given part 

of its pe|riQ4ical tin^e will describe an equal number of degrees in its respective orbit, that 

is, will describe similar arcs. The arcs BN, RL, being similar, will be described in 

equal portions of the periodical time : Therefore (by Prop. LXXIV.) the centripetal 

forces will be as the squares of the similar arcs BN, RL, divided by the radii BC, RC 

BN* RL* 
that is, as g-^- tO|_ — But because similar arcs are to each other as the circumferencesi or 

radii, of circles BN is to RL, as BC to RC, and consequently, BN^ to RL*, as BC* to 

RC^ : Therefore ^ ^^^h^W'^ ^ RC"' ^^ ^* ** ^^ ^ ^^* ^^' *^ ^^^ 

BN* RL* 

tripetal forces (Prop. LXXlV.) areas ^^^— to |m-» therefore these forces are as BC to 

JIC, that is, as the radii of the orbits in which the bodies move. 

PROP. LXXVIIL The centripetal forces of equal bodies revolvingf 

in circular orbits, are as the radii of the orbits directl79^ and the squares df 

the periodical ume^ iaversely^ 

If 
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If the periodical dmes are equal, and the radii unequal, the forces are (by Prop. Ll^kVII.) 
m the radii* If the radii are equals and the periodical times unequal, the forces (bf 
Prop. LXXyi.) are inversely as the squares of the periodical times Therefore, if both 
the radii and periodical times are unequal, the forces will be in the compound ratio of both> 
or as the radii directly, and the squares of the periodical times iuTerseiy. 



PROP. LXXIX. When bodies revolve round the same centre, if the 
squares of their periodical times are as the cubes of their distances from 
the centre, the centripetal forces will be inversely as the squares of their 
distances. 

Let the distances of the two bodies be expressed bf D, d ; and the periodical times b)r 

P,/.- then, by the supposition P* :p^ : : D' : d^. 

» 
By Prop. LXXVIII the centripetal forces are as the distances directly, and the squares 

of thq^ periodical times inrersely, that is, (taking C, r, for the centripetal forces) 
G :^r : : ' : — ^ 5 and by supposition P* : /« : : D* : J« ; therefore, substituting 

DS </*, for P%^*, C ; ^ : : p-j : -jr, that Is, C : c\ ^ 0« : ^ ; and, because where 

Ae diridend is given, the quotient b inversely as the divisor, -jw is to ^ inversely as D* 

to ^. Therefore C : r : : i/^ : D*, that is, the centripetal forces are inversely as the square^ 
of the distances. 

ScHOL. I. Let C, c^ express the central forces •, A, u, Ac arcs described ; V, v, th^ 
velocities with which Ae bodies move ; P, p^ Ae periodic il times of Aeir revolutions 5 D, d^ 
Ae radii or distance fr6m the centrd } and N, #1, the number of rev(rfutions in a given^ 
time : — ^Ae preceding Ptoposiiioasmay be Aua expressed. % 

The bodies being equal. 

Prop. LXXIV, C : ^ j : 4J- : — - 



LXXV. C : r : : ^ 

Coiu C vc w N* 

tXXVL Cxc.iy^ 



r 



««, 



1^ or^* : iP*. 



LXXVIL C : r : : 7> : d. 

LXXVin. C le :: pi- : jr^ 

UUUX. K P« : /• : ; i)» : rfS C : ^ : t ^ : -^ or i/» r O*. 

Schoia- 
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ScHOL. 2. Since It was proved (Prop. LXX.) that the centripetal and centrifugal forces 
are, in circular orbits, equal to one another, the preceding Propositions, being demonstrated 
respecting the centripetal force, are also true of the centrifugal force ; and it may be asserted 
universally, that the central forces are in the ratios above expressed. 

These propositions may be confirmed by the following experiments, on the Whirling 
Tables. 

Exp. I. Let two equal balls, placed at equal distances from the centre of motion on 
the whirling tables ; and let one table revolve twice whilst the other revolves oiicc : the. 
ball on the table whose number of revolutions is, with respect to that of the other in the 
same time, as 2 to i (or the periodical times as i to j,) will raise 4 times the weight raised' 
by the other ball ; diat is, according to Prop LXXV. and Cor. the radii being equab 
C:r::V«:tJ« ::N« :i»«j or (by Prop. LXXVi.) : :/« : P«. 

2. Let two equal balls, be placed on tables whose number of revolutions in the same time 
are as 2 to i : let the ball on the table whose number of the revolutions is 2, be placed at 
half the distance from the centre, at which the ball on the table, whose number of revolu- 
tions is I, is placed ; whence their velocities . will be equal. The- ball at the distance i, 
will raise double the weiglit raised by the ball at the distance 2 i that is, according to 
Prop. LXXV. the velocities being equal, C}c i.id iD. • 

3. Let two equal balls revolve on tables whose pe^piodical times are equal ; and let the 
distances of the balls from th< centre be tp each other as 2 to 1 : the ball which»is at the 
distance 2 will raise double the weight raised by the ball which is at the distance 1 \ tibat is^ 
according to Prop. LXXVIL C : c i : D : d. 



4. Let equal balls be placed on tables whose periodical times are .as 2 to i } let the ball 
vii the table whose periodical time is 2, be placed twice as far from the centre as the ball 
whose periodical time is i ; the ball whose distance is 2, and periodical time 2, will r?***** 
half the weight raised by the ball whose distance is 1, and periodical time I j that 



on ^ , - 

will raise 

isf 
according to Prop. LXXVIli. C : r : : p^ : -^ : : - : --. 



5. Let the equal balls be so placed on different tables, that the distajire.of one from the 
centre may be to that of the other as 2 to 3^ -, let that b:ill which is at the least dist?nce 
revolve twice in the same time in which the other ball revolves once; the periodical time of 
the ball at the less distance, is to that of the ball at the greater, as J* tb 2, and the square 
of the periodical times will be as i to 4, and the cubes of the distances are 8, and 31*75 
but I : 4 : 8 : 32, therefore the squires of the periodical times being lin t^s cv;sc nearly as 
the cubes of the distances, the weight raised by ^e ball whose distance is 2, will be to that 
raised by the ball whose distance is 3|- as tiie square of 3^ is to the' siquare Of 2 ; thiat is, 
nearly as 10 to 4, or 5 to 2. 

•••'•• •'■• ■ •■ ■■ \- ■'■• •■ •■<• ;.' PROP. 
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PROP. LXXX. The centripetal forces of revolidng bodied ite fts 
thdr quantities of mattert 

For the whole centripetal force of any body is made up of the centripetal forces of eacb 
particle of matter of which it consists ; and therefore the more numerous the particles of 
matter in any body are, the greater will be its centripetal force. 

Exp* Let two glass tubes be half filled with water ; into one put some leaden shot, and 
into thto odier a few small round pieces of light wood ; let the orifice of each tube be closed 
by » cork : fasten the tubes to an inclined plane, and let the lower end of it rest upon the 
centreqf the wlurling table. On turning the table, the bodies will be carried by their 
centripetal forces from the centre ; and the hea?ier bodies will recede farther from the centre 
than the lightet. See Ferguson's Lectures. 

CoR. Hence, when the rerolving bodies are not equal, the centripetal forces ^re in th€ 
ratios laid down in the preceding propositions multiplied into their quantities of matter 
Thus Q^, qf expressing the quantities of matter, and the other expressions remaining as in 
]^. IJILXXX. SchoL 

C :c:: ^ : 9 

C icii SiN^ijn^ 
C:.::^:X 

C :c:: J^D : jd 

Cor. Hence the central forces will be equal, whencrcf the expresrions proportional !• 
ihcm arc equafj thus, C =: r if ^D =s yrf. 

Any of the above proportions may be confirmed by experiment ; for example i 

BxK !• Let the two ball* A,B,be as 2 to 1 -, let the distance of the ball A be to that 
irf the^ ball B from the centre, as a to i, and the periodical nmc of the ball Abe twice 
that of the ball B j their velocities will be equal j therefore the centrifugal foKC of A will 

that of B, as^ ^ is to X.. that b, as i tO i, or A andfi will raise equal weights. 



. 2, 3. Let the same balls revolve abbut:a fixed point, and have their distances reciprocally 
proportional to their quantities of matter, their centrifugal forces ^compare Piop. LXXV. 

and 



ao 
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» and L]^X.}* vU^ b^ equali and tfaey will balance each other. This may be shewn by two 

balls suspended freely and united by a cord, having the point of the cord which is directly . 
above the centre of the table at distances from the balls reciprocally as their weight \ or by 
two bails united by a wire> and resting in equtiibrio on a forked support fixed in the centre c^ 
the tables, which will continue in equilibrio when the tables are turned. 

In like manner other cases may be confirmed by experiment. 



LEM. VIT. Ijf* a body revolves freely in any orbit about an immoveable 
centre y and in an indefinitely small time describes any nascent arc; and 
the versed sine of the arc be drawn which may bisect the chordy and being pro* 
duced may pass through the centre of force ; the centripetal force y in the mid* 
die of this arcy will be as the versed sine directly^ and the square of the time 
inversely. 

^ate 4. Let two bodies revolve round their centre of force S, / ; let QPM, fpmy be the nascent 

^K* 9* arcs described in any times, \\ t s and let PB, pb^ or QR, fia^ be the versed sines bisecting 
the chords, and when produced, passing through S the centre of force. Supposing the arcs 
MQP, N^» to be described in the same time with difierent forces, C. c ; by Prop. LXXII, 
Cor. 4* QK. : Aa : : C : ^. Ht^nce, supposing the forces to be equal, QR is equal to A« 
described in the same time ; and ^by Lem Vo QR or Aa : ^r : : A^' : ^*, that is, since 
the motion in the arcs is uniform, Aa \ qr \ \ T^ : /^. Therefore supposing both the times 
and forces different, and compounding these ratios, QR : j^r : : C X T^ • ^ X i' ; whence 

Hate 4. Cob. I. If a body P, revolving about the centre S, describes a curve line APQ^, and 

%• *• a right line ZPR touches that curve in any point P ; and, from any other point Q^of the 

curve, QR is drawn parallel to the distance 8P, meeting the tangent in R j and QT ik drawn 

p-rpendicular to the distance 8P ; the centripetal force will be reciprocally as the quantity 

SF* X vj^ ^ j£ ji^Jj jjg taken of that magnitude which it ultimately acquires, supposing the 

QR 
points P and Q^ continually to appro^ich to each other. For QR is equal to the versed 
sine of double the arc QP» in whiise middle is P : and double the triangle SQJJ, or SP X QP 
(or ultimately QT) is proportional to the time, in which that double arc is described 
(by Prop. LXXII ) and therefore may be used for the exponent of the time. Whence 

SP^ X Q ('^ 
or the centripetal forces are reciprocally as >■■ ^i^ 

CoR* 



* ■*%. 
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Cor. 2. Hence, if any curvilinear figure APQ^is given; and therein a poiiit S is also 
given, to which a centripetal force is perpetually directed ; the law of centripetal force 
may be found, by which the body ?» continually drawn back from a rectilinear course, 
will be retained in the perimeter of that figure, and will describe the same by a perpetual 

revolution. That is, we are to find the quantity ^^t" * i^ciprocally proportional to 

this force. 



PROP. LXXXT. If equal bodies, revolving in ellipses, describe equal 
areas in equal times, their centripetal forces are to one another inversely at 
the squares of their distances from the Jbci of the ellipse towards which 
they tend. 

Let S be the focus : let a body P, tending towards S, describe a part of the ellipse PQ^; Plate 4. 
joinSP} draw QR to the tangent YZ, parallel to SP; join PC. and pro»lui:e it to G. ^**'*' 
Complete the parallelogram Q^PR, produce Q^to v, Qxj is ordinately applied to GP ; draw 
DK, a diameter parallel to YZ, and draw IH from the other focus H to SP parallel to YZ i 
join HP, and draw QT perpendicular to SP, as also PF to DK. 

EP is equal to the greater semiaxis AC For, because CS is equal to CH, £S is equal to 
EI, (El. VI. 2.) whence EP is half the sum of PS, PI, that is of PS, PH, for (Simson's 
Conick Sect II. ii. Cor.) the angle IPR is equal to IIPZ; whence (El I. 29.) the anijle PIH 
is equal to PHI, and Pi is equal to PH ; and PS, PH, together, (Simson's Conick Sect. 11% 
I.) are equal to the whole axis 2 AC. EP therefore is equal to AC. 

Putting L for the principal latus rectum of the ellipse, L, (by definition) is equal tO 
^!pl (for AC : CB : : CB : -, whence ^^^ = L.) AndLxQR : LxPv : : QR : ?vy 

and QR=P«-, and P* : Pv : : PE:PC} whence LxQK. : LxPv : : PE or AC : PC 
And (El. VI. I.) LxPv.GvxPv: : L : Gv; and (Sims II. 15.) Gt^xPv : Qv* : t 
PC* : DC^. And (Lem. IV.) the points Q^and P continually approaching, Qy* is to 
Qx^ ultimately in the ratio of equality And (smce the triangles QTx^ EPF, are similar^ 
for Q5T=PEF, and QT* to EFP) Qff« or Qv» : QT^ ; : ll.P» or AC* : Pf«. But 
because (Sims. II. ao. Compare Vince^s Con. Sect. II. 10. Cor. 1.) paralldogr ims about 
conjugate dl«meters are equal to the rectangle under the axes, the rectangle PF, DC, is 
equil to thtr rectangle ACB, whence PF : AC : : CB : DC, and AC« : PF* : : CD* : CB«, 
wherefore Qji* : QT* : : CD* : CB*, Compounding the following ratios^ 

LxQK : LxPv : : AC : PC, 

LxPv : GvyPv : : L : Gv, 

Gvxfv : Qv* : : PC* : CD% 

Qv* .qr^ :: CD« : CB*a 

An4» 
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And, striking out the equal quantities L x QR : QT« : : ACxL X PC : Gtr X CB*. 

Then substitute for AC X L its equal 2CB*, and 
L X QR : m* : : 2BC* X PC : Gv x BC» 

or BC» X 2PC : Gv X BC*- 
or aPC : Gv 

But the points Q and P continuiilly approaching without end, 2PC and Gv are equal ; 
wherefore LxQRand Q^'S proportional to these are also equal. Multiply these equals 

cps SP* X OT^ 

into 7^^ and L X SP* will become equal to ■ ^^^ > 

QR qR 



Therefore (by Lcm. VII Cor. i and 2.) the centripetal force is reciprocally as LxSP*, that 
hy since h is a given quantity, as SP^, or in a duplicate ratio of die distance S9, 



BOOK 
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OF HYDROSTATICKS AND PNEUMATICKS 

OR THE LAWS OF 

mCQMPRESSIBLE AND COMPRESSIBLE PUTW^. 



PART. I 
Op Hydrostaticks* 

CHAP. L 

Of the Weight and Pressure of Fluidf. 

Dbf. {. A FLUID is a body, die parts of which yield to an^ 

jCJl force impressed upon them, and easily move out of thev 
places. 

PROPOSITION L 

The weight of fluids is as their quantities of matter* 

Since each particle of any iuid gravitates towards the eart^t the greater is the number of 
particles, that !•» the quantity of matter in any- mass of ioid, thb greater ^nil be the weight 

of that mass. 



£xp. 1. The difficrent pressures of diflerent columi^ of iuid in the sapM ▼easel at diflev* 
est depiha^ appear from the different quantities of iuid disohaigedt at diftnrent deptkst ia the 
same time, from oirifices of the same bore. 

2 If the air ,be exhausted from a tube in p^rt ^ed with waic^, fad tlji^ tiib$ |b^ cloie4 
up. thr boJidity of the paiti*^ qf y^tj;; ¥riU be fW^T^ ftw 4^ •W«d Rrpd.uced by sud- 
denly hi tii^ up the tube. 

- 21 " * C0B» 
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Cor. Fluids gravitate in fluids of the same kind. For they cannot lose the property of 
gravity which belongs to all bodies by such a change of situation. 

Exp. Suspend a stopped phial from one arm of a balance, in a vessel of water, and 
balance it by weights from the opposite arm of the balance : upon unstopping the phial under 
water, a quantity of water will rush into itj by which the weight will be .increased as muc^ 
as the weight of water in the phiaL 

PROP. II. When the surface of a fluid is level, the whole mass will be 
at rest 

■ 

Mite Sf Let ABCD be a vessel containing water, the level surface of which is EF. Conceive 

***• ^* the whole mass of fluid in the vessel to be divided into thin strata, or plates, l<S, TV, XT, 
&c. lying horizontally one above another; and into small perpendicular columns GH. JK, 
LM, &c. contiguous to each other. In the stratum XY, and the columns IK, let m, n^ 
be two adjacent drops. Neither of these drops can move towards the column in which the 
other is» without driving that other out of its place, because the fluid is supposed incom- 
pressible. But, with whatever force the particle m endeavours to displace the particle /i, this 
force is counterbalanced by an equal and contrary efibrt on the part oln : because (Prop. L) 
they are equally pressed by the equal colamali-d>ove them : consequently the particles wiB 
be at rest. 

PROP. IIL Any part of a fluid at rest presses, and is pressed, equally 
In all directions. 

For (Oef I ) each particle is disposed to give way on the slightest diflfetence of pressure : 
and, by supposition, each particle is pressed by the contiguous particles in such manner as to 
be kept at rest in its pLice : it is . therefore pressed with an equal degree of force on all 
sides; and, consequently, (Book II. Prop. HI.) it presses equally in all directions. 

Cor. Hence the lateral pressure of a fluid is equal to the perpendicular pressure. This 
is one of the most extraordinary properties of fluids, and can be conceived to arise only from 
the extreme facility with which the componi^nt particles move among each other. 

Exp. I. Into several tubes, bent near their lower ends in various angles, pour a sufficient 
Quantity of mercury to fill the lower parts of their orifices ; then dip them into a deep glass 
vessel filled with water, keeping the orifice of the longer legs above the surface: whilst the 
tubes are descending, the mercury will be gradually pressed upwards in the tubes, and the 
pressure will be equal at any given depth, whatever be the direction of the pressing column 
•f fluid in the shorter leg of the tube. Oil may be used instead of mercury 

2. Dip an open end of a tube, hiving a very narrow bore, into a vessel of quicksilver^ 
Q|6D, stopping the upper orifice with the finger, lift up the tube oiit of the vessel : a short 

column 
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column of qnicksilyer will hang in the lower end, which, when dipped in water lower 
than 14 times its own length, will, upon remoTing the finger, be suspended and pressed 
upwards. 

3. Let a large open tube be covered at one end with a piece of bladder drawn tight : 
pour into the tube a quantity of coloured water sufficient to press the bladder into a convex 
form ; then, dip the covered end of the tube slowly into a deep vessel of water ; the blad- 
der, by the upward pressure, will become first less convex, then plane, and at last concave. 

4* If the like be done with several tubes, whose covered orifices are cut obliquely at 
different angles^ the lateral pressure will be seen to increase with the depths to which the 
tubes are immersed. 

5. Let a circular piece of brass, whose upper surface is covered with wet leather, be 
held close to one orifice of a large open tube, by means of a cord or wire fastened to the 
middle of the plate, and passing through the tube : let the plate, thus kept close to the ori- 
fice of the tube, be immersed with the tube into a large vessel of water : when the plate 
is at a greater depth than 8 times its thickness in the water, the cord or wire may be left at 
liberty, and the upward pressure of the fluid will keep the plate close to the tube. 

6. Let a small bladder, tied closely about one end of an open tube having a targe bore, 
be filled with coloured water till the water rises above the neck of the bladder \ upon im- 
mersing the bladder into a vessel of water, the bladder will be compressed on all sides, and 
the coloured water will be raised up in the tube in proportion to the depth to which the 
bladder is sunk. 



PROP. IV. When a fluid flows through a tube which is wider in some- 
parts than in others, the velocity of the fluid will, in every section of the 
tube, be inversely as the area of the section. 

Let ADMNy a bended tube larger at IL than at FG, be filled with water to the height plate 5. 
ADFG Let the water be forced downwards in the part ADBP, and consequently be ^>&^- 
made to rise in the other part KHMN. It is manifest, that the water which is forced out 
of one part of the tube, is driven into the other. Hence equal quantities pass through every 
section of the tube in the same time : for if less, or more, water passed through the section 
FG than through IL in the same time, the quantity of water between FG and IL muse be 
increased or diminished, which cannot be, since no cause is supposed which could increase 
or diminish it. But if equal quantities pass through unequal parts of the tube in the same 
time the water must ran proportionally faster where the tube is narrower, and slower where 
it is wider. If, for example, as mu^.h water. runs through the sectidn FG, as runs in the 
Same time through the section IL, the watejp^ust move as much faster at FG than it moves 
at TL> as the tube is narrower at FG than it IL 9 that isy the velocity is inversely as the arc^ 
ai the section. 

Cob. 
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Cor. Tbe momentum will be the same in every section o£ tiw tube ;• for the quantity, 
of water at each section is directly as the area of the sectioni. and the velocity is inversely aa 
the area i therefore the velocity is inversely as the quantity of matter : whence (Book IL 
Prop. XL) the momentum is every where the same. 

SctTOL. Hence we may account for the suspension of the fluid in a tube the upper parf 
of whose bore is capiUary, and the lower of a much larger dimensioni as was seen in the 
experiment, Book I. Prop. VII. 

fUte S Let there be a tube consisting of two parts DR and RCK. of difltrent diameters: DR 

^S' 3* the smaller part of the tube, is able (Book I. Prop. VII 1.) to raise water higher than the 
other : let then the height to which the larger would raise it» be 'rC» and that to which 
it would rise in the lesser, if continued down to the surface of the fluid, be XH. If this 
compound tube be £lled with water, and the larger orifice CK be immersed in the same 
^* ^ fluid, the surface of the water will sink no farther than XL, the height to which the lesser 
part of the tube would have raised it. But if the tube be inverted, and the smaller orifice 
XL be immersed, the water will run out till the surface fiaUs to TF ^ the height to which 
the larger part of the tube would have raised it 

f*P ^* Let the tube DR be conceived to be continued down to HI ; and let it be supposed that 

the fluids contained in the tube XLHI, and the compound one XLKC, are not suspended 
by the ring of glass at XL, but that they presi upon their respective bases, HI and CK« 
Let it farther be supposed that these bases are each of them moveable* and that they are 
raised up or let down with equal velocities ; then will the velocity with which XL the 
uppermost stratum of the fluid XLCK moves, exceed that of the same stratum, considered as 
the uppermost of the fluid in the tube XLHI, as much as the tube RCK is wider than DR, 
(by this Prop.) that is, as much as the space MNKC exceeds XLIH. Consequently, the 
effc^ct of the attracting ring XL, as it acts upon the fluid contained in the vessel XLCK, 
exceeds its effect, as it acts upon that in XLHI, in the same ratio. Since, therefore, it is 
able to sustain the weight of the fluid XLHI by its natural power, it is able, under this 
fnectanua/ zdY2LnisigCf to sustain the weight of as much as would fill the space firlNKC : but 
the pressure of the fluid XLCK is equal to that weight, as having the same base and an 
equal height (as will be shewn by Prop. VI.) Its pressure, therefore, or the tendency it hai 
to descend in the tube, is equivalent to the power of tbe attracting ring XL, for which 
reason it ought to be suspended by it. 

fig. 4. Again, the height at which the attracting ring in the larger part of the tube is able te 

sustain the fluid is no greater than NF, that to which it would have raised it, had the tube 
been continued down to MN. For here the power of the axtraaing ring acts under a \\kt 
tnechartical disadvantage, and is thereby diminished, as much as tbe capacity of the tube 
TFNM is greater than that of HIXL ; because, if the bases of these tubts art supposed to 
be moved with equal velocities, the rise or fall of the surface of the fluid '1 (XL, wouht he 
so mtfch less than that of TFMN. And, since the attracting ring TF is able, by ite 
natural power^ to suspend the fluid only to the height NF in the tube TtAriN ; it is in thie 

Case 
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case able to suatain no greater pressure than what is equal to the weight of the fluid in the 
space HIXL : but the pressure of the fluid TFXL| which has equal height, and the sam^ 
base with it, is equal to that weight ; and therefore is a balance to the attracting power. 

From hence we may clearly see the reason, why a small quantity of water put into ^ 
capillary tube, which is of a conical form, and laid in an horizontal situation, will run to« 
wards the narrower end. For let AB be the tube, and CD a column of water contained Plate 5. 
within it ; when the fluid moves, the velocity of the end D will be to that of the end C ^^ ^* 
reciprocally as the cavity of the tube at D, to that at C, (by this Prop.) that is, (EK XII. a} 
reciprocally as the square of the diameter at D, to the square of the diameter at C ; but the 
attracting ring at D is to that at C, singly as the diameter at D to the diameter at C Now, 
since the efl^ect of the attraction depends, as much upon the velocity of that part of the fluid 
where it acts, as upon its natural force, its eflect at D will be greater than at C ; for 
though the attraction at D be less in itself than at C, yet its loss of force upon that account, 
is more than coippensated by the mechanical advantage it has arising from hence, that the 
velocity bf the fluid in that part is more increased than the force itself is diminished at D. 
The fluid will therefore move towards B. See on this subject Mr. Vince's Principles of 
flydrostaticks, p. 65— -j^ 

PROP. V. In bended cyliadrical tubes, fluids at rest will be at the 
same height on each side. 

In the tube ADMN, filled with water to the height AD, the water cannot descend from Pbte ^. 
AD, without rising towards MN. The water in each side of the vessel may therefore be ^'S* ^ 
considered as two forces acting upon each other in contrary directions : and consequently 
these two masses of fluid will only be at rest when their momenta are equal, that is, (Book II. 
Prop. XI. Cor.) when the quantities of matter are inversely as the velocities, or (Prop. IV.) 
directly as the area of the section through which it flows. Thus, at the sections BP, KH^ 
the momenta are equal, when the quantities of matter, or cylindrical masses of fluid are as 
the areas of the sections, that is, as the bases of the cylinders ADBP, FGHK. But cylinders 
are as their bases (£1. XII. 1 1.) only when their perpendicular heights are equal. Therefore 
the momenta of the two cylinders of fluid will be equal, and consequently the mass will be 
at rest, only when the perpendicular heights of each column are equal. 

Exp. I. In a bended tube of large but unequal bore, water will rise to the same height 
on each side. 

2. Let water spout upward through a pipe, having a small orifice inserted into the 
bottom of a deep vessel ; it will rise nearly to the height of the upper surface of the water 
in the vessel. The resistance of the air, and of the falling drops, prevents it from rising 
perfectly to the level. 

Cos. 
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Colt* If, therefore, a pipe concj a fluid from a resenroir, it can ftcvei oanry it to a f^aca 
higher than the aiirface of the fluid in the reservoir. 

ScHOL. In this demonstration, we do not consider the velocity with which the two 
columns of fluid are moving, but the relocity with which, if they move at ail, they must 
begin to move. And since, if their perpendicular height is the same, the velocity with 
which they must begin to move will be inversely as their respective quantities of matter^ 
they cannot begin to move but wiih equal momenta ; and their motions must be in contrary 
directions^ because one column canuQt descend without making the other ascend : therefore 
those equal momenta would destroy each other. These two columns then, making a contin- 
ual efibrt to move with equal momenta in contrary directions, counterbalance each other. 

PROP. VI. The pres8\ire of fluids is proportional to the base, and the 
perpendicular height of the fluidf whatever be the form of the vessel or 
quantity of the fluid. 

Case I. Let the fluid be contained in a perpendicular cylindrical vessel. 

Plate s. In such a vtwU ABCD, because the whole weight of the fluid, and no other force, pres^ 
^' ^' es directly upon die bottom CD, die pressure (by Prop. I.) nmst be as the Quantity, that is^ 
(EL XII. 1 1, 14.) as the base and perpendicular height of the fluid. 

Case 2. Let the fluid be contained in a perpendicular vessel, the bottom of which ia 
equal to that of the cylinder in the last case, but its top narrower than the bottom. 

pate 5. Let the vessel DBLP, have the portions of its base LA, CP, each equal to OR. From 

'^' Prop. L and III. it appears, that c^h of these portions are equally pressed by the column 

POOR, as the base OR. In like m^inner, every portion of the base LP equal to OR is as 

n^uch pressed as OR. Therefore the whole base LP is as much pressed as if the vessel was 

of the cylindrical fpi^m FHLP. 

Or thus : Because (by Prop. V.) if a tube were inserted at NT, of the diameter OR^ 
the water being at the height DB, would rise to the level FE, there must at NT, be an 
upward pressure towards F sufficient to fill up the columns of fluid FELA, that is, equal to 
the weight of as much water as would fill the space FEN F. Consequently the re-action^ 
that is> the pressure upon the base LA must be equal to the weight of as much water as 
would fill FENT. But the base LA supports this re-action, and likewise the weight of the 
waterNTLA, which are together equal to the weight of DBOR. The base LA, therefore^ 
sustains a pressure equal to the weight of the column DBOR* And every. equal portion of 
the base may, in the same manner, be shewn to sustain an equal pressure. Therefore, the 
pressure on the base is the same in vessels of the form supposed in this case, as in cylinders 
of eqjual bases» and of the same altitude with these vessels. The same may be shewn witli 
respect to a vessel of the form of plate 5, fig. ^• 

Case 
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Case 3. Let the veMel be of the same bate and altitiide» but ha?e its top wider than the 
base. 

Let the fluid of the vessel be divided into strata EF, GH» IK» &C. Let us also imagine Pi^te 5. 
the bottom of the vessel C to be moveable, that is, capible of sliding up and down the ^' 
narrow part of the vessel» from C to GH. Let it further be supposed that this moveable 
bottom, is drawn up or let down with a given velocity, while the vessel itself is fixed and 
immoveable ; it is evident the lowest stratum, which is contiguous to the bottom, will be 
raised or let down with the same velocity, and will therefore have a momentum proportional 
to that velocity, and the quantity of matter it contains: but (by Prop. IV. Cor.) the rest 
of the strata will have the same momentum : consequently, the momentum of all takea 
together, that is, of the whole fluid, is the same as if the vessel had been no larger in any 
one part than it is at the bottom, for then the momentum of each stratum would also have 
been as great as that of the lowest. The pressure, therefore, or action of the fluid, with 
which it endeavours to force the bottom out of its place, is as the number of strata, that iSf 
the perpendicular height of the fluid, and the magnitude of the lowest 8tratum» that isj the 
base. 

Case 4. Let the fluid be in an inclined cylindrical vessel. 

In the inclined cylindrical vessel ABNI, as much as the fluid is prevented from pressing ^^^^^ 
upon the base NI, by being in part supported by the side of the vessel AN, so far is the 
pressure upon the base increased by the redaction of the opposite side BI, which is equal to 
the action of the former, because the fluid, pressing every way alike at the same depth below 
the surface, exerts an equal force against both the sides* The base NI is therefore pressed 
with the same force with which it would be pressed, if the fluid contained in the vessel 
ABNI was included in the vessel EDIO, having an equal basci and the same perpendicular 
height with the vessel ABNI ; that is, (by the first case) the pressure is as the base NI and 
altitude CN. 

Since then, the pressure upon the base of vessels, either wider or narrower at the top 
than the bottom, and likewise the pressure upon the base of vessels inclined to the horizoni 
is equal to that upon the base of a cylindrical vessel of the same base and height, the sides 
of which are perpendicular to the horizon ; and since the pressure upon the base of such a 
cylinder is as its base and height *, the pressure upon the bottom of all vessels filled with fluid, 
is propotional to their base and perpendicular height. 

Exp. I. Let two tubes of difierent forms be successively applied ta the same moveable 
circular base, suspended by a wire, passing from the centre of the base through the tubes, 
to the beam of a balance. : when the diflferent tubes are filled to the same height, it will re* 
^re the same; weight at the c^osite end of the balance to keep the base from sinking.^ 
Hence any quantity of fluid, how small soever, may be made to balance and support any 
quantity how great soever^ which is called the Ajdnstatical faradox* 

a. Let 
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2* Lettwotubes^ the one cylindiical, the other of the form of a speaking trumpeti 
have their bases of equal diameter, covered with bladder, and inserted in a vessel of vtrater, 
as in Prop. III. Exp. 3. the bladder will become plane at the same depth in both : from 
whence it appears, that since the upward pressures, at the same depth, are equal, the down- 
ward pressures in the two tubes are also equal. 

Cor. I. Hence in different vessels, containing different fluids, the pressures are as the 
areas of the bases multiplied into the depths, and specifick gravities. 

Cor. 2. If a cone be filled with a fluid, and standing on its base, the pressure on its base 

will be equal to three times the weight of the fluid. Let B be equal the base, H equal the 

B 
perpendicular height, then the solid content, or weight, will be equal — x H, but the pre^* 

3 
sure will be B X H, therefore equal to three times its weight. . . 

Cor. 3. A small quantity of fluid may be made to press with a force sufficient to raises 
great weight. 

Plate 5. Since (as was shewn in Prop. V.) as much fluid as will fill the tube DBIV presses up.- 

'^' ^' wards against VM, with a force equal to the weight of as much fluid as would fill the space 
BHVM ; the base remaining the same, the space BHVM, that is, the weight which may 
be raised will (by this Prop.) be as the height VB, which may be increased at pleasure. 

Exp. Let two circular pieces of wood be united by leather in the manner of a pair 
of bellows ; in the upper board insert a long tube with a large bore ; through which pour 
water into the vessel } the upward pressure of the water as it is poured in, will rai^e a great 
weight. 

Cor. 4. From hence it may be proved, independently of the reasoning in Prop. V. that, 
in bended vessels, or channels of any form, fluids rise to the same height, whatever be the 
difference between the quantities of fluid on each side : for whatever be the form of the 
channels, the plane which is perpendicular to the lowest point being considered as the com- 
mon base, the pressure upon it is equal, when the fluid on each side is of equal altitude $ 
and the whole mass can only be at rest when the opposite pressures are equal. 

ScHOL. This pressure of the fluid upon the base does not alter the weight of the vessel 
and fluid considered as one mass, because the action and re-action which cause it, with respect 
to the weight of the vessel, destroy* one another ; the vessel being as much sustained by the 
action upwards, as it is pressed by the re- action downwards. 

PROP. VII. The pressure of a fluid upon any indefinitely small part 

of the side of the vessel which contains it, is equal to the weight of a 

column of the same fluid, whose base is the part pressed, and whose 

height is the distance of that part from the surface of the fluid. 

Let 
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Let ABCD be 9 vessel filled with fluid ; AB its surface ; and L a point in the side of Plate 5. 
the vessel. The indefinitely small drop which lies next to the point L is pressed down- ^' ^'' 
wards (by Prop. 1.) by a force eqAl to the weight of a column of water whose base is L, 
and height LAj the distance of that part from the surface* And (by Prop. III.) this drop 
is pressed sideways towards L with the same force with which it is pressed downwards. 
Whence the proposition is manifest concerning the point L. And the same may be proved 
concerning any other points M» N, Cj equal to L. The same is evidently true in an inclin-^ 
ed vessel. 



PROP. VIII. The pressure of a fluid upon any plane, is equal to 
the weight of a body which has the same density with the fluid, and is 
formed by raising perpendiculars upon each indefinitely small part of the 
plane, equal in height to the distaace of that part froia the surface of the 
fluid. 

It has been proved, in the last proposition, that the pressure upon each indefinitely small Plate 6. 
part of the line AC, in the side of the vessel ABCD, is equal to the weight of a column ^^' ^^' 
of tuid whose base is the part pressed, and whose lueigfat is the distance of that part from 
the surface AB. Hence, if from tbe^nf L ^ perpjea»dicul9f LQ be raided whose b^e is L^ 
and whose length LO is equal to LA the distance of L from the surface, if this perpendicu* 
lai: ^onsi^tpd of ^liittcr of the same density with the fluid in the yesselj the weight of this 
perpendicular coU^oin woyld be equsd tp the pressure upon the poixit L. If, in like m^nneri 
pejrpendicularsi consisting of matter of the same density with the fluid, were raised upon 
every point between A, C, they would together fill up the area of the triangle A CD ; an4 
the pressure upon the whole line AC in the side of the vessel ABCD, because it is eqiial to 
the stun of the preaoores upon all its parts, naust be equal to the weight of this triangle ACD. 
The same may be proved concerning any other lines in ihc side of the vessel, as HJ, £F. Pig. H. 
Consequently, the pressures upon the whole side will be equal to the weight of as many such 
triangles as there can be limes drawn. upon it in the same manner as AC, HI, £F are drawn* 
But .all these mangles together would fill up the whole apace, or compose a solid, CFCDAE. 
Therefore the preaaure upon the side A£CF will be equal to the weight of this solid con- 
tistuig of matter which hat the same density with ithe iBuid in the vessels which solid is 
formed' tqTfi^aising perpendiculars upon each line of t^ sidci respectively equal to the distance 
of that point from the surface of the fluid. 

In like manner, if AC is a JUne drawn ia the inclined .ude of a vessel, in which the water Flats 5' 
teaches to the level AB, the pressure upon .this line may be iestimated as before. SL is the *^' 
distance of L from the surface. Let therefore a perpendici|lar iX), equal in length to LS, 
be raised upon the point L ; then, if this perpendicular was a column of matter of the same 
density vrith water, the weight of it would be equal to the pressure upon L. For the same 

season^ 
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reagofii if si perpendicular MP is raised upon the point M, and is made equal in length to 
MT the distance of M from the surface i such a perpei^cular^ consisting of matter of the 
^me density with water, and being of the same size, irould have the same weight as the 
column of water MT. And since (by Prop. I.) the pressure upon M equals the weight of 
the incumbent water M F, it likewise equals the weight of the perpendicular MP. In like 
manner, the points N and C are pressed by the weight of the incumbent columns NV and 
XC, which is equal to the weight of the perpendicul irs NQ^, CR, supposing those perpen- 
diculars to be equal in height to NV and XC» and to consist of matter whose density is 
the same with that of the columns NV and XC. Thus the pressure upon the whole linei 
being made up of the pressures upon all its parts, will be equal to the weight of as many 
perpendiculars, as can be raised in this manner between A and C. The sum of all those 
perpendiculars is the triangle ACR, whose weight therefore is equal to the pressure upon 
the line AC. But if as many such triangles were added together, as there are lines parallel 
to AC in the whole side of the vessel, all these triangles together would form a solid. And 
since this solid is the sum of all the pressures upon each point of the side, the weight of it, 
supposing it to consist of matter that has the same density as water, would be equal to the 
pressure upon the whole side. 

PROP. IX. The pressure upon any one side of a culncal vessel filled 
with fluid) is half the pressure upoa the bottom, 

Il>^ ^ The bottom sustains a pressure equal to the whole weight of the fluid in the vessel And 

^^ the pressure which the side sustains is equal to the weight of the prism CFGDAE, which 

(EL XI. 28 ) is half the cube : therefore the side susuins a pressure equal to half the piessoie 

opon the bottom. 

Or thus : Because the pressure upon every part of the vessel at the bottom is equal* to the 
weight of a column whose base is the part pressed upon» and height that of a perpendicular 
from the bottom to the surface ; if the pressure were the same every where from the top t» 
the bottom, it would be equal to the weight of as many such columns as woAld correspond 
to all the parts of the vessel. But the pressure every where diminishes as we approach to« 
wards the surface, where it is nothing ; the pressure on the side is therefore only half of 
that on the bottom of the vessel : a number of terms in arithmetical progression beginning 
from nothing being half the sum of an equal number of terms, each of which is equal to the 
last in the progression. 

CoR. I. The gravity of the fluid in a cubical vessel producing upon each of the four 
sides a pressure equal to half that upon the bottom, and upon the bottom a pressure equal to 
itself, produces on the whole a pressure three times as great as itself. 

Cor. 2* When the area of the part pressed b given* the pressure is as the perpendicular 
distance of that part from the surface : where the depth of the part is given, the pressure it 
3s the area ^ and where the distance from the surface is given^ the pressuie is as die base. 

S€H0L» 
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ScHOL. There is a particular point in which the whole pressure against the side act» .* it 
is called the centre of presmre^ and is the same with the centre of oscillation of the side 
Tibrating on the upper line of it as an axis. See Prop. XL VI. Schol. i. Book 2« 



CHAP. IL 
(y/i&tf Motion of Fluids. 

SECT. L 

Of Fluids passing through the Bottom or Side of a Vessel. 

PROP. X. The momentum with which any fluid runs out of a given 
orifice in the bottom or side o a vessel, is proportional to the perpendic- 
ular depth of the orifice below the surface of the fluid. 

The pressure of a fluid against any given surface being (by Prop. I. and III.) proportional 
to the perpendicular height of the fluid above that part \ if that given surface be removed^ 
the fluid will be driven through the orifice by this pressure. The force therefore with 
which the fluid passes through the orifice b as the perpendicular depth of the orifice below 
the surface of the fluid : but the momentum is always as the moving force : therefore the 
iiiomentum is also as the perpendicular depth of the orifice. 



PROP. XL The momentum with which any fluid runs out of a 
given orifice in the bottom or side of a vessel» is as the square of its 
velocity, or as the square of the quantity of matter. 

The momentum (by Book IL Prop. XL) is in the compound ratio of the quantity of 
matter and velocity. And it is manifest^ that, since the orifice is given, the quantity of 
fluid discharged will always be as the velocity : therefore the momentum is as the square of 
the evlocity> or of the quantity of fluid. 

PROP. XIL The velocity vn\\i virhich any fluid runs out of au 
orifice in the bottom or side of a vessel, is as the square root of the per- 
pendicular depth of the orifice firom the surface of the fluid* 

Because the momentum is as the square of the velocity^ (by Prop. XI ) and as the perpen* 
4iciiUr depth of the orifieei (by Prop. X) the aqoaic of the velocitiet (EL V. 11) is as 

the 



{ 



9^ OF HYDROSTATICK& Book m. 

the perpendicular deptht and, conteqiteiitlf, the vdocitj as the square root of the perpendk- 
nbr depth. 

Cor. I. Hence a flaid running out of a yessel which empties itself, flows with an 
uniformly retarded velocity : for the perpendicular depths are continually diminishing. 

Cor. 2. Hence also the surface descends with an uniformly retarded velocity, and the 
spaces described by it, in equal portions of time, ara (Prop. XXVIiI. Book 11) as the 
odd numbers i| 3i 59 7» 9» &c. taken backwards. 

Cor. 3. If therefore a cylindrical vessel be divided into portions, continued to the sur- 
face of the fluid, which are as the odd numbers, i> 3. 5, 7, Sec. a clepsydra or hour-glass 
will be formed ; for the surface will descend throH|;h these divisions ia equal times. 



PROP. XIIL A fluid rutis out of an orifice in the bottom or side of 
a vessel, with the velocity which a heavy body would acquire iti fallings 
freely through a space ^ equal to the perpendicular distance of the orifice 
from the surf jce of the fluid* 

Vlate 5. Let ABCD be a vessel filled with any fluid, to the height F6. It is manifest, tliat at 

Fjg. io, ^^^ beginning of the fall of each drop from the upper surface F6, it must be carried down* 
ward by its gravity with the same velocity with which any other heavy body weuM begin to 
descend. And, if an orifice be made in the vessel at L* any point below the surface, the 
fluid which passes through that orifice» will (by Prop. XII ) move with a velocity which 
in as the square root of the distance from tbe eurface. Bttttf a body were to fallliotn the 
surface to the point L^ it would acquire a velocity which would be (by Book II. Prop. XXVL 
Cor. a.) as the square root of this distance. Therefore, since the velocity with which the 
fluid moves, is, at the beginning of its motion, equal to that of a falling body, and since at 
every given distance, these velocities have the same ratio, namely, that of the square root of 
the distance from the surface, that is, (EL V. 9.) are equal, the proposition is manifest. 

Cor. Supposing O, V, T, Q^, to represent the area of the orifice, veloe^, time, and 
quantity, flowing out in that time respectively; Q^ will vary asOxVxT, ^ ae OxT 
X -v/H7(Prop. Xll..i and when T is given as Ox^H. 

ScitOL. When a fluid spouts from ^ ^vessel, it crushes 610m all sides towards Ae orifice, 
which isthr- cause of the contraction of the stream at the distance from the orifice equal 
to its di:\mf tcr, and is caBcd the vena ctmtraifa. Now the area of the orifice, is to tte 
area of the smallest section of the stream, fiearly as \/a to 1 ; hence (by iVop. IV*^ ^hf 
velocity at the vena contracta is to the velocity at the orifice as ^^i to i. Sir I Newton 
found, that thr velocity at the vena contracta was that which a body acquir'^s in tailing 
down the ahitutk of cbe fluid above the orifice. We must^ therefore^ disouguish betweea 

the 



/ 



Chap. IL OF TttE MOTION OF FLUIDS. 

the velocity at the orifice, and at the vena contxactai and in the doctrine of spouting fluidsj 
it is the latter velocity which mutt be considered, and the point of projection must be assumed 
from that point. 



PROP. XIV. When two cylindrical vessels have their bases, heights 
and orifices equal, if one of them be always kept full, it will discharge 
double the quantity of fluid discharged in the same time by the other 
whilst it empties itself. 

For (by Prop. I.) the fluid will continue through the whole time, to run with the same 
velocity out of the vessel that is kept full. But the fluid will run (Cor. i. Prop. XIL) 
with an uniformly retarded velocity out of the vessel which empties itself. And, since both 
vessels are full at first, the velocity which continues uniform in one vessel, will (by Prop. L) 
be the same with the first velocity in the vessel in which the fluid is uniformly retarded. 
Therefore the quantity discfharged out of the former vessel, will be to the quantity discharged 
in an equal time out of the latter, as the space described by a body moving with an uniform 
velocity, to the space described by a body which sets out with the same velocity, and is 
uniformly retarded. But (by Book II. Prop. XXVII.) the space described by the former 
will be double of the space described by the latter. Therefore the quantity discharged out 
of the former vessel, will be double of the quantity discharged out of the latter. 



PROP. XV. A stream of any fluid which spouts obliquely forms a 
parabola. 

Each drop in a stream of fluid spouting obliquely, is a heavy body projected obliquely 
by the fcjrce or pressure which drives it out of the orifice. Therefore (by Book IL Prop. 
LVIII.) every drop of the stream, that is, the whole stream, forms a parabola* 

Exp. Observe the figure formed by a fluid spouting obliquely. 

Cor. Hence fluids spouting obliquely are subject to the laws of projectiles laid down. 
Book II Ch. VII. Sect. L 



^3 



PROP. XVL When a fluid spouts horizontally from an orifice In 
the side of a vessel which is kept fuil^ if the ^de of the vessel is made 
the diameter of a circle, and a line is drawn perpendicular to the side 
from the orifice to the circumference, the distance to which the fluid will 
^out will be double of this perpendicular* 
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Piite s. Let AB be the side of the vessel ; C, E, or ^, the orifice t ADHB the semicircle 
^?' ^^* on theside» £D» CH, Je^ lines drawn perpendicular to the side from the orifice to the cir* 
cumference. The fluid spouts at E (bjr Prop. XHI.) with the velocity which a heavy* 
body would acquire in falling from A to E ; and this motiouj being in an horizontal direc- 
tion, can neither be accelerated nor retarded by the force of gravitation, and will therefore 
continue uniform. But besidi^s thisy the fluid spouts with the velocity which it acquires in 
falling after it has passed the orifice. This velocity* when the fluid arrives at GB, is the 
same with that which any other heavy body would have acquired in falling through an 
equal space from E to B. Let this velocity be called the descending velocity, and that with 
which the fluid spouts at E the horizontal velocity. Then, since the horizontal velocity is 
the same with that which a body would acquire by falling from A to E, and the descending 
velocity when the fluid arrives at the plane GB, is the same with that which a body would 
acquire by falling from E to B^ and since (by Book II. Prop. XXVI.) the spaces AE» 
EB, described by falling bodies, are as the squares of the last acquired velocities of bodies 
falling through them ; that is, (inverting the terms) the squares of these last acquired veloc- 
ities, or the squares of the horizontal and descending velocities, are as the lines AE, EB. 
But in the triangle ADB, right-angled (El. VL 8.) at D, DE is a mean proportional be- 
tween A£, EB, and the square of AE is to the square of ED, as AE is to EB. But the 
square of the horizontal velocity is to the square of the last descending velocity as AE to 
EB. Therefore the square of the horizontal velocity is to the square of the tast descending 
velocity as the square of AE to the square of ED : whence the horizontal velocity is to the 
last descending velocity as AE to ED. Now the spaces described in the same time, in 
uniform motions, are (BookIL Prop. VL)as the velocities. Consequently, if the fluid 
had begun to fall from E with the velocity it has acquired at B, and had fallen uniformlyt 
iathe time of dmevot the spaces described by the horizontal and descending velocities would 
have been respectively as those velocities, that is, as A£ to ED. Thus while the fluid was^ 
descending till it reached the plane GB, the horizontal velocity would have carried it 
forward through a space equal to ED, or the horizontal distance would be ED. But the 
descending velocity being at the first nothing, and continually increasing, the time of descent 
{see Prop. IX.) is twice what it would have been upon the supposition that it began to 
descend with the last acquired velocity. And the horizontal velocity is uniform, and there- 
fore in twice the time, or the true time of descent, the fluid will be carried horizontally to 
twice the distance ED. Consequently, if BF be made equal to twice DE, whilst the stream 
is descending from E to GB, it will be carried forwards to the point F. The same may 
be proved concerning any other points, C, e. 



' PROP. XVII. If a fluid spouts horizontally out of orifices ift 
the side of a vessel which is kept fuU^ it will spout to the greatest 

distance 
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distance from the orifice which is in the middle of the ^de, and to equal 
distances from orifices equally distant firom the middle. 



Let C be the orifice in the middle of the side, and E| e^ equal orifices at equal distances £1*^^.^ 

from C. '** 

« 

The distance to which the fluid will spout at C (by Prop. XVT.) is twice CHt and at E 
twice ED. But CH (£1. III. 15.) is greater than DE, any line drawn from the diameter 
parallel to the radius : therefore twice CH is greater than twice ED. 

• 

Also, since the horizontal distances to which the fluid will spout at E and e^ are twice 
ED, or ed ; and that ED, ed^ being equally distant from the centre, and parallel to theradius, 
(£1. ill. 14.) are equal ; the horizontal distances from E, e, are equal. 

Hence if in the plane of the horizon, GB be drawn perpendicular to the side AB, and 
GB be double of CH, and FB double of DE, or de, the fluid spouting from C will fall upon 
G| and from E and ^, upon F. 

Cor. If the side of the jet be inclined, in any angle to the horizon, and the direction, 
and velocity of the spouting fluid be known, the amplitude, altitude, and time of flight, may 
be discoTered by the rules investigated in Book II. on Projectiles. 

Exp. Let water spout from the middle orifice, and from orifices equally distant from the 
l&iddle, the truth of the proposition will be manifest. 

Remark. In all the propositions respecting the times in which vessels empty theroselvet^ 
the orifice is supposed to be very small in respect to the bottom of the vessel, otherwise the 
experiments do not agree with the theory. 

Def. IL a river is a stream of water which runs by its own weight 
dowa the inclined bottom of an open channel. 

Def. III. A section of a river is an ima^nary plane, cutting the stream, 
which is perpendicular to the bottom. 

Def. IV. A river is said tojlow uniformly when it runs in such a matw 
ner, that the depth of the water in any one part continues always the same. 

PROP. X VITL If a river flows uniformly, the same quantity of water 
passes in an equal time through every section. 

Let AB be the reservoir, BC the bottom of the rivery and ZX, QR, aections of the pltte* B 
nvcr. Because the river flows uniformly, the same quantity oiF water wnich passes through ^S* ^ 
ZXin a ^^n time must pass through QR in the same time: otherwise the quantity of 
• * water 
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i^ater in the dpacc ZQXR| must in that time be increased or diminished, and consequ^tly 
the depth of the water in that space altered ; contrary to the supposition. 

Cor. Hence if V, B, D, be the velocity, breadth, and depth respectively, VxBxD will 

be a given quantity, and V will vary as ' » . 

B xl^ 

PROP. XIX. The breadth of the channel being ^ven, the water ia 
rivers is accelerated in the same manner with any body moving down aa 
inclined plane. 

For each drop of the water moves down upon the inclined plane of the bottom, or upon 
the inclined plane of the sheet of water, next below it, parallel to >the bottom. 



PROP. XX. The breadth of the channel being given, the velocity of 
each drop of water in a river is the same that a body would acquire in fall« 
ing from the level of the surface of the water in the reservoir, to the place 
of the drop. 

Let AB be the depth of the reservoir, AP the level of its surface, ' and BC the bottom 
of the channel. Any drop at E, after it comes out of the reservoir at K, (by Prop. XIX.) 
rolls down the inclined plane KE, parallel to the bottom. And this drop, when it come$ 
out of the reservoir AB at K (by Prop. XIII.) has the same velocity which a heavy body 
would acquire in falling from A to K : and, in rolling down the inclined plane KE> it ac** 
quires (by Book 11. Prop. XXXIV.) the same velocity which any heavy body would ac- 
quire in falling down G£ the perpendiculiafr height of the plane. At E the drop will there- 
fore have acquired a velocity equal to that which a body would acquire by falling through 
AK and GE,that is, through MGE, the perpendicular drawn from the level of the reservoir 
to the place of the drop. 

CoR. I. Hence the breadth of the channel being given, the velocity of each drop of 
Water in a river is as the squvtre root of its distance from the level of the surface bf *the 
Blate 5. reservoir. '•. For^.if JI and R be two drops in diiferpnt ^ai^s of the river, and AP the level, 
^* ** the velocity of the drop E is the same that a body would acquire by falling down ME, and 
that of JBl the.^me which a, body would acquire by falling down HR. Therefore (by 
Book II. Prdp. XXVI. Cor. 2.) the velocity of the drop E is to the velocity of R, as the 
square root of ME to the square root of HRi . ' 

Cor. 2. Hence the breadth of the channel being given, the water at the bottom of a 
river will run faster than the water at the surface/ 

PROP. 
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the river continually decreases as it mm. 

Tke same qttttnticy of water (by Prop. XvlII.) passes throdgh each of the sections ZX, 
QRf in the same time. But (by Prop. XX. Cor. 2. ) the water runs faster at the lower 
sectita (^, than at the upper ZX. Therefore the area of the section QRi must be as 
much lesS' than the area of the section ZX» as the velocity at QR is greater than the 
velocity at ZX. But the breadth of the sections are by supposition equal ; therefore their 
floreas are (El. VI. i.) as their heights. Consequently the heights of the section QR, ZX, 
will be inversely as the velocities at those sections ; that is, the depth of the water at QR 
will be as much less than the depth at ZX| as the velocity at Q^ is greater than the veloci- 
ty at Z!X.f •■ ' 

PROP. XXIL At a given distance from the reservoir, if tlie river flows 

uniformly^ the velocity of the water will be inversely as the breadth of the 
channel. 

Because the river flows uniformly, the depth at any given section ZX is always the same : 
and in any given time, the same quantity of water must flow through the diflerent sections 
ZX, QR, as was shewn in Prop. XVIII. But a given quantity of water cannot flow in a 
given time through any section, untero as- much as the area is increased, so much the veloci- 
ty' is diminished, and the reverse \ that is, the velocity must be inversely as the area of the 
section, or the depth being given, as its breadth. 

^ PROP. XXIIL The depth of a rivef being given, the pressure uJ)on 
any part of the bank will be the same, whatever is the breadth of the riven 

The presisure upon any given part in the bank (by Prop. I. and III ) will be as the distance 
of that part from the surface ; which remains the same whilst the depth is the same, what- 
ever be the breadth of the river : therefore the pressure will remain the same. 

r 

PROP. XXIV. If the breadth of a river be given, the preesuire on airjr 
part of the bank will be as the depth of the river. ^ 

For the pressure on any part of the bank is (by Prop I. and III.) as the depth of that part 
below the surface, which depth will increase with the depth of the river. 

* 

PROP. XXV. The pressure against any given surface in the bank of 
a rivers if that surface reaches from the bottom to die top of the stream^ 

as ia 
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is equal to the weight of a column of water whose base is tfaje turfaeey and 
whose height is half the depth of the streaou -r-. ,; 

Plate s. jj^^ ZQXR be a given surface in the bank, reacliing from the bottom BC of the river 
to its top AD. The pressure upon this is (from what was shewn in Prop. IX )'-hiilf .tht 
pressure on an equal surface at the bottom XR i which pressure (hj Prop I. and III) is 
equal to the weight of a column of water whose base is the surface ZCj^, and whose height 
b the depth of the stream. Thei^fore the pressure against the surface ZQXR is equal to 
the weight of a column whose base is the surface ZQ^, and it9 height half the depth .of ihe 
stream. 

■ , . . . ■ 

PROP. XXVI. When a stream which moves with the same velodty 
in every part strikes perpendicularly upon any obstacle, the force with 
which it strikes is equal to the weight of a column of the same fluid, 
whose base is the obstacle, and whose height is the spiace through which a 
body must fall to acquire the velocity of the stream. 

Hate 5. Let a stream of water flow horizontalljr out of the orifice /. If this stream were to 
Fig. 11. strike upon an obstacle of the same breadth every way as the orifice or streami placed per«( 
pendicul^r to the horizon, the stream must strike upon the obstacle with its whole force. 
But this force is equal to the weight of a column of water whose base is /» and height Ae. 
And (by Prop. XIIL) Ae is the height from which a body must fall to acquire the Telocity 
with which the stream spouts from r. Therefore the force with which this stream would 
strike such an obstacle is equal to the weight of a column of water whose base is e^ and 
height that from which a body must fall to acquire the velocity of the stream. And because 
no part of the stream, however broad; can strike the obstacle except so much 9S is contained 
within a section equal to the surface of the obstacle, no other part of the stream is to be con^> 
sidered in estimating this force. It is also manifest, that if the stream flow horizontally 
with the same velocity, in any other manner than through an orifice, as in the current of a 
stream, it will strike an obstacle with the same force. 

PROP. XXVII. When the obstacle is given, the force with which a 
stream strikes upon it, will be as the square of the velocity with which the 
stream moves. 

If any stream strikes upon a given obstacle, the force will (by Prop. XXVI.) be equal to' 
the weight of a columti of w^tcr whose base is the obstacle, and whose height is equal to 
the space through which a body must fall to acquire the velocity of the stream Since then 
the base is given, the weight will be as the helirht of such a column. But the spaces through 
which bodies fall to acquire different velocities are (by Book II. Prop. XXVI.) as the 
squares of those velocities. Therefore the height of this column, and its weight, and oonse* 
quently the force of the stream, which is equal to this weighty will be as the square of the 
Y«ioicity vriih which the ktream movcs^. CHAP* 
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CHAP. III. 

Of the Resistance of Fluids. 

PROP. XXVIIL If a spherical body is moving in a given fluid, the 
Resistance which arises from the redaction of the particles of the fluid is, 
within certain limits of the velocity, as the square of the velocity with 
which the body moves. 

A spherical body moving in a given fluid, the number of panicles which it will meet 
with in a given time will be as its velocity ; for the space through which it will pass will 
be as its velocity, and the number of particles it will meet with will be as the space throu ^h 
which it passes. But the re-action of the particles of the fluid, and consequently the resist- 
ance, is as the number of particles or quantity of matter by which the the resistance is made. 
Again, if a given quantity of matter is to be moved, the moving force is (by Book II. 
Prop. IX.) as the velocity communicated ; and the resistance of that given quantity of 
matter is as the moving force. Therefore the resistance arising from re-action ii> a given 
number of particles of fluid is as the respective velocities with which they are moved ; that 
is, as the velocities with which the bodies which pass through the ftui^l move. The resist- 
ance of the fluid being then as the velocity on a double account, firsts because the number of 
particles moved are as the velocity of the moving body, and secondly, because the resistance 
of a given number of particles is as the velocity of the moving body } the resistance will be' 
in the duplicate ratio, or as the square of this velocity. 

• 

ScHOL. In very swift motions, the resistance of the air increases in a greater ratio f 
(see Remark to Prop. LVIII. Book II ) and in other fluids, the same consequence would fol- 
low for the same reason, with respect to projected bodies. Besides, the greater the velocity 
is. the less will be the pressure against the back of the bbdy which will cause a deviation in 
the law of resistance. 

PROP. XXIX, When a spherical body moves vnth a given velocity 
in any fluid, the resistance of the fluid arising from its re-action, will be as 
the squares of the diameter of the spherical body. 

A spherical body, in moving through a fluid, dfsplaces a cylindrical column of that fluids 
the height of which is the space which the sphere describes, and its base a great circle of 
the spherical body. Because the velocity is given, the space described in a given time, that 
is, the length of the column is given : whence, the quantity of fluid in the column, that iff< 
the column will be as its base, a great circle of the sphere. And the resistance which the 
column of fluid makes by re-action to the motion of the sphere will be as its quantity of 
matter : it will therefore be as the base of the columOf or as the great circle of the sphere, 
or (£1. XIL a*) as the square of its diameter. 

PROP- * 
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PROP. XXX. If two unequal homogeneous spheres are moving in the 
same fluid with equal velocities, the greater sphere wiU be less resisted in 
proportion to its weighty than the lesser sphere. 

The. weights of spheres, or their solid contents, are (El. XIL i8.) as the cubes of their 
diameters : but their tesistences {Prop. XXIX.) are as the s((uares of their diameters : and 
the cubes of any numbers have a greater ratio to each other than their aqmires* Therefore 
the ratio of the weights of spherical bodies is g^atev than that of their resistances in a given 
fluid : that is, the weight of the greater sphere exceeds the weight of the ksser, snore thaa^ 
the resistance of a given fluid against the former exceeds the resistance against the latter^ 
provided the spheres are moving with equal velocities* 

ScHOL. Hence the resistance of the air may be able to support small particles of fluids 
but unable to support them when they are collected into larger drops. 

■ 

PROP. XXXI. The resistance of a fluid arising £rom its re-acdon, is aft 
the side of the body perpendicularly opposed to it 

The resistance is as the column, or quantity of fluid removed In a given time, which, as 
was shewn. Prop. XXIX. is as the base of the column^ that isj as the side of the body per- 
pendicularly opposed to it 

.^ 

PROP. XXXII. When equal spheres move with the same velocity in 
difl!erent fluids^ the resistances will be as the densities of the fluids. 

The resistances arising from re-action are as the momenta communicated to the fluid in a 
given time, that is, since the spheres move with equal velocities, as the quantities of matter 
moved. But, because the spheres are equal, the bases of the columns to which they com* 
municate motion, are equal i and because the spheres move with equal velocity, the length of 
the columns to which they communicate motion are equal. Hence the columns to which 
motion is communicated^ having their bases and heights equal, ate of equal magnitude : and 
consequently, their quantities of matter are as their densities. But it has been shewn, that 
their momenta and resistances are as their quantities of matter : therefore their resistances 
are as their densities. 

ScHOL. Hence drops of water may be stistained in the lower parts of the atmosphere, 
which cannot be sustained in the higher. 

PROP. XXXIII. The retardation of bodies in a resisting fluid, where 

the weights of the bodies are given, is as the resistance of the fluid. 

The 
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The more a body is resisted by any fluid in which it mores, the greater portioa of its WW 
mentum is destroyed ; but, because the weigrht of the body is given» its momentum is as its 
Telocity ; therefore the greater the resistance of the fluid, the greater portion of its ?eiodty & 
destroyed, that is, the more it is retarded* 

PROP. XXXIV. When the resistance is given, the retardation is ift« 
Tersely as the weights. 

The same resistance will destroy an equal portion of momentum whatever is the weight 
•f the moving body. But when the momentum is the same, the velocity b (by Book II. 
Prop. XII ) inversely as the quantity of matter* Therefore the velocity destroyed, on the re- 
tardation, will be inversely as the quantity of matter in the body in which the momentum is 
destroyed : and the weight is as the quantity of matter : therefore the retardation is inverse- 
ly as the weight. 

PROP. XXXV. The retardation of spherical bodies moving with 
equal velocities in the same fluid, is inversely as their diameters. 

The resistance which spherical bodies meet with in a given fluid is (by Prop. XXIX.) 
as the bquare of their diameter. The retardation, when the weight is given, is (by Prop. 
XXXUI.) as the resistance : and when the resistance is given, the retardation (by .Prop. 
XXXV ) is inversely as the weight, that is, (El. XII. i8 ) inversely as the cubes of the 
diameter Now, when unequal spheres move with the same velocity in the same fluid, the 
retardations will be unequal, both because the resistances are unequal, and because the 
weights are unequal. The retardations will therefore be directly as the squares of the di- 
ameters, and inversely as the cubes of the diameters : that is (compounding these ratios) 
inversely as the diameters. 

PROP. XXXVI. When a bddy moves in an imperfect fluid which 
has tenacity, or the parts of which cohere, the resistance of any given por- 
tion of the fluid from this cause, is inversely as the velocity of the body : 
the resistance, when the velocity is given, is as the quantity of fluid through 
which the body passes : and the resistance is always as the time during 
which the body moves in the fluid. 

Case I- Suppose such an imperfect fluid, as soft clay, divided into thin plates; each 
plate having a certain portion of tenacity will continue to resist the body during the whole 
time in which it is pasbing through it : the resistance therefore will bt: less, the shorter 
time the body takes in p.issing through it, that is, the greater velocity the body moves with. 
And this is true concerning every plate which composes the fluid. Therefore the resistance 
arising from tenacity in a given quantity of fluid, is inversely as the velocity of the body 
which passes through it. 

26 Case 
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^Bue s. A«ik« Ae'idoeitj'tf idle kodfli^ ptin^td* itMtiMe iviuck ike kody 
meets withi fipM iil^ 
qiiaiitkjoC AefaU. 

Cue 3. Leidjt when tbodj mores for a gifen time» the resistance (by the second case) 
is as the namber dTplatesi that is^ as the space through which it passes inagiven time* that 
is, (bf Book H. 'Prop. Vl) « theirdodtf direcdy. And (by the first case) the resistance isy 
\ on aooottnt of the tQnacity. inversely as the Telocity. Therefore as awsiktas alilb icaistaace is 

Increased on aocout of the velocity in one respec^ so much it is dimimshed on account of 
Ae vebctty in anothers and consequently, wbitever be the velocity^ a body in such a 
fltiid, die rssistaoee whidx it meets with in a given time will be the same : whenoe this i#' 
sistaaoe wiU be as ibe dme in which the body moves in the Autd. 
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€/the Specifick Gravities of Sodiif. 

DlF« V^ The density of a body, b its quantity of matter when the bulk 
if^veiL 

DiF. VL The speei/lck gramty of a body, it ita wdght compared witk 
Ihataf anodior body of the jaoie xnagn^^ 

Gom» !• The ipecifick gravity of a body is as its density. For the qpecifick gravity of 
m body is the weight of a given magnitttdci and the weight of a body (by Book II. Prop* 
XXIV* Cor.) b as its quantity of matter ; therefore the specifick gravity of a body is as the 
quantity of matter contained in a given magnitude, that is, as its density. 

Cor. a* The specifick gravities of bodies are inversely as their magnitudes when their 
weights are equal. For by the last Cor. the specifick gravities of bodies are as their densi* 
tieSf and their densities (from Def I.) are inversely as their magnitudes when fheir weights 
are equal. Therefore the specifick gravities arc also inversely as their magnitudes when 
their weights are equaL 

PROP. A. The weight of a body varies as its magnitude, and specifick 
gravity conjointly. 

For if the magnitude of any body is varied, its specifick gravity remaining the same, the 
weight must be altered in the same mtio. And if the specifick gravity vary while its mag- 
nitude contmues the same» the weight most also vary in the same ratio. Therefore the 
weight must vary as the magnitude and specifick gravity conjointly. 

PR0P« 
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PROP. XXXVII. A fluid specifically lighter than another fluid will 
float upon its surface* 

For (by Book 11. Prop. XXIV.) the lighter fluid will be less powerfully acted upon by the 
force of gravitation than the heavier i whence, the heavier will take the lower place. 

Exp. I. Let a small and open vessel of wine be placed witUn a large vessel of water i 
the wine will ascend. 

2. Let mercury* water, wine, oil, spirits of wine, be put into a phial in the order of their 
gravities ; they will remain separate. 



PROP. XXXVIII. The heights to which fluids, which press freely 
upon each other, will rise, are inversely as their specifick gravities. 

Since (by Prop VI.) tlie opposite parts of an homogeneous mass of fluid, in a curved 
tube or channel, press equally against each other when they rise te the same height ; in 
order to preserve the pressure equal when the fluids on each side are diflFerent^ that which 
has the least specifick gravity, must proportionally rise above the level to preserve the bal- 
ance ; and the reverse* 

Exp. Into the longer arm of a recurved tube, of equal bore throughout, and open at 
each end, pour such a quantity of mercury, that it shall rise in each arm about Ealf an 
inch ; then pour water into the longer arm till the mercury is raised one inch above its 
former height i the specifick gravities of these fluids will be inversely as the heights to which 
they rise. 

PROP. XXXIX. The force with which a body lighter than any fluid 
endeavours to ascend in that fluid, is as the excess of the specifick gravity 
of the fluid above the solid. 

Since ABCD, the fluid in a vessel, will be at rest (Prop. HI) when every part of an Plate & 
imaginary plane S(^, under the surface of the floating body ptei^ sustains an equal pressure $ ^ ^^ 
if the solid body be of equal specifick gravity with the fluid, that is, weighs as much as a 
quantity of the fluid equal to it in bulk, and whose place it takes up, this imaginary plane 
being equally pressed by the solid, as if the same space were filled with fluid, the fluid will 
be at rest, and the solid will neither ascend nor descend. Consequently, if the body be spe- 
cifically heavier than the fluid, that part of the plane which is directly under the solid being 
to much more pressed than the other equal parts of the same plane as the solid body is spe* 
cifically heavier than the fluid, the body must descend with a force equal to that excess ; 
and, on the contrary, if the body be specifically lighter than the fluid, that part of the plane 
which is directly under the solid being so much lest pressed than the other equal parts of the 
tame pirine, as the body is specificaHy lighter than the fluid, it must be buoyed up with ^ 
force equivalent to the difierence of tlwir specifick gravities. 

PROP* 
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*, PROP. XL. Any fluid pressed equally against' the opposite sides bf » 
solid body immersed in it 

Plate 1. 'The opposite sides of the solid are at the same depth ; and fluids at the same depth pnm 
Hf. 18. equally. Thus the opposite sides RM, SN, of any body immersed in a Tesad of water 
ABCDf are pressed equally by the suirounding fluid. 

Cor. No motion of the solid will be produced by these opposite lateral pitssares* 

PROP. XLL A body immersed in a fluid is pressed more upwards 
than it is downwards, and the difference of these two pressures is equal to 
the weight of as much of the fluid as would fill the space which the body 
fills, • 

Pl^^ 5^ - The body MRNS being immersed in the vessel of water ABCD, its lower part MN 
^g* 18. must be pressed upwards just as much as the water itself at the same depth MN T would 
be if no solid were immersed. Now the water at any depth (by Prop. III.) is pressed 
as much upwards as it is pressed downwards. And at the depth MN T, the portion of this 
stratum MN» would, if the solid were away^ be pressed downwards by a force equal to 
the weight of the incumbent column of water EMNH. Therefore the force with which 
MN, that is, the lower part of the solid, is pressed upwards, is equal to the weight of as 
much water as would fill the whole space £HMN. But the solid body RSMN is pressed 
downwards by the weight of the column abotre it EHRS. Therefore the difierence between 
the two pressures, is the difierence of the weights of the two columns of water EHMN9 
and EHRS ( that is, the upward pressure upon the solid body RSMN exceeds the downward 
pressure, by a force equal to the weight of as much water as would fill the space RSMN» 
taken up by the solid body. The case will be the same whatever is the figure of the body 
immersed. 

PROP. XLII. A body immersed in a fluid, if it is specifically heavief 
than the fluid, will sink. 

Plate 5. '^ ^^^ ^'^y R^MN is specifically heavier than the fluid, it weighs more than a quantity 

Fig. 18. of the fluid of the same bulk with it. Hence the column EHMN, consisting of the column 
of fluid EHRS and the solid body RSMN, is heavier than the same column would be if it 
consisted wholly of water. But the upward pressure against NtN is (by Prop IfU) equal 
to the downward pressure of the column of water EHMN, and therefore only sufficient to 
support the weight of that column. It cannot then support the weight of the heavier 
column, consisting of a fluid and a solid, EHMN ; and that part of this column which is 
specifically heavier than the fluid, that is, the solid, will »ink, with a force equal to the 
diflference of the weights of the column of fluid UIMN^ and the mixed colunm EHRSf 
RSMN. 

PROP. 
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PROP. XLIIL A body specifically lighter than the fluid in which 
it is immersed, will rise to the surface and swim. 

If the solid RSMN be a body specifically lighter than water^ the column EHMN will ^^^^ ^* 
weigh less as it consists of the column of water EHRS and the solid RSMN, than if 
it consisted entirely of water. Consequently, the upward pressure upon MN, which is 
equal to the weight of the column of water EHMN, will be equal to more weight* than 
that of the mixed column EHRS, RSMN : and therefore the lighter part of this column, 
that is, the solid body, will be carried upwards with a force equal to the difference of the 
weights of the column of fluid EHMN, and the mixed column EHRS, RSMN. 

PROP. XLIV. A body which has the same specifick gravity with 
the fluid in which it is immersed, will remain suspended in any part of 
the fluid. 

The body RMNS being of the same specifick gravity with the fluid, the column EHMN Plate 5. 
presses downwards with the same force, whilst this body makes a part of it, as if the '^' ^* 
column consisted wholly of water, that is, with a force equal to the upward pressure against 
MN. Therefore the body RSMN, having its lower surface MN, and in like manner all 
its parts, pressed by equal forces in opposite directions, will remain at rest 

Exp. Let small glass images made hollow, and of specifick gravity somewhat less than 
water, having a small orifice to receive water, swim in a large glass vessel nearly filled 
with water and covered over closely with a piece of bladder : by pressing the bladder with 
the hand, the air on the surface is compressed : this pressure is communicated to the air in 
the images, which consequently receive a larger portion of water, and become in specifick 
gravity as heavy as the water, or heavier, and either float in the water, or sink. 

PROP. XLV. A body specifically heavier than the fluid in which 
it is immersed, may be supported in it by the upward pressure, if the 
pressure downward be taken away : and a body specifically lighter than 
the fluid in which it is immersed, will not rise in the fluid, if the up- 
ward pressure be taken away. 

For, in the first case, the pressure which the solid RSMN sustains from the weight of the ^!**® ^• 
fluid being removed, the solid may press downwards with a force equal to, or less than, that 
of the column of fluid EHMN, that is, than that with which it is pressed upwards, according 
to the degree of depth in the fluid at which the solid is placed. 

In the second case, as the upward pressure against MN is diminished, .the downward 
pressure of -the mixed column LHMN becomes equal to, or greater than> the upward 
pressure, and the solid will either float in the fluid, or sink. 

' Exp. 

27 
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£». For the first part of the proposition see Prop. IIL Exp. 2 and 5. The second 
part may be thus confirmed. If a plane and smooth piece of hard wood, or of cork, be 
closelj pressed down bj the hand upon the plane and smooth bottom of any vessel, whilst 
mercury is pouring into the vessel ; upon removing the pressure of the handj the downward 
pressure of the mercury will prevent the wood from rising. 

PROP. XL VI. If a body floats on the surface of a fluid specifically 
heavier than itself, it will sink into the fluid till it has displaced a portion 
of fluid equal in weight to the solid. 

Plate 5. Let ptei be a body, floating on a liquor specifically heavier than itself, it will sink into it 

^* * till the immersed part, rnei^ takes up the place of so much fluid as is equal to it in weight. 
For, in that case, W, that part of the surface of the stratum upon which the body rests, is 
pressed with the same degree of force, as it would be, was the space rnei full of the fluid ; 
that is, all the parts of that stratum are pressed alike, and therefore the body, after having 
sunk so far into the fluids is in equilibrio with it| and will remain at rest. 

Exp. f. Place a cube of wood on a small jar, exactly filled with water ; a part of its 
bulk will be immersed, and will displace a quantity of the water : take the cube out of the 
water, and put into a scale^ with which an empty vessel in the other scale stands balanced i 
then pour water into that vessel till the equilibrium is restored ; that portion of water will 
fill up the jar in which the cube was placed. 

2. Let a glass jar with a weight sufficient to make it sink in Water to about two-thirds 
of its length, be placed first in a large vessel of water, and afterwards in one which is very 
little wider than the jar, and which has in it a small quantity of water, the jar will sink to 
the same depth in both vessels, that is, till so much of the vessel is under water as is equal 
in bulk to a quantity of the fluid whose weight is equal to that of the whole vessel. 

Cor. Hence arises a rule for estimating the specifick gravities of fluids or solids. For, 
since (by this Prop) the weights of the water displaced and of the solid are equal, their 
specifick gravities are inversely as their magnitudes *, that is, the magnitude of the water dis- 
placed is to that of the solid, as the specifick gravity of the solid is to the specifick gravity 
of the fluid : or (since the part immersed is equal in magnitude to the fluid displaced) the part 
immersed is to the whole, as the specifick gravity of the solid to the specifick gravity of 
fluid. Consequently, the greater portion of any given solid is immersed in any fluid, the less 
is the specifick gravity of the fluid : and with respect to solids, inverting the proposition, as 
the whole is to the part immersed, so is the specifick gravity of the fluid to that of the solid : 
whence, the greater portion of any solid is immersed in a given fluid, the greater is it( 
specifick gravity. 

PROP. XLVIL A solid weighs less when immersed in a fluid than 

in open air, by the weight of a quantity of the fluid equal in bulk t0 

the solid* 

If 
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If the body immersed were of the same specifick gravity with the fluid (by Prop. XLIV.) 
it would be supported in the fluid by the upward pressure. The fluid therefore sustains so 
much of the gravity of the body, or takes away so much of its weight, as is equal to the 
weight of that quantity of fluid which would fill the place taken up by the body 

Or thus i A body endeavours to descend by its whole weight } but (as was shewn^ 
Prop XLL) when it is immersed in a fluid, it is supported by a force equal to the weight 
of an. equal bulk of that fluid. And since these two forces act in contrary directions, the 
weight which the body retains in the fluid will be the diflfcrence between them ; that is, it 
weighs as much less in the fluid than in the air, as the weight of a quantity of the fluid equal 
in bulk to the solid. 

Exp. Having provided a solid cylinder of lead which exactly fills a hoUow cylinder of 
brass, place in one scale the hollow cylinder ; under the same scale suspend by a string the 
solid cylinder, and balance the whole by weights ; then immerse the solid cylinder in water, 
and the equilibrium will be restored by filling up the hollow cylinder. 

Remark. In strictness both the solid and fluid should be weighed in vacuo. The error^ 
fioveever, arising from the pressure of the air is very small, and may be neglected, unless 
where the body to be weighed is very light, and also where great precision is required. 

Cor. r. Hence the specifick gravities of diflerent fluids may be compared, by observing 
Jiow much the same solid (specifically heavier than the fluids) loses of its weight in each 
fluid I that fluid having the greatest specifick gravity in which it loses most of its weight. 

Exp. Let a cubick inch of wood, made sufliciently heavy to sink in water, be immersed 
successively in different fluids ; it will displace a cubick inch of the fluid in which it is 
immersed, and since the cube (by Prop XLVHI.) weighs less in the fluid, by the weight 
of a quantity of the fluid equal in bulk to the cube, its loss of weight will be the weight of 
a cubick inch of the fluid. 

Cor. a. The weights which bodies lose in- any fluid are proportional to their bulks. 

Exp. !• Two balls of equal bulk, one of ivory, the other of lead, will lose equal weight 
in water. 

2. A piece of copper and a piece of gold being of equal weight in air, the gold out- 
weighs the copper in water. 

Cor. 3- If it be known what a cubick inch of any body loses in water, the solid contents 
of any irregular mass of the same kind may be known, by observing how much more 01^ 
less it loses, than a cubick inch would lose. 

Exp. Weigh a cubick inch and any irregular piece of wood of the same kind, and ob» 
gerve the difference of their weights. 

Cor. 4. The weight of a solid body of the same specifick gravity with the fluid* or of 
a portion of the fluid itself^ suspended in the fluid, U not perceived, because this weight id 
ttipporced, and not because the gravity of the body is lost or destroyed. 

PROP. 
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PROP. B. If a and b be the specifick gravities of two fluids which are 
to be mixed together ; A and B their magnitudes, and c the specifick 
gravity of the compound; then A : B : : ^ — r : r — ^, provided the 
magnitude of the compound is equal to the sum of the magnitudes of 
the parts when separate. 

Since (by Prop. A.) the weights of bodies are as their magnitudes and specifick gravities 
conjointly^ the weight of A^Ax^y and that of B = Bx^9 and the weight o f the com* 
pounds: A +B X^ ; but the weight of the compound must be equal to the sum of the weights 
of the two parts, A+i3 Xr=Ax«+Bx^> therefore Ai;+Bc= Aa+B* and Ac — Aa = B^ 
— ^Br, consequently A : B : : ^— ^ : c — a, 

Exp. Let the specifick gravity (to avoid fractions) of gold be 19 ; of silver 11, and of the 
the compound 14 ; then the magnitude of the silver in the mixture, is to that of the gold as 
19—14 : 14— II : : S : 3. 

CoR. Hence the solution of that problem which was investigated by Archimedes, in 
order to detect the fraud of the artist, who, instead of gold was suspected of having sub- 
stituted silver, in tlie crown of Hiero, king of Syracuse. If the proportion of the weights 
of each body is required, the ratios of their magnitudes, and of the specifick gravities, must 
be taken conjointly : in this case the weights of A and B are as a xb-^c : h X c — a^ that is, 
the weight of the silver, is to that of the gold as 1 1 x 5 • 19 X 3 : : 55 : 57. 

ScHOL. We easily deduce from this chapter the methods of obtaining the specifick gravi- 
ties of any bodies, taking rain water as a standard, a cubick foot of which being uniformly 
found to weigh 1000 avoirdupoise ounces. 

The weight which a body loses in a fluid, is to its whole weight, as the specifick gravity 
of the fluid is to that of the body ; where three terms of the proportion being given, the 
fourth is easily found. Ex. If a guinea weigh in air 129 grains, and in being immersed in 
water lose 7i of its weight, the proportion will be 7,^ : 129 : : 1000 to the specifick gravity 
of a guinea. By this method the specifick gravities of all bodies that sink in water may be 
found. 

Cor. I. Hence if difi^erent bodies be weighed in the same fluid, their specifick gravities will 
be as their whole weights directly, and the weights lost inversely. 

If a body to be examined consist of small fragments, they may be put into a small bucket 
and weighed *, and then if from the weight of the bucket and body in tlie fluid, we subtract 
the weight of the bucket in the fluid, there remains the weight of the body in the fluid. 

Cor. 2. If the same body be weighed in diflirent fluids, the specifick gravity of the fluids 
will be as the weights lost. 

Exp. The loss of weight sustained by a glass ball in water and milk is respectively 803 

and 831 grains, therefore the specifick gravity of wrter is to that of n'.ilk as 803 : 831, that 

is, as I -000 : 1034. By the same method, the specifick gravity of water is to that of spirits 

of wine as i-ooo to -857. 

TABLE 
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' 


' Platina (pure) 




• 


23*000 


Ivory 




I '8 25 


Fine gold 




- 


19640 


Sulphur 




i-8ie 


Standard gold 




- 


18888 


Chalk 




^•793 


Mercury 




- 


14*019 


Calculus humanus 




1-542 


Lead 




- 


11*325 


Lignum vitae 




1-327 


Fine silver 




- 


1 1 091 


Coal 




1-250 


Standard silver 




• 


>o-53S 


Mahogany 




1-063 


Copper 




- 


9 000 


Milk 




I '034 


Gun metal 




- 


8-784 


Brazil wood 




I -03 1 


Fine brass « 




- 


8'3S« 


Box wood 




1-030 


Steel 




- 


7850 


Rain water 




I -000 


Iron 




- 


7-<545 


Ice 




•908 


Pewter 




- 


7471 


Living men 




-891 


Cast iron - 




- 


7-425 


Ash 




•800 


Loadstone 




- 


4*930 


Maple 




•755 


Diamond ^ 




- 


3-517 


Beech 




•700 


White lead 




- 


3-160 


Elm 




*6op 


Marble 




- 


2-705 


Fir 




•550 


Green glass 




- 


2-6oo 


Cork 




•240 


Flint 


- 


* 


2-570 


Common air 
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Rkmark I. The above table shews the specifick weights of the various substances con- 
tained in it| and the absolute weight of a cubick foot of each body is ascertained in avoirdu- 
poibC ounces, by multiplying the number opposite to it by 1000: thus the weight of a 
cubical foot of mercury is 14019 ounces avoirdupoise, or 8761b. 

Remark 2. If the weight of a body be known in avoirdupoise ouncesi its weight in 
Troy ounces wili be found by multiplying it into -91 145. And if the weight be given in 
Troy ounceb it will be found in avoirdupoise by multiplying it into 1*097 1. 

Remark 3. Mr. Robertson, late librarian to the Royal Society, was the gentleman 
who investigated the speciSck gravity of living men, in order to know what quantity of 
timber would be sufficient to keep a man afloat in water, supposing that most men were 
Specifically htravior tiian river water, but the contrary appeared to be the case from trials 
which he made upon ten different persons, whose mean specifick gravity was, as expressed 
in the table, 0891, or about -^th less than common water. Phil. Trans. Vol. L. 

The sc.des made use of to determine the specifick gravities of bodiesi are called the 
iydr$statu:k balauct. 
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BOOK IIL PART 11. 



Of Pneumaticks. 



CHAP. I. 
Of the Weight and Pressure of the Ailt. 

Dep. The Air^ or Atmosphere^ is that fluid which eocoinpasses the earth. 
PROP. XLVIII. The air has weight. 

This appears from experiment. 

Exp. I. The air being exhausted, by an air-pump, from a glass receiver, the vessel will 
be held fast by the pressure of the external air. 

2. If a small receiver be placed under a larger, and both be exhausted, the larger will be 
held fast, whilst the smaller will be easily moved. 

3. If the hand be placed upon a small open vessel, in such a manner as to close its upper 
orifice» it will be held down with great force. 

4. The upper orifice of an open receiver being closely covered with a piece of bladder, 
upon exhausting the receiver, the bladder will burst. 

5* In the same situation a thin phte of glass will be broken. 

6. Pour mercury into a wooden cup, closely placed upon the upper orifice of an open 
receiver : when the air beneath is exhausted, the pressure of the external air will force the 
mercury through the wood, and it will descend in a shower. 

7. On a transferrer let the air be exhausted from a long receiver ; then let water be ad- 
mitted through a pipe, by means of a cock ; the water will rise in ayV/ iTeau. 

8. Fill a glass tube, about-3 feet long and closed at one end, with mercury ; then 
insert the open end in a vessel of mercury *, the mercury will rtmain suspended in the tube 
by the pressure of the external air upon the surface of the mtrcury in the vessel : when this 
piessure is removed, by placing the tube and vessel under a receiver, and exhau^ting the air, 
the mercury will sink in the tube, and on re-admitting the air, will rise. 

9. If the same immersed tube be suspended from the beam of a balance, the weight 
necessary to counterpoise it, exclusive of the wei^jht of the tube, is equal to that of the mer- 
cury sustained in the barometer by the pressure of the atmosphere: for the weight of the 
column of air incuir.bent upon the tube not being counterb.ilanced by the contrary pressuie 
from below, which is employed in bearing up the mercury within the tube, must press upon 
the beam. 

la Let a barometer tube, instead of being hermetically sealed at the top, be closely 
oovered with a piece of bladder •, the mercury will rise to the same height as in a common 
barometer 1 and on pierwing the bladder with a needle^ to admit the air, it will tall. 

ScuoL. 
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ScHoL. Hence the pressure of the atmosphere on or near the surface of the earth Is 
known : the weight of any column of air being equ il to the weight of the column of mer- 
cury» of the same diameter, supported in the barometer. And, since the height of this 
column varies with the weight of the atmospherej the varieties in the weight of the at- 
mosphere ire known by the barometer. 

II. Let the air be exhausted from a glass vessel, and by means of a cock let the vessel 
be kept exhausted ; weigh the vessel whilst it is exhausted, and when the air is re admitted ; 
the difference is the weight of so mu. h air as the vessel contains ; which difference will be 
about 32 ^grains for a thousand cubick inches. 

PROP. XLIX. The air presses equally in all direcdons, 

£xp. I. Let a bladder, filled with air, be placed within a condensing receiveri the con- 
densed air will make the bladder fliccid. 

2. In a tall phial let an orifice be made about 3 inches above the bottom ; stop this 
orifice ; through a cork in the neck of the phial insert a long tube open at each end ; and 
let its lower end be below the orifice in the side of the phial. The mouth of the phial 
being closed up about the tube, pour water into the tube till it is full. Upon opening the 
orifice, the water will be discharged till its surface in the tube is level with the orifice ; after 
which it will cease to flow, because the external lateral pressure of the air balances the 
perpendicular pres**ure upon the water in the tube. 

3. If a glass vessel be filled with water and covered with a loose piece of paper^ on 
inverting the glass, the water will be kept from filling by the upward pressure of the air. 

4. If a vessel be perforated in small holes at the bottom, but closed at the top, the up- 
ward pressure of the air will keep the water within the vessel ; as will appear by successive* 
ly stopping and unstopping a small hole in the top of the vessel. 

5. Two brass hemispherical cups put close together, when the air between them is 
fxhausted, will be pressed together with considerable force. 

6. A syringe being fastened to a plate of lead, and the piston of the syringe being 
drawn upwards with one hand, whilst the lead is held in the other, the air, by its upward 
pressure, will drive back the syringe upon the piston : whereas if the loaded syringe be 
hung in a receiver, and the air be exhausted, the syringe and lead will descenci ^ but upon 
re-admitting the air, they will again be driven upward?. 

7. If a thin glass vessel, wbose aperture is closed, be placed under the receiver of an 
air-pump, and the air exhausted from the receiver j the vessel will be broken by the pressure 
of air within. 

PROP. L. The pressure of the atmosphere varies at difFerent altitudes. 

Exp. Put a glass tube, open at both ends, through a cork into a large phial containing a 
dmnl'i quantity of coloured water *, let the lower end of the tube be in the water ; and let the 
cotk and tube he closely cemented to the neck of the bottle. Then, Uo^ 
till the qu iiitity of air within the phial is so increased, that the water wi 
of the phial. Let this phi^ be placed in a vessel of saad| tQ ke ^ 
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temperature ; the water >RnU stand at different heights in the tube^ according to the elevation 

of the place where it is phced : from m^ience it appears» that the pressure of the atmosphere 

raries at difieren% altitudes. 
• 

CoR. Hence the proportion of the specifick gravity of air to that of water may be de- 
termined. If the difiercnce in height of the two places where thc^ above experiment is made 
be 54 feet, and that difference cause a difference of -^ of an inch in the height of the water ; 
it follows, that a column of water of -^ of an inch, or -^ of a foot> is equiponderant to a 
column of air of 54 feet having the same base : therefore the gravity of air to that of water^ 
is as 54 to -^^ or 864 to i. In ascending the mountain of Snowden in Wales, which is 
3720 feet perpendicular height, it was found that the baromtter sunk 3 inches and -p^. See 
Art. Barometer, Prop. Lvii. 

^ «-• 

PROP. LI. The force with which the wind strikes upon the sail of a 
ship, the velocity of the air, and the dimension of the sail being given, will 
be as the square of the cosine of the angle of incidence. 

Flate 5. Let AD represent the sail of a ship, with its edge towards the eye ; and let a circle be 

^* ^^' drawn upon the centre K; whcnoe K will be the middle of the sail, and AD its length If 

the wind blows perpendicularly again&t tho sail, all the air included within the space FADG 

will strike upon it. But if the sail is inclined in the position BE, all the air, which strikes 

upon it, is included within the space HB£I. 

If it were possible that the sail should be struck with the same quantity of air in the per- 
pendicular position AD as in the oblique position BE, yet the quantity of the oblique stroke 
would be to the quantity of the direct stroke (by Book IF. Prop, XIX.) as the cosine of in- 
cidence to the radius, that is, since (supposing LK drawn patallel to BH, the direction of 
the windy and BC perpendicular to KL) BKL is the supplement of the angle of incidence 
LKE, and BL its cosine, as 3L to AK. 

Again, if it were possible that the oblique stroke of the wind upon the sail BE should be 
equal to the direct stroke upon AD ; yet, the column of air which strikes upon the sail 
directly, having AD for its base, and the column which strikes obh'quely, having BC for its 
base, the quantity of air which strikes obliquely, is to that which strikes directi", as BC to 
AD, that is, as BL to AK ; but the velocities in eitlicr eise are supposed to be the same : 
therefore the momenta, or forces with which the sails are struck will be as the quantities of 
matter, that is, as HL the cosine of incidence to AK tlie radius. 

Thus, the force with which the wind strikes the sail BE obliquely, is to the force with 
which it strikes an equal sail AD directly, as BL to AK en two amounts; first, because an 
oblique stroke is to a direct stroke in this r xtio 5 and secondly, because the quantity of air 
which strikes the oblique sail is to that which strikes the dirtctone in the same ratio. Conse- 
quently, upon botli accounts together, the oblique force is to the direct one as BLxBL ro 
AKx AK. or as the square of BL the cosine of incidence co the square of AK the radius. 
But, the lengtli of the sail, or AD being given, AK the radius is a given quantity. There- 
fore the toice of tne wind in diiFerent obliquities of the sail> will be as BL the square of the 
coaine of incidence* 

CHAP. 
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CHAP. II. 

Of the Elasticity of the Aih. 

PROP. LIL The air i& an elastick fluid, or capable of compression and" 
expansion. 

Exp. I. A blown bladder, pressed with the hand, will return into the form which it had 
before the pressure. 

2. A flaccid bladder, put under a receiveri when the external air is exhausted, becomes 
extended by the elasticity of the internal air. 

3. A bladder suspended within the receiver, with a small weight hanging from it which 
touches the bottom, when the external air is exhausted, by the expansion of the internal air, 
will raise the weight. 

4* The bladder being put into a box, and a weight laid upon the lidi the weight, on ex* 
hausting the air, will be lifted up. 

5. If a tube, closed at one end, be inserted at its open end in a yessel of water, the fluid 
in the tube will not rise to the level of the water in the vessel, being resisted by the elastick 
force of the air within the tube. On this principle the diving bell is formed. 

6. If a bladder be inclosed in a glass vessel so closely that the air in the vessel without 
the bladder cannot escape, but the air within the bladder communicates with the external air 
through the neck of the vessel ; the external air being exhausted, the bladder will be closely 
pvessed by the air in the vessel ; and when the air is re«admitted, the bladder will be di»*> 
tended. 

7. A shrivelled apple, under an exhausted receiver, will have its coat distended by the 
internal air. 

8. In the same situation, the air contained in a fresh egg will expel its contents from aa 
orifice made in its smaller end. 

9. On green vegetables, and other substances, placed in a vessel of water under a receiv* 
er, whilst the air is exhausting, bubbles will be raised by the expansion of the internal air. 

10. Beer, a little warmed, will, from the same cause, whilst the internal air is exhaust- 
ing, have the appearance of boiling. 

1 1. Let a cylindrical piece of wood (made just specifically heavier than water by fastening 
to it a small plate of lead) be placed in a vessel of water under a receiver ; upon exhausting 
the air the wood will swim 1 some particles of air escaping from the wood, and hereby dimin« 
ishing its tpecifick gravity. 

12. Let a glass bulb, having a long neck, be put, with the neck downward, into a vessel of 
water ; put the whole under a receiver, and exhaust the air : on re-admitting the air, that 
fluid, acting on the surface of the water in the vessel by its elasticity, will cause it to rise in 
the bulb, or, if the degree of exhaustion be great, nearly fill it. If the air be again exhausted 
from the receiver, the air, remaining in the bulb, by its elasticity will expel the water from 
the bulb. 

13. Place a double transferrer upon the air-pump, with two receivers, exhaust one re* 
ceivcr ; then open the pipe between the two receivers 5 and the air in the unexhausted r^ 
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ccivcr will, by its elasticity, be in part driven into the exhausted receiver j and both receiv- 
ers will have equal portions of air ; but this air will be rarer in both than the external air s 
whence both the receivers will be held fast by the external pressure. 

PROP. LIII. The elastick spring of the air is equivalent to the force 
which compresses it. 

If the spring with which the air endeavours to expand itself when rt is compressed were 
less than the compressing force, it would yield still farther to that force ; if it were greateri 
it would not have yielded so far. Therefore, when any force has compressed the air so that 
it remains at rest, the spring of the air arising from its elasticity can neither be greater nor 
less than this force, that is, must be equal to it. 

£xp. Let the air be exhausted from an open tube, whose lower part is inserted in a ves- 
sel containing a small quantity of mercury, and let the air within the vessel be prevented 
from escaping ; this air, by its elasticity, will force the mercury up the tube nearly to the 
height to which it would be raised by the presssure of the atmosphere. 

PROP. LIV. The space which any given quantity of sur fills is inverse- 
ly, and its density directly, as the force which compresses it. 

Btlatc 5. Exp. Let there be a bent tube of the form nig, open at n and closed at g. Let a small 
^^' * portion of mercury be at the bottom ki. Then gi is filled with air compressed by the weight 
of the atmosphere, equivalent to the weight of a column of mercury about 29I- inches in 
height. If more mercury be poured into the orifice «, the weight of this mercury is an ad- 
ditional compressing force acting upon the air ig> Since (by Prop. V.) the columns of 
equal heights ik, hi^ balance each other, the air in the space gi^ is pressed both by the weight 
of the atmosphere and the column ml. If therefore ml be 294- inches^ the air in gi is press- 
ed with double the weight of the atmosphere, or with two atmospheres ; and it will be 
found, that it will be compressed into the space gh^ half the space which the same quantity 
of air took up when it was pressed only with the weight of the atmosphere : therefore the 
space is inversely as the compressing force. And its density (Def. V.) is inversely as its bulk, 
or the space filled by it. Since therefore, both the compressing force and the density of the 
air are inversely as the space, the density must be directly as the compressing force. 

PROP. C. The density of air being increased, the elasticity is increas- 
ed in the same ratio. 

For (by Prop. LIII.) the elasticity is equivalent to the compressing force; and (by Prop. 
LIV.) the compressing force is as the density ; therefore the elasticity is as the density. 

Exp. 1. Condense the air within a globular vessel, having a long neck, by blowing through 
the neck, the increased elasticity of the air within the vessel will force out water. 

2. The glass bulb and vessel, used in Experinent .2, Prop. LII, bt-ing placed within a 
condensing receiver, and the quantity of air in the receiver increased, water will rise into 
the bulb. 
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3. The quicksilver ii^ the gauge of the condenser will be forced upward in the tube by 
increasing the density of the air. 

4. Condense the air in different degrees in the condenser, and observe the gauge ; and 
note the different heights at which a column of mercury is supported by air of different de- 
grees of density. 

PROP. LV. The air consists of particles, which repel each other 
with forces which are inversely as the distances between their centres. 

An elastick fluid equally compressed in all directions must have all its particles at equal Plate 5. 
distances from each other: for if the distances are unequal, where it is the least, the re- ^*^' }^' 
pelling force will be greatest, and the particles will move towards the side where there is 
less repulsion, till the forces become equal, that is, till the particles are equally distant, or 
the fluid becomes every where of the same density. Suppose, thenj^wo equal cubes of air, 
A and B ^ it is manifest, from the nature of the cube, that the number of particles in the 
whole mass A is equal to the cube of the number of particles in the line de ; and, in like 
manner, that the number of particles in the mass B is equal to the cube of the number of 
particles in the line hi. And the density of these two equal cubes of air A and B will be as 
the number of particles contained in them. Therefore the density of the cube A is to the 
density of the cube B, as the cube of the number of particles in the line de to the cube of 
the number of particles in the line At. But, since these lines //c, ^i, are of a given lengthy 
the number of particles in each, will be greater as the distances between their centres is lesS| 
that is, will be inversely as those distances. Whence, the cube of the number of particles 
in <fc, A/, will be inversely as the cube of the distance between their centres. And it has 
been shewn, that the density of the mass A is to the density of the mass B, as the cube of 
the number of particles in t/<f to the cube of the number of particles in hi. Therefore the 
density of A is to the density of B, inversely at*the cube of the distance between the centres 
of the particles. 

Also, in compressing any mass. A, every surface, as dffg^ is pressed closer to the surface 
next beyond it. And the repulsion of the surface defg against the surface next beyond it 
will be (all other circumstances being equal) as the number of repelling particles in that 
surface, that is, as the square of the number of particles in the line de. But the number of 
particles in the line de is inversely as the distance between their centres. Therefore the 
Square of the number of particles in de^ that is, the number of repelling particles in the 
surface de/g^ that is, the repulsion of this surface against ^he next beyond it, is inversely as 
the square of the distance between the particles. Again, where the number of particles in 
each surface is given, if it be supposed that the particles repel each other with a force which 
is inversely as the distance between their centres, since the surfaces are at the same distance 
from each other with the particles which compose them, the repulsion of the surfaces must 
be in the same ratio. Thus, the repulsion in the mass A is to that in the mass B. inversely 
as the distances of the particles, if only their approach to each or her be considered. And 
it has been shewn that the repulsion is inversely as the square of these distances, if only the 
number of particles be considered. Therefore on both accounts taken together, the repul- 
sion is inversely as the cube of the distance of the particles. .\nd (by Prop Lril) the 
compression is as the repulsion : therefore the compression is inversely as the cube of the 
.distance of the particles. Now 
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Now it was shewn above, that the density of A is to the denAy of B inversely as the 
cube of the distance of the panicles. ThereforCi when a fluid consists of particles which 
repel each other with forces inversely as the distances between the centres of the particlesi 
the density of the fluid will be as the compressing force. But it was shewn (Prop. LIV.) 
that the density of the air is as the compressing force. Therefore the air consists of particles 
which repel each other with forces which are inversely as the distances between theircentrea. 

ScHOL. From the doctrine of the elasticity of the air» the phenomena of Sound may 
be explained. 

When the parts of an elastick body are put into a tremulous motion, by -percussion, or 
the like, as long as the tremors continue, so long is the air included in the pores of that 
body, and likewise that which presses upon its surface, affected with the like tremors and 
agitations. Now, the particles of air being so far compressed together by the weight of the 
incumbent atmosphere as their repulsive forces permit, it follows, that tho'se which are 
immediately agitated by the reciprocal motions of the particles of the elastick body, will, in 
their approach towards those which lie next them, impel these also towards each other, and 
hereby cause them to be more condensed than they were by the weight of the incumbent 
atmosphere, and in their return will suffer them to expand themselves again : hence the like 
tremors and agitations will be propagated to them ; and so on, till having arrived at a certain 
distance from the body, the vibrations cease, being gradually destroyed by a continual sue* 
cessive propagation of motion to fresh particles of air throughout their progress. 

Thus it is that sound is communicated from a tremulous body to the organ of hearing. 
Each vibration of the particles of the sounding body is succeesively propagated to the parti- 
cles of the air, till it reaches those which are contiguous to the tympanum of the ear, (a fine 
membrane distended across it) and these particles, in performing their vibrations, impinge 
upon the tympanum, which agitates the air included within it \ which being put into a like 
tremulous motion, aflfects the auditory nervci^nd thus excites in the mind the sensation or 
idea of what we call sound. 

Now, since the repulsive force of each particle of air is equally diflTused around it every 
way, it follows, that when any one approaches a number of others, it not only repels 
those which lie before it in a right line, but the rest laterally, according to their respective 
situations ; that is, it makes them recede every way from itself, as from a centre. And 
this being true of every particle, the tremors will be propagated from the sounding body in 
all directions, as from a centre : and further, if they are confined for some time from spread- 
ing themselves by passing through a tube, or the like, will, when they have passed through 
it, spread themselves from the end in every direction. In like manner, those which pass 
through a hole in an obstacle they meet with in their way, will afterwards spread them- 
selves from thence, as if that was the place where they began ; so that the sound will be 
heard in any situation whatever, that is not at too great a distance. 

The utmost distance at which sound of any kind, has been heard is about 200 miles, which is 

said to have been observed in the war between England and Holland, in the year 1672. The 

watch word, AlPs luclly given at New Gibraltar, was heard at the Old, a distance of la 

miles. In both these cases, the sound passed over water, which with repect to conducting 

sound, is of the greatest consequence. By an experiment made on the river Thames, a 

person was ^eard to read distinctlv at the distance of 140 feet on the water, on land at that 

of 
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of *]6 : in the latter case no noise intervenedi but in the former there was some occasioned 
by the flowing of ^he water against the boats. Watermen observe^ that when the water is 
stilli the weather calm, and no noise intervenCi a whisper may be heard across the river. 
After water, stone may be reckoned the best conductor of sound. Brick has nearly the same 
properties as stone. 

Since the repulsive force with which the particles of air act upon each other, is recipro- 
cally as their distances (by Prop. LV.) it follows, that when any particle is removed out of 
its place by the tremors of a sounding body, or the vibrations of those which are contiguous 
to it, it will be driven back again by the repulsive force of those towards which it is im- 
pelledi with a velocity proportional to the distance from its proper place, because the velocity 
will be as the repelling force. The consequence of this is, that, let the distance be great or 
small, it will return to its place in the same time ; for the time a body takes up in moving 
from place to place will always be the same, whilst the velocity it moves with is proportional 
to the distance between the places. The time therefore in which each vibration of the air 
is performed, depends on the degree of repulsion in its particles, and so long as that is not 
alteredi will be the same at all distances from the tremulous body : consequently, as the 
motion of sound is owing to the successive propagation of the tremors of a sounding body 
through the air, and as that propagation depends on the time each tremor is performed in, it 
follows, that the velocity of sound varies as the elasticity of the air, but continues the same 
at all distances from the sounding body. 

The velocity of sound, according to Mr. Derham, is at the rate of 1142 feet in a second 
of time. Hence, with a stop watch, may be easily estimated the distance of thunder, for by 
multiplying the number of seconds between the flash and clap of thunder by 1 142, the 
distance is given in feet. Or thus, persons in good health have about 75 pulsations at the 
wrist in a minute, consequently in 75 pulsations, sound flies about 13 miles, that is, one 
mile in about six pulsations Example. On seeing the flash of a gun at sea, 54 pulsations at 
the wrist were counted before the report was heard, consequently the distance of the ship is 
^^ z= 9 miles. 

Moreover, since the undulatory motion of the air, which constitutes sound, is propagated 
in all directions from the sounding body ; it will frequently happen, that the air, in perform- 
ing its vibrations, will impinge against various objects, which will reflect^ it back, and so 
cause new vibrations the contrary way ; now, if the objects are so situated, as to reflect a 
sufficient number of vibrations back to the same place, the sound will be there repeated and 
is called an fc/^o. And, the greater the distance of the objects is. the longer will be the time 
before the repetition is heard. And when the sound in its progress meets with objects, at 
different distances, suflTicient to produce an echo, the same sound will be repeated several 
times successively, according to the different distances of those objects from the sounding body ; 
which makes what is called a repented echo. Echoes repeat more by night than in the day. 

If the vibrations of the tremulous body are propagated through a long tube, they will be 
continually reverberated from the sides of the tube into its axis, and by that means prevented 
from spreading, till they get out of it ; whereby they will be exceedingly increased, and the 
sound rendered much louder than it would otherwise be i as in the Speaking Trumpet. 

The difference of musical tones depends on the different number of Tibrations communi* 
cated to the air, in a given time, by the tremors of the sounding body | and the quicker the 
succession of the vibrations is, the acuter is the tone, and the reverse. 

30 .^ PRGt. 
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PR.OP» LVI. The elasdcity of atr u uicreased by heat. 

Ex?. To the bottom of a hollow glass ball let an open bended tube be affixed. Let the 
lower purtof the bended tube and part of the ball be filled with mercury : the external sur- 
face will be pressed by the weight of the atmosphere; and the internal surface will be equaU 
]y pressed by the spring of the air inclosed within the vessel. If the ball be immersed in boil« 
iiig w^ter, the increased elasticity of the included air will raise the mercury in the small tube. 
The same may be shewn by immersing in boiling water a tubet closed at one end» into which 
a small quantity of mercury has been admitted, inclosing a portion of air within the tube. 

ScHOL. I. The Wind is no other than the motion of the air opon the surface oif thief 
globe. The principal cause of the wind is» that the atmosphere is heated over brie part of 
the earth more than over another. For, in this case, the warmer air being ^refiedi becomes* 
specifically lighter than the test ; it is therefore overpoised by jt and raised iigmrdSi, t!he up^ 
per parts of it diffusing themselves every way over the top of the ' atmosphere"; '^ while the 
neighbouring inferior air rushes in from all parts at the bottom ; which it oohtinues. to do^ 
till the equilibrium is restored. Upon this principfe it is, that most of the winds insCy be acf 
counted for. 

Under the Equaiot, tht wind is always obeserved to blow from the east point. , 'For; sup* 
posing the sun to continue vertical over some one place* the air will bie more raieEeH there ; 
and consequently! the neighbouring sur will rush in from every quarter, with c;qual force. 
But, as the sun is continually shifting to the westward, the part where the air is most rarefi- 
ed, is carried the same way ; and therefore the tendency of all the lower air, takeii together* 
is greater that way, than any other. Thus the tendency of the m towards the west, be- 
comes general* and its parts impelling one another* and continuing to move till the next re^ 
turn of the sun, so much of its motion* as was lost by lus absence* is again restored, and 
. therefore the easterly wind becomes ferpeiuaL 

On each side of the Equator^ to about the thirtieth degree of latitude, the wind is found to 
vary from the east point, so as to become north-east on the northern side, and south-east on 
the southern. The reason of which is, that as the equatorial parts are hotter than any other, 
both the northern and southern air ought to have a tendency that way ; the northern cur- 
rent, therefore, meeting in this passage with the eastern, produces a north-east wind on that 
side ; as the southern current, joining with the same, on the other side the Equator^ forms a 
south east wand there. 

This is to be understood of open seas, and of such parts of them as are distant from the 
land s for near the shores, where the neighbouring air is much rarefied, by the reflection of 
the sun's heat from the land, it frequently happens otherwise ; particularly on the Guinea 
coast, the wind always sets in upon the land, blowing westerly instead of easterly. This 
is because the deserts oi Africa X^^wg near the Equator^ and being a very sandy soil, reflect 
a greater degree of heat into the air above them ; which being thus rendered lighter than 
that which is over the sea, the wind continually rushes in upon the land to restore the 
equilibrium. 

That part of the ocean, which is called the Rains^ is attended with perpetual calms, the 
wind scarcely blowing sensibly either one way or other. For this tract being placed between' 
the westerly wind blowing from the ocean towards the coast of Guinea^ and the easterlji 

wind 
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wind blowing from the same coast to the westward thereof, the air stands in equilibrio 
between both, and its gravity is so much diminished thereby, that it is not able to support 
tlie vapour it contains^ but lets it fjll in continual rain, from whence this part of the ocean 
has its name. 

There is a species of winds, observable in some places within :he Trop''ckf^ called by the 
sailors Monsoons^ ox Trade Winds, whic?>, during six months of the year, blow one way ; 
and the remaining six the contrary. The occasion of them in general \6 this : when the 
sun approaches the northern Tvoplck^ there are several countries, Ti^Arabla^ Persia, India. &c. 
which become hotter, and reflect more heat than the seas beyond the Equator, which the 
sun has left \ the winds therefore, instead of blowing from thence to tiie puts under the 
Equator, blow the contrary way : and when the sun leaves those countries, and draws near 
the other Tropirk, the winds turn about, and blow on the opposite point of the compass. 

From the solution of the general trade winds, we miy see the reason, why in the Atlan'^ 
tick ocean, a little on this side the thirtieth degree of north latitude, there is generally a west, 
or south-west wind. For, as the inferior air, within the limits of those winds, is const:Mi|^ 
rushing towards the Equator, from the north-east point, or nearly so, the superior air moves 
the contrary way \ and therefore, after it has reached these limits, and meets with air, that 
has little or no tendency to any one point more than to anotheri it will determine it to move 
in the same direction with itself. 

In our own climate, we frequently experience, in calm weather, gentle breezes blowing 
from the sea to the land, in the heat of the day : which phenomenon is very agreeable to 
the principle laid down above : for the inferior air over the land being rarefied by the beams 
of the sun, reflected from its surface, more than that which impends over the water, the 
latter is constantly moving on to the shore, in order to restore the equilibrium, when no( 
disturbed by stronger winds from another quarter. 

From what has been observed, nothing is more easy than to see, why the northern and 
southern parts of the world, beyond the limits of the trade winds, are subject to such variety 
of winds. For the air, upon account of the lesser influence of the sun in those parts, being 
undetermined to move towards any fixed point, is continually shifting from place to place, ia 
order to restore the equilibrium, wherever it is destroyed, by the heat of the sun, the rising 
of vapours or exhalations, the melting of snow upon the mountains, or other circumstances. 

Exp. Fill a large dish with cold watery into the middle of this put a water- plate, filled, 
with warm water. The first will represent the ocean ; and the other an island rarefying 
the air above it. Blow out a wax candle, and if the place be still, on applying it successively 
to every side of the dish, the smoke will be seen to move towards the plate Again, if the 
ambient water be warmed, and the plate filled with cold water, let the smoking wick of th.e 
candle be held over the plate, and the contrary will happen. 

ScHOL. 2. Heat expands all bodies, solid as well as fluid. 

Exp. I, 2. Water may be rarefied into steam, and will become exceedingly elastick, act- 
ing with great power, as in the colipile,and in steam engines. See Arc. x Prop, i.vii. 

3. Metals expand by heat, and the degrees of their expansion are measured by the 
Fykom£T£r, which is an instrument invented to ^ expansions sensible/ 

Varioud^ 
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Plate 13. Various machines h^ye been contrived for this purpose, by Ferguson, Dessaguliers, De Luc, 
Fig. 13 &c. but ihe general principle may be thus illustrated. Let abc be a lever, whose fulcrum is 
by acting upon another lever cde^ whose fulcrum is J, this again acts upon a third lever efg^ 
whose fulcrum is/, and let x be a metallick rod, one end of which rests against an immoveable 
obstacle P, and the other end against the lever abc^ at a. If a lamp be put under fhis rod, the 
heat will increase its length, and put the levers in motion : Now by the principle of the lever, 

Vel. of a ; Vcl. of c \ i ab \ be 
Vel- of c : Vel. oi e \ , cd '. de 
Vcl. of e : Vel. of g : : ef : fg. 
Therefore Vel. of a : Vel. of ^ : : abxcdxef : bcxdeycfg* 

Hence if a/>, cd, eft be small in proportion to be, de^ fg, a trifling increase in the length xwill 
produce a very considerable motion in the pointy, which may be measured upon the graduated 
arc y%. 

ExA. If ab, cdf eft be each equal to i, and 3r, de^ fgt each equal to 15, then, if the rod 
increase but the 3375th part of an inch, the point g will describe 1 inch, consequently, by 
driding each inch in the graduated arc into 20 parts, an expansion in the rod of less than a 6c 
thousandth part of an inch easily becomes visible. 

Mr. Ferguson found the expansion of metals to be in the following proportion : iron and 
steel 3 ; copper 4^ ; brass 5 ; tin 6 ; and lead 7. An iron rod 3 feet long, is about Vv of an 
inch longer in summer than in winter. See Ferguson's first Lecture and Supplement ; Des- 
sagulier's £xp. Phil. Chambers's Cyclopaedia, by Dr. Rees. 

4. Mercury, expanding or contracting by an increase or decrease of heat in the sur, is made 
the measure of heat in thermometers. See Art. viii. Prop. lvii. 

.ScHoL. 3. It is found hy experiment, that air is necessary to the existence of sound, of 
animal life, of fire, and of explosion. 

Exp. I. Let a bell ring under an exhausted receiver, and in a condenser. 

2* Let a lighted candle be extinguished under a receiver. 

3. Let gun-powder fall upon red hot iron placed within an exhausted receiver. 

ScHoL 4. The elasticity of the air affords a method of determining the depth of the 
sea whtre a line cannot be used. 

A wine glass immersed in water with its mouth downwards will not become filled, because 
the spring of air will prevent the water from entering beyond a certain point. The dtv'iug 
hell is conbtructed on this principle. 

PROP. LVII. To explain the nature and use of sundry Hydraulick 
and Pneumatick Instruments. 

I. The Syphon. 

Plate ',. Let DEC be a bended tube, having one leg longer than the other. This instrument, used 

Fig. 1J3. £^^ drawing off Jiquors, is called the syphon, if the shorter leg of the tube be inserted 

in a vessel of fluid, and if by sucking with the mouth a vacuum be produced in the 

tube, or if the tube be filled with the fluid before it is ueed, the fluid will run off from 

the vessel. 1 lie caubc of which may be thus explained : the orifice C, of the longer leg, is 

exposed 
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exposed to the pressure of the atmosphere ; also^ since the fluid within the shorter leg is 
supported by the surrounding fluid in the vessel^ the pressure upon the orifice D is that of 
the atmosphere. The two equal orifices are then acted upon by equal pressures ; the diflfer- 
cf.cc of the lengths of the columns of atmosphere being too small to cause any perceptible 
liiiTcrcnce in their pressure. But these equal pressures are counteracted by the pressures of 
two u:HC]ual columns of fluid ED, EC. If, therefore, the pressures of the columns of at- 
mosphere be more than sufHcient to balance those of the columns of fluid, that which acts 
with the lesser force, that is, the lesser column D£ is more pressed against the column CK, 
than the column CE is pressed against DE at the vertex E. Consequently, the column EC, 
must yield to the greater pressure, and flow off through the orifice C. 

Exp. I. Draw off water by a syphon. 

2. Whilst mercury is passing off from a vessel by a syphon, let the air be exhausted from 
the vessel, and the fluid will cease to run. 

3. Intermitting fountains are natural syphons. 

IL The Syringe. 

Let a hollow cylindrical tube have a small orifice at one end : at the other end insert a 
solid cylinder so exactly fitted to the tube, that no air can pass along its sides, and fix a han- 
dle to the solid cylinder. If that end of this instrument which has the smaller orifice, be in- 
serted in water, and the solid cylinder, or piston, be drawn back, a vacuum will be produced 
within the syringe ; and the pressure of the atmosphere on the surface of the water, meeting 
with no opposite pressure, will force the water into the tube, from whence it may be forcibly 
expelled, by pushing down the piston. 

III. The Common Pump. 

In this useful instrument, a handle, acting upon a pin as a lever of the first kind, draws Plate 5. 
up a piston AD, fitted to the shaft or barrel of the pump, as described in the syringe. This ^^* ^** 
piston has an hole, over which is a valve of leather, loaded with lead, opening upwards. 
Towards the lower part of the shaft is inserted a plug C, which also has in it a hole, and a 
valve which opens upwards. When the piston, or sucker, is drawn up from the plug, a 
vacuum is produced in the shaft between D and C, into which the air contained in the lower 
part of the pipe expands itself. By repeated strokes the air escapes through the upper valve, 
and the vacuum becomes so perfect, that the external air, pressing without counteractioni 
upon the surface of the water, in the well or reservoir in which the shaft is supposed to be 
inserted, forces the water through the valves at C and D, into the space AD ; from whence it 
is prevv^nted from returning downward, by the valves, which are closely pressed down by the 
incumbent fluid. If therefore the handle be repeatedly lifted up, the column of water will 
increase upon every stroke, till it rises to the level of the spout, and is discharged. But if the 
height be more than 34 feet, the water cannot be raised : for such a column is equal to the 
weight of a column of the atmosphere of the same diameter. 

^C 

31 
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TV. The Forcing Pump. 

gate 5. In chi8 pumpi the piston is one entire cylinder, as in the syringe. The water is raised 

'* into the pipe between A and D, as in the common pump : from hence it is forced, by the 

downward pressure of the (yistoni or forcer, through a tube inserted in the side of the main 

shaft. In this side- tube a valve is inserted -tt £ to prevent the water from retumingi and 

when a sufficient quantity is raised, it is discharged by the spout. 

The common engine for exttngulsbing/iret consists of two such forcing pumps, which con- 
vey the water into a reservoir made air-tight, into which a pipe is inserted. As this reser- 
voir fills with water, the air within it is proportionally condensed, and therefore forces the 
water up a cylinder from which it is Conveyed, at pleasure, by leathern pipes. 

V. The Condenser. 

This instrument, which is used to force air into any vessel, is a syringe, having a solid 
piston, and a valve in the lower part of its barrel which opens downwards. By thrusting 
down the piston, the air is forced through the valve, which is afterwards held close by the 
elasticity of the condensed air. When the piston is Itft^ up, a vacuum is produced, till it 
is raised above a small hole in the barrel, when the air rushes in^ and is again discharged 
through the valve. 

Artificial Fountains are formed by the help of a condenser, which throws any quanti- 
ty of air into a vessel in part filled with water ; which, by its elasticity, forces the water up 
^ into pipes from which it is conveyed at pleasure. 

The AiR-GuN is an instrument, in the form of a gun, by which a quantity of condensed 
vr is suddenly set free, and drives a ball through the barrel with great force. 

VL The AiR-PuMP. 

^pjate 13. This instrument, the use of which is to exhaust the air from any vessel, has two strong 
%' ^^' barrels A, A, which communicate with a cavity in D j within each of which, near the 
bottom, is fixed a valve opening upwards, and two pistons, one in each barrel, having a valve 
which likewise opens upwards. These pistons are moved by means of a cog-wheel in the 
piece TT, to the axis of which the handle B is fixed, and whose teeth catch in the 
racks of the pistons CC, and move them upwards or downwards. FQR is a circular brass 
plate, having at its centre the orifice K of a concealed pipe that communicates with the 
cavity. In the piece D at V is a screw that closes the orifice of another pipe, for the 
purpose of admitting the external air when required. Upon W is placed the short barometer 
gage for the purpose of shewing the degrees of exhaustion. When the handle is turned, 
one of the pistons is raised, and a vacuum produced in its barrel. By means of the pipe, 
which passes from the orifice K in the plate upon which the receiver LM, or vessel to be 
exhausted, stands, to the part of the barrel beneath the lower valve, the air contained in the 
receiver, communicating with the barrel, raises the lower vnlve by its elastick spring, and 
expands into the vacuum. Thus a part of the air in the receiver is extracted. By turning 
the handle the contrary way, the same effect is produced in the other barrel ; whilst the first 
piston, being depressed, the air which had passed from the receiver is compressed, and es- 
capes through the valve in the piston. This operation is continued till tiie air is nearly ex]i.iiir,t jd^ 

from 
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from the receiver : for it can never be perfectly exhausted, since at each stroke only such a 
part of the air which remained is taken away, as is to the quantity before the stroke, as the 
capacity of the barrel, to that of the receiver, pipe and barrel taken together : which may 
1^ easily proved in the following manner. 

Let R = the content of the receiver and pipe» B =: the content of the barrel. 

If L = the quantity of air in R betore the stroke, and / = the quantity exhausted be 
it ; and since, the piston being raised, the air is uniformly ditFustd through R and b, and 
that in B extracted by the stroke, consequently L:/::R + 13:3, or/:L::B:R + B, 
that is, the quantity of air extracted, ts to the quantity before the stroke, as the capacity of 
the barrel, is to that of the receiver, pipe and barrel taken together. 

CoR. I. Let L, M, N, &c. be the quantities of air, before any successive strokes ; /, m^ 
fif &c. the quantities exhausted by each stroke 5 and L : / : : R + B : B : : M : iw : : N : ;i, 
&c. by division L : L— / (M) : : M : M—m (N) : : N : N— « {O) &c. or L : M : : 
M :N : : N : O, &c. therefore L, M, N, &c. are in decreasing geometrick progression, whose 

common ratio is tliat of R + B ; R. If R=2B, then R + B :R : : 3 : 2, and M= ^^ , 

3 

N = — > &c. and the quantities of aur ate equal to L, ^ L, ^ L, 3V L, &c. 

3 
Cor. 2. Since L : M : : / : fn i M : N : : m : /i, &c. /, m, », &c. are in a decreasing 

geometrick progression, whose conmion ratio is that of R + B : R. If, as in the last Cor. 

R + B : R : : 3 : 2, then m = — , n = > &c. and the quantities of air exhausted 

by the successive strokes are A 7 /, 4 A yV A &c . 

CoR. 3. If R be to B in any finite ratio as 3 : 2, the receiver can never be perfectlf 
exhausted by any finite number of turns, for let the number of turns be n, and Q^the last 
remainder, then Q^= L x 7 |^ supposing L to be the quantity of air in the receiver at. 
first 'f and this quantity L x 7 f is finite, since n is finite* 

VII. The Barometer. 

(1) If a glass globe be exhausted of air, and balanced at one end of a beam, upon ad** 
mitting the air the globe preponderates. This experiment not only, in common with others 
beforementioned, shews that the air has weight, but also what that weight is. The density 
of air was found, by Mr. Hauksbee, to be 885 times less than that of water, when the 
barometer stood at 29I- inches. Hence as a cubick inch of water, weighs 253 18 grains 
Troy, a cubick inch of air weighs 0286 grains* And if mercury be 14 times heavier than 
Water, the specifick gravity of air is to that of mercury as i to 885 x 14=12390. 

(2) If a glass tube AB, of about 32 or 33 inches long, hermetically sealed at one end, plate ij^^ 
be filled with mercury, and then inverted into a bason D of the same fluid, the mercury ^'^* ^ 
in the tube will stand at an altitude above the surface of that in the bason between %9 Mv^ 

inches. A tube thus filled, and graduated from 28 to 31 inches, is called a^ 
The height of the mercury in the tube above the surface of the mercury in die ^ 
the standard altitude, which, in this country, fluctuates between 28 aiH^ ' ^ 
(he difference, between the greatest and least altitudeSf is called the ti 
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Now the tnercary in the barometer tube will subside* till the column be equivalent to 
the weight of the external air upon the surface of the mercury in the bason, and is there- 
fore a true criterion to measure that weight) and chiefly directed to that purpose, in order 
to fortel the changes in the weather. 

Pbfe 1" ^f each inch of the scale of variation AD, (fig. 5. made larger for sake of perspicuity) 
Fig. 9. ]^ divided into ten equal parts, marked i» 2, 3, increasing upwards, and a vernier LM, 
whose length is -fv^^ ^^ ^^ inch, be likewise divided into ten equal parts, increasing dowii« 
wards, and so placed as to slide along the graduated scale of the barometer, the altitude of 
the mercury in the tube, above the surfsice of that in the bason may be found, in inches and 
hundrcfdth parts of an inch, by this process. If the surface £ of the mercury in the tube do 
not coincide with a division in the scale of variation, place the index of the vernier M even 
with this surface, and observing where a division of the vernier coincides with one of the 
scale, the figure in the vermer will shew what hundredth parts of an inch are to be added 
to the tenths immediately below the index. If the surface of the mercury be between 6 
and 7 tenths above 30 inchesi and the index of the vernier being placed even with it, and 
the figure 8 upon the vermer coincide with a division upon the scale, the altitude of the 
barometer will be 30 inches ^ and xvo ^^ ^" ^^'^ • ^^^ ^^^^ division of the vernier being 
greater than that of the scale by Vvv of an inch, (for the tenth part of a tenth of an inch is 
the hundredth part of an inch) and there being eight divisions, the whole must be ^^^ of an 
inch above the number 6 in the scale, and the height of the mercury is therefore 30*68 
inches. 

Cor. I . Hence, if the atmosphere were homogeneous, its altitude would be easilj 
found. For by the former part of this article, when the mercury stood at apg inches, the 
density of the air was to that of mercury as t to 12390 \ consequently, the altitude of an 
hoinc^geneous atmosphere would be equal to 1 2390 X 29]^ «. 5*77 miles. The real height of 
the atmos^iere nuy be determined from the beginning and end of twilight. See Book vii. 
Prop, xzxix. 

Cor. 2. The barometer has been applied to the measuring of the heights of towers, 
mountains, '&c. Since 12390 inches of air, near the surface of the earthi is equal to one 
inch of mercury } 1239 inches or about 103 feet of air^ must be equal to ^\ of an inch of 
mercury. Therefore if a barometer be carried up any great eminence, the mercury will 
descend yV of an inch for every 103 feet that the barometer ascends. This corollary 
supposes that the atmosphere near the surface of the earth is every where of the same dc nsity, 
which is so far from being true, that the conci usions drawn from the supposition deviate 
from fact even in small altitudes, as appears from the following observations made by Dr. 
Ncttleton. 

Perpendi. Altitudes. L 

Town of Halifax - 102 
Coal mine - <- 236 

Halifax-hill - - 507 
See Abr. Phil. Trans. Vol. vi. 

M. De Luc, Sir Geo. Shuckburgh, and General Roy, have considered this subject very 
attentiyely, and have laid down certain rules, which, with proper corrections, on account of 
the difierence of the temperature of the air^ will hold good for all altitudes within our reach. 
Sec De Luc on the Modifications of the Atmosphere. Phil. Trans. Vol. Lxxvii. 

Cor. 3* 



rest Station. 


Highest Station. 


Diff. 


29-78 


29*66 


0-I2 


29-50 


29-23 


0-27 


30*00 


29-45 


0-55 



Qhaz, IL. of the elasticity of air. 125 

Cor.- 3* When the mercury in the barometer stands at the altitude of 30 inchcsi the 
pressure of the air upon every square inch is rather more than 151b. avoirdupoise. Now, 
supposing the surface of a middle sized man to be 149 square feet, the pressure upon him, 
when the. air is lightest, will be 13-2 tons, and when heaviest, it will be I4'3 tons, the 
difference of whicli is 24641b. The difference of pressure must affect us in regard to our 
health and animal spirits, especially when the change takes place suddenly. 

For a description of the different kinds of barometers, see Parkinson's Hydrostaticks, p. 97. 

VIIL The Thermometer. 

The thermometer is an instrument calculated for measuring the temperature of the air^ 
and other bodies contiguous to it, as to heat and cold, being usually a cylindrical glass tube, 
containing air, water, oil, spirits of wine, mercury, &c. which fluids are fouild to occupy 
diff'erent portions of the tube in different temperatures, and these portions being measured, 
exhibit the different expansions of the included fluid. 

AB represents a glass tube, whose end A is blown into a bulb : this bulb and part of the Plate ^2. 
tube being filled with quicksilver, the least change of the bulk of quicksilver, and consequent- ^^* ^' 
ly of the temperature of contiguous bodies, is shewn by the rise or fall of the surface in the 
tube, which is indicated by the scale ai affixed to the frame of the instrument. 

The thermometer chiefly used in Great Britain, is thatxronstructed by Fahrenheit ; in which 
there are 180 divisions between the freezing and boiling water points, the freezing point be- 
ing reckoned 32^ above zero, or the commencement of the scale } consequently the boiling 
water point is 212°.* 

A good thermometer must possess the following properties : the capacity of the tube should 
be very small and regular, and its upper end must be hermetically sealed* The er^ty space 
must be as free.as possible from air. The scale must be well adjusted, and accurately divided 
according to thejcapacity of the tube. Thermometers with small bulbs, and tubes in pro* 
portion, are the most to bejdepended upon, for a large volume of mercury is not sufficiently 
sensible to the change of temperature. 

Since the thermometers of Fahrenheit ^nd Reaumeur are those mostly in use, it will be 
oftep found convenient to Jbe able readily to convert the degrees on Fahrenheit's scale into 
those of Reaumeur^ and; vice versa : and as one degree on Reaumeur's scale is equal to 2*25% 
or to ^^ of 'Fahrenheit } and. as the former scale places the freezing point at zero, and the lat- 
ter places is at 32 ; the following canons will reduce the degrees on the one .to. the corres- 
ponding ones on the other. 

1 . To convert the degrees of Fahrenheit into those of Reaumeur *, ^ x 4 <= R : thu8 

9 
the 167® of Fahrenheit answers to the 6o* of Reaumeur. 

2. To convert the degrees of Reaumeur to those of Fahrenheit ; — 2L2 .4.32 s F. 

4 
Thus the 40® of Reaumeur answers to the 12a® of Fahrenheit. Sec N® 4, Appendix to 

Lavoisier's Chemistry. 

• Note. The scale on Reauxneur's thermMneter, which if prindpally uied on the cootinent, begim at the freezing 
point, and proceeds both ways, from or zero. From freezing to boiling water» are SO degrees, for the ^fD- 
'stroctipDjUses, &c. of this and several other thermometeis, lee PwlunMu't Hydrottaticks, p. 1^4—1^ 

Of IT./ 32 .... 
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It is trident, diat the thermometers hitherto describedi are limited in Aeir'iextent.. tlic 
mercarial thermometer extends no farther than the heat of boiling lueruuiy , tl^hich aoswetv 
to 600^ of Fahrenheit's scale ; bat the heat of solid bodies in the Btate of ignition exceeds that 
of boiling mercury. To remedy this defect, Mr. Wedgewood has ccbtriYed a thermometer 
for measurtifg the higher degrees of heat, by means of a distidgaishiQg property of argilla* 
ceoas bodies, ?iz. the diminution of thsir bulk by fire. This diminution commences in i 
dull red heat, and proceeds regularly as the heat increasies, till the clay becomes vitri tied* 
This thermometer, therefore, marks, with precision, the diflR^rent degrees of ignition from 
the red heat visible only in the dark, to the heat of an ur fanmce. Its oonstmction is 
extremely simple. It consists of two rulers fixed upon a flat plane, a Uttle farther asunder 
at one end than at the other, leaving an open longitudinal space between them^ SmaU 
pieces of alum and clay, mixed together, are made of such a size as just to enter at the wide 
end I they arethen heated in the fire along with the body, whose heat we wbh to deter* 
mine. The firCi according to the degree of heat it contains, contracts the earthy body, so 
that sq;»plied to the wide end of the gage, it will slide on towards the narrow end, less or 
more, according to the degree of heat to which it has been exposed. Each degree of Mr. 
Wedgewood's thermometer answers to 130 degrees of 'Fahrenheit ; and the scale begina 
from 1077 of Fahrcnhdt. JEIence the folloinng 

TABLE. 



Extremity of Wedgewood'a scale 
Cast iron melu . . • 

Least welding heat of iron 
Fine gold melts . . • • 

Tine silver mdta • • • • 
Brass melts . . * • 

Red heat fully visible in day light 
Red heat fully visible in the dark 
Mbrcuut Boils, also expressed oils - 
Lead melts . . - 

Bismuth melts • • • . 

Tin melts . - - • 

Nitrous acid boils - - - • 
Cow's milk boils • . * 

Water Boils 

Heat of the human body • ^ 

Oil of olives begins to congeal 
Watbr'frsszxs and snow melts 
Milk freezes . • - - 

Urine and vinegar freeze 
Strong wine freezes • • • 

A mixture of snow and salt freezes -• 

Ubrcum vunzts ... 

Cold produced at Htidson*s Bay, by a mixture 
of viinolick acid and snow 



■Mimlisit^ 

21877 
12777 

5*37 

47«7 

3807 
1077 

947 
600 



Wcdffvioodfll 
Scale. 

240* 
160 
90 

it 

M 

21 

o 
t 
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242 

213 

212 

92 to 99 

43 

3^ 
39 
28 

20 
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IX. The Hygrometer. 

* The hygrometer is an instrument for the measuring the degrees of moisture in the air ; 
of which there are various kinds ; for whatever contracts, and expands hj the moisture, and 
dryness of the atmosphere, is capable of being formed into an hygrometer. Such are most 
kinds of wood ; catgut, twisted cord ; the beard of wild oat, &c. The following are very 
simple in their construction, and will serve to explain the principle of the instrument. 

I. Stretch a catgut, or a common cord, ABD, along a wall, passing it over a pulley B : ?.^'* *^ 
fixing it at one end A, and to the other hanging a weight E, carrying a small index F. 
Against the same wall, fit a metal plate HI, divided into any number of equal parts, and the 
hygrometer is complete. 

For it is known, that moisture sensibly shortens catgut, cord, &c. and that as the moisture 
evaporates, they return to their former length. Hence the weight E, with the index, will 
ascend when the air is moist, and descend when it becomes drier ; and the divisions on the 
scale will shew the degrees of nioisture or dryness. This hygrometer may he made more 
sensible and accurate by straining the catgut over several puUies placed in a parallel or any 
other position. 

3. The sponge hygrometer is constructed as follows: BC is the beam of a balance; to ^"^^ 1* 
the end B is hung a piece of sponge, so cut as to contain as large a superficies as possible, ^^' 
which must be exactly balanced on the other side by another thread of silk D, on which is 
strung some very small leaden shot at equal distances, so adjusted as to cause au index E to 
point to G, the middle of the graduated arc FGH, (made large for distinction's sake) when 
the air is in a middle state between the greatest moisture and the greatest dryness. Under 
this silk, strung with shot, is placed a shelf I, for that part of the shot to rest upon which is 
pot suspended. When the mobture imbibed by the sponge increases its weight, it will raise 
the index, and vice versa when the air is dry. 

To prepare the sponge, it may be proper first to wash it in water very clean, and, whea 
dry again, dip it in water or vinegar in which there has been dissolved sal amoniac, or salt 
of t;irtar $ after which let it dry again. Salt of tartar, or any other salt, or pot-asheS| may 
be put into the scale of a balance, and used instead of the sponge. 

X. Steam Engine. 

The steam engine is a machine which derives its moving power from the elasticity and 
condensation of the steam of boiling water. The high importance of this machine to the 
mechanical arts of life, especially where immense powers are required, has given birth to 
many considerable improvements both in its construction and mode of operation. 

The following is a description of one of the earliest steam engines, which, as it exhibits the 
general principles of the machine, will be deemed sufficient in a work only iiitroductory ta 
science. A history of the steam engine, from its first construction by Captain Savary, down 
to the present time, in which are included all the great improvements made by the ingenious 
Mr. Watt, of Birmingham, will be found in the Encyclopoedia Britannica, Vol. xvii Part li. 

H represents the boiler on its furnace. £ the cylindrical vessel of iron, ia which the p|,^^ ^ 
piston 00^ moves up and down, the cavity between the (HStou.aod.b^i ^ ^ cylinder is Fig. lu 
made air-tight. F is a cock to admit the steam into the cjttWii' t^-hed 

to the piston at I, and at K to the piston of the puoip wUc*^ ^jit 

a solid piston moVing in the pipe KM, and lomfc4^ '^ff^^ ij ^ 

a 

• . .'. tr.'.iv lo rffi 
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main pipe that receives the water forced from RM through a valve at C|. opening outwards. 
N is an air vessel communicating with the main pipe. At D is a valve opening upws^rds. 
and at M is the water to be raised. 

The engine is represented at the end of a forcing stroke, which is likewise its position 
when at rest. Suppose the main pipe ABC to be filled with water, and the water in the 
boiler H to boil strongly. The cock F being opened, the steam rushes into the cylinder, 
and being much lighter than air, rises to the top, and expels the air through a valve in. the 
bottom of the cylinder. F is then shut, and the cock G communicating with the main 
pipe is opened, which by spouting cold water against the bottom of the piston, condenses 
the steam. A vacuum being thus obtained, the pressure of the atmosphere forces the piston 
down to the bottom of the cylinder ; the lever IK is moved, and the piston. PQ^ with its 
weight is raised, and the water ascends in the pipe MR upon the principle o£ the cooimon 
pump. The cock G being now shut, and F opened, the steam enters the cylinder, and 
counteracts the pressure of the atmosphere on the piston OO : consequently, die weight P 
prevails, and drives down the piston RQ^, forcing the water through the valve C into the 
main pipe and its air vessel. The use of the air vessel is to prevent the main pipe from bursts 
ing by the sudden entrance of the water ; for the air at N being elastick, gives way to the 
stroke, and its re-action during the time of elevating the piston PQ^continues the. motion of 
the water, so that its velocity is no more than half what it would have been if it had bjsen 
impelled by starts, and rested during the raising of the piston. By opening the cock G, and 
shutting F, (which is done by a single operation) the steam is again condensed, the pressure 
of the atmosphere again prevails, and thus the work may be continued at pleasure. 

The power of some of the steam engines, constructed by Messrs. Boulton and Watt, is 
thus described as taken from actual experiment. An engine, having a cylinder of 31 inches 
in dianieter, and making 1 7 double strokes per minute, performs the work of 40 horses, 
working night and day, (for which three relays, or 1 20 horses, must be kept) and burns 
11,000 pounds of Staffordshire coal per day. A cylinder of 19 inches, making' 25 strokes 
of 4 feet each per minute, performs the work of 12 horses, working constantly, and burns 
3700 pounds of coals per day. These engines will raise more than 20,000 cubick feet of 
water, 24 feet high, for every hundred weight of good pit coal consumed by them. 

XI. The Hydrometer. 

The hydrometer, an instrument usually applied to find the specifick gravities of liquids, is 
Wate 19. thus Constructed : AB is a hollow cylindrical tube of gliss, ivory, copper, &c. joined to a 
*^' ^' hollow ball D, at the bottom of which is a smaller ball E, containing some quicksilver, or 
shot, by which the instrument is so poised, that it swims vertically in a liquid. The stem 
AB is graduated in such a manner, that the figures exhibit the magnitudes of the parts below, 
and, consequently, the specifick gravities of the different fluids in which it descends to those 
figures. Thus if the parts immersed in ivaier^ and pints of *wine^ be as 10 to ii'i, then the 
specifick gravity of the water will be to that of the spirits of wine as in to 10. 

To make this instrument of more service, there has been added a little plate, or dish, at 
the top of the tube, upon which may be placed weights, as convenience may require. For 
example; if the whole instrument float, immersed in spirits tea certain point, it will require 
an additional weight to sink it to the same depth in w,atcr. Suppose the inurnment to weigh 
, i^ dwts. and to be adjusted to rectified spirits of wine, it will then require an additional 

weight of v6 dwt. to sink it to the same point in water. Consequently, the specifick gravity 
•f water is to that of rectified spirits of wine as \v6 to 10, or as 10 to ^^'6. 

BOOK 



BOOK IV. 

OF MAGNETISM. 

Def. I. nr^HE earth contains a mineral substance which attracts iroa^ 

X steel, and all ferruginous substances ; this is called a nat^ 
nral magnet. 

Def. IL The same substance has the power to communicate its prop- 
erties to all ferruginous bodies : those bodies, after having acquired the 
qiagnetical properties, are called artificial magnets. 

Those magnets are also made without the assistance of the natural mag- 
net, as will hereafter be shewn. 

ScHOL. The property of attraction in the magnet was thai by which it was first discover- 
od. Every substance that contains iron, is more or less attracted by the magnet ) and so 
universally is this truly important metal disseminated, that there are very few substances 
which are not in some degree capable of being attracted by the magnet In this way iron is 
found to enter into the composition of anilhals, vegetables, minerals, and even into that of 
the atmosphere. On this subject, see Cavallo on Magnetism, Chap. vi. Put i. 

Def. IIL These points in a magnet which seem to possess the greatest 
power, are called the poUs of tbi magnet. 

Def. IV. The magnetical meridian^ is a vertical circle in the heavens, 
which intersects the horizon in the points to which the magnetical needle, 
when at rest, is directed. 

Def. V. Tlie axis of a magnet^ is a right line which passes from one 
pole to the other. 

Def. VL The equator of a magnet^ is a line perpendicular to the axis, 
and exactly between the two poles. 

ScHOL. The distinguishing and characteristick properties of a magnet,are, (i.) Its attrac- 
tive and repulsive powers. (2.) The force by which it places itself, when freely suspended, 
in a certain direction towards the poles of the earth. (3.) lis dip, or inclination towards a 
point below the horizon, (4.) The property which it possesses of communicating the forc- 
g^oing pow crs to iron and steel. 

Def. ViL 
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Def. VII. The direction of thq dipping needle in any place, is called 
the magnetical line. 

PROP. I. That mineral substance which is called the loadstone, or 
magnet, has the property of attracting iron : but no other body whatever,i 
unless it has a mixture of iron. 

Exp. I. The action of the magnet on iron, maybe shewn on needles, steel filings, &c. 

2. Let a needle be suspended from a loadstone, and a string passing through its eye be 
fastened to the beam of a balance placed under it \ the degree of force with which it is at- 
tractedj may be measured. 

ScMQL. Some philosophers h^ye supposed that iron is not the only substance attracted by 
the magnet. Mr. Kirwan says, that nickel^ when purified from iron, becomes more, instead 
of less, magnetick, and acquires the properties of a magnet. Mr. Cavallo instituted a number 
of experiments, with a view of ascertaining whether any other bodies than ferruginous ones,, 
were attracted by the magnet. * After allj^ he does not decide positively on the business. 



PROP. II. The action, and re-action of the magnetick power, are mu- 
tual and equal. 

A piece of iron, or steel, or other ferruginous substance, being brought within a certaia 
distance of one of the poles of a magnet, is attracted 1>y it, so as to adhere to the magnet, and 
not to suffer itself to be separated without an evident effort. This attraction is also mutual^ 
for the iron attracts the magnet, as much as the magnet attracts the iron ; since if they be 
placed on pieces of wood or cork, so as to float upon the surface of water, it will be found 
that the iron advances towards the magnet, as well as the magnet advances, towards the iron ; 
or, if the iron be kept steady, the magnet will move towards it. 

ScHOL. The strength of magnetick attraction varies according to different circumstances ; 
such as, the strength of the magnet ;— the weight and shape of the body presented to it ;— 
(he magnetick, or uumagnetick state of that boily; the distance between it and the magnet, &c. 

The attraction is strongest near the surface of the. magnet, and diminishes as it recedes 
from it \ the law of this diminution has not yet been ascertained. 

The four following experiments, accurately made by Professor Muschenbroek, will ex- 
hibit some of the irregularities respecting magnetick attraction. In these experiments, the 
magnet was suspended to one scale of an accurate balance, and under it there was successive- 
ly placed on a table at different distances, another magnet, or piece of iron, and at each dis- 
tance, the degree of attraction between the iron and the magnet was ascertained by weights 
put into the other scale. The results were as follow : 

Exp. 
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Exp.^x. In-thts ex« 

periment a cylindrical 
magneCi weighing i6 
drams, was suspend- 
ed to the scale ; and 
on the table a piece 
of iron of the same 
shape and weight* 



Bite, in 
inches. 

6 

5 
4 

3 

2 
I 
O 



Attract, 
in grains. 

3 

3t 

4t 
6 

9 
i8 

57. 



Exp. 2. A spher- 
ical magnet, of the 
same diameter as the 
last, but of greater 
strength, was affixed 
to the scale, and the 
cylindrical magnet 
used in the preceding 
experiment, was plac- 
ed on the table. 



DIft. in 
inches. 

6 

5 

4 

3 

2 
I 



Attract, 
in grains. 

21 

27 

34. 

44 

64 
100 

260 



Exp. 3. Instead of 
the cylindrical mag- 
net, the cylinder of 
iron was placed on 
the table, and under 
the globular magnet. 



Dist.ia 

inches. 

6 

S 
4 

3 

2 

I 

o 



Attract, 
in grains. 

7 

9t 
15 

25 

45 
92 

340 



Exp. 4. A globe 
of iron of the same 
diameter as the mag- 
net, was now placed 
on the table. 



Dist. in 
inches. 

8 

7 
6 

5 

4 

3 
2 

I 

o. 



Attract, 
in grains. 

f 



3^ 



9 
16 

30 

290 



Cor. It appears from the second and third' experiments, that, when in contact, a mag- 
net attracts another magnet with less force than it does a piece of iron. This has been coni- 
firmed by many other experiments. But the attraction between the two magnets begins from 
a greater distance than between the magnet and iron ; henoe it must follow a different law of 
decrement. 



PROP. in. The attraction and repulsion of magnetism is not sensibly 
affected by the interposition of bodies of any sort except those which arc 
ferruginous. 

Ezp. I. Suppose 2 magnet placed at an inch distance from a piece of iron requires ao 
ounce of force to remote it, or, which is the same thing, suppose that the attraction towards 
each other is equal to one ounce ; it will be found that the same degree of attraction remains 
constantly unaltered, though a plate of other metal, glass, paper, 8cc. be mterposed between 
the magnet and the iron, or though they be inclosed in separate boxes of glass or other matter. 

2. Move steel filings placed on a brass plate, in water, &c. by holding a magnet under 
the vessel. 

3. Sprinkle steel dust on a sheet of paper, under which is placed a magnet, or two mag- 
nets, having their poles opposite to each other, and at the distance of about an inch. 

4j a needle under an exhausted receiver} will be attracted at the same distance at in the 
open air. 
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SCHOL. I. Heat weakens the power of a magnet ; and a white heat destroys it entirely. 
Hence it appears, from this cause alone, besides others which may concurj the power of a 
magnet must be continually varying. 

ScHOL. 2. The attractive power of a magnet may be increased considerably by gradually 
adding more weight to it ; for it is found that a magnet will keep suspended on one day a 
little more weight than it did the preceding ; which, additional weight being added to it on 
the following day, it will be found that the magnet can keep suspended a weight still greater, 
and GO on, as far as to a certain limit. 

On the contrary, by putting a very small weight of iron to it, the magnet may gradually 
lose much of its strength. 

ScHOL. 3* Among natural magnets, the smallest generally possess a greater attractive 
power, in proportion to their size, than those which are larger. There have been natural 
magnets not exceeding 20 or 30 grains, which would lift a piece of iron that weighed 40 
or 50 times more than themselves. A small magnet, worn by Sir I. Newton in a ring, 
weighing but about 3 grains, is said to have taken up 746 grains, or nearly 250 times its 
own weight* And Mr. Cavallo has seen one of 6 or 7 grains weight, which was capable of 
lifting a weight of 300 grains. But magnets of two pounds and upwards, seldom lift up 
ttn times their own weight of iron. 

PROP. IV. The magnetick power may be communicated from the 
loadstone ; and from one peice of iron to another, which then becomes 
an artificial magnet ; and this communication of power is without ap» 
parent loss of power in the loadstone. 

Exp. I. Take a bar of soft iron, about three feet long and one inch thick, (some kitchen 
pokers will answer for this experiment) and phicc it upri<rht, or rather in the magnetical 
^ne. Then present a magnetick needle to the various parts of the b.r from top to bottom, 
and the lower half of the bar will be possessed of the north polarity, capable of repelling 
the north, and of attracting the south pole of the needle, and the upper half is possessed of 
the south polarity. The attraction is strongc^st at the very extremities of the bar, it dimin« 
ishes as it recedes from them, and vanishes about its middle point. 

If the bar is turned upside down, the south pole will become north, and the north will 
become the south pole. In the southern parts of the globe, the lower part is a south pole ; or 
more generally, the extremities of the bar will acquire the polarities corresponding to the 
nearest poles of the earth. 

If an iron bar be left a long time in the direction of the magnetick line, or even in a perpen* 
dicular posture, it will sometimes acquire a great m?gneti( k power* Tongs, pokers, &c. by 
being often heated, and set to cool again in an erect posture, frequently acquire a considera- 
ble magnetick virtue. Magnetism is often communicated to iron and steel by repeated blows 
of the hammer : by some experiments of Mr. Cavallo, it appears that this effect is often pro- 
duced on brass, hence it is necessary carefully to examine the brass before it is used in the 
construction of theodolites^ &c. 

a. Place 
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a. Place two magneti A and B in a right line, so that the north end of the one is opposed Plate is. 
to the south end of the other, and at such a distance that the bar to be touched may rest upon ^^' ^' 
them. Take now two other bars, D and E, and apply the north end of D,*^ and the south 
end of E to the middle of the untouched bar C, elevating their other ends so as to make an 
acute angle with the saidyban 

Separate the bars D and E, drawing them difierent ways along the surface of C, but pre- 
serving the same elevation : then removing the bars D and £ to the distance of a foot ov 
more from the bar C, and bringing the north and south ends into contact, and then apply 
them again to the middle of C. This process being repeated several times to each surface 
^f the bar C, it will be found to have acquired a strong and permanent magnetism. 

ScHOL* I. The magnetick virtue may be readily communicated by the horse-shoe magneti 
much in the same way as in the preceding- experiment. 

ScHOL. a. A small compass needle may be touched by being put between the opposite 
poles of two magnetick bars : Whilst it is receiving the magnetism, it will be violently 
agitated, moving backwards and forwards as if it where animated ; and when it has received 
as much magnetism as it can acquire in this way, it becomes quiescent. 

Another method of communicating magnetism to a compass needlCf is by means of the 
combined horse-shoe magnet, from the centre of which draw that half of the needle which 
is to have the contrary pole ; from a considerable distance diaw the needle over it again. 
This repeated twenty times or morcj and the same for the other balf, will sufficiently com- 
nunicate the power. 

3. Take twelve bars, six of soft steely and six of hard, the former to be each three 
tnches long, -^ of an inch broad, -^ of an inch thick } with two pieces of iron, each 
half the length of on^ of the bars, but of the same breadth and thickness. The 6 hard bars 
to be each 5-^ inches long, I- an inch broad, and -^ of an inch thick, with two pieces o£ 
iron of half the length but of the same breadth and thickness of one of the hard bars ; and 
let all the bars be marked with a line quite round them at one end : then take an iron poker 
and tongs, or two bars of iron, the larger they are, and the longer they have been used, the 
better $ and fixing the poker upright, or rather in the magnetical line, between the knees^ 
hold to it, near the top^ one of the soft bars, having its marked end downwards, by a piece 
of sewipg silk, which must be pulled tight by the left hand that the bar may not slide : then 
grasping the tongs with the right hand, a little below the middle, and holding them nearly 
in a vertical position, let the bar be stroked by the lower end from the bottom to the to^ 
about 10 times on each side, which will give it a magnetick power sufficient to lift a small 
key at the marked end t which end, if the bar were suspended on a point, would turn to« 
wards the north, and is therefore called the north pole ; and the unmarked end, for the same 
reason, is called the south pole. Four of the soft bars being impregnated after this manner, Plate t% 
lay the other two parallel to each other, at a quat-cer of an inch distance, between the two ^^* '^ 
pieces of iron belonging to them, a north and a south pole agaiiut each piece of iron ; then 
take two of the four bars already made magnetical, and place them togtth A 

^ Mott. The north endt of jnagnetick bin ut generally airiM with a cA 
aortk OMti oC the horto-ihoe, or any othfrihapcd magnetic 

84 
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Plate IS. a double bar in thickness, the north pole of one even with the south pole of the other ; and 
*^' the remaining two being put to these, one on each side, so as to have two north, and two 

south poles together, separate the north from the south poles at one end hj the interposition 
of some hard substance I, and place them perpendicularly with that end downward on the 
middle of one of the parallel bars AC, the two north poles towards its south end, and the 
two south poles towards its north end. Slide them three or four times backward and for- 
ward the whole length of the bar \ then removing them from the middle of this bar, place 
them on the middle of the other bar BD as before directed, and go over that in the same 
manner ; then turn both the bars the other side upwards, and repeat the former operation : 
this being done, take the two from between the pieces of iron ; and placing the two outer-* 
most of the touching bars in their stead, let the other two be the outer-most of the four to 
|ouch these with ; and this process being repeated till each pair of bars have been touched 
three or four times over, which will give them a considerable magnetick power. 

When the small bars have been thus rendered magnetick, in order to communicate the 
magnetism to the large bars, lay two of them on the table, between their iron conductors, 
as before : then form a compound magnet with the six small bars, placing three of them 
with the north poles downwards, and the three others with the south poles downwards. 
Place these two parcels at an angle, as was done with four of them, the north extremity 
of the one parcel being put contiguous to the soutl;i extremity of the other, and, with 
this compound magnet, stroke four of the large bars, one after another about twenty timet 
on each side, by which means they will acquire some magnetick power. 

When the four large bars have been so far rendered magnetick, the small bars are laid asidcj 
and the large ones are strengthened by themselves, in the manner as was done with the small 
bars. 

To expedite the operation, the bars ought to be fixed in a groove, or between brass ptns^ 
otherwise the attraction and friction between the bars will be continually deranging them^ 
when placed between the conductors. 

This whole process may be gone through in about |> an hour, and each of the large bars^ 
if well hardened, will lift about 28 ounces Troy, and they are fitted for all the purposes of 
magnetism, in navigation and experimental philosophy. The half dozen being put into a 
case in such a manner as that no two poles of the same name may be together, and their 
irons with them as one bar, they will retain the virtue they have received : but if their 
power should, by making experiments, be ever so much impaired^ it may be restored without 
any foreign assistance in a few minutes. 

This method of communicating magnetism was sent to the Royal Society by Mr. Canton, 
in the year 1751. 

PROP. V. Two magnets having a free motion, will attract wheB 
iliiFerent poles are directed towards each other, and repel when the 
adjacent poles are of the same name. 

Exp. a needle turning on its centre will be attracted or repelled by another^ as diflerenty 

^r the same poles are brought near to each other. 

*Sciio]U 
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ScHOL. I. Ifclie magnetick powers are Tcry unequal^ or the two* bodies are forcibly 
brought together, they will attract with the same poles. 

Exp. I. Suspend a magnet by a thread, and let a small needle be brought near it at the 
same poles- 

2. Bring two very unequal needles into contact at the same poles, suspended in the same ; 

manner, they will cohere. 

ScHor. 2* The following experiments will shew the attraction of the magnet on ferru- 
ginous bodies which are not magnetick. 

Properly speaking, howerer, the magnet has no action upon unmagnetick bodies, for any 
ferruginous body becomes magnetick, on being presented to the magnet, and then is attracted 
by it. 

Exp. I. Place a magnetick needle upon a pin stuck on a table, and when it stands steady, 
place an iron bar 8 inches long, and ~ inch thick upon the table, so that one end of it 
may be on one side of the north pole of the needle, and near enough to draw it a little out 
of its natural direction. In this situation approach gradually the north pole of a magnet to 
the other extremity of the bar, and you will see that the needless north end will recede from 
the bar, in proportion as the magnet is brought nearer to the bar. 

The reason of this phenomenon is, that, by the approach of the north pole o f the magnef, 
in the first case, the extremity of the iron bar next to it, acquires a south polarity, and 
consequently, the opposite extremity acquires a north polarity, by which the needle is re- 
pelled : but in the second case, when the north pole of the magnet is brought near the bar, 
the end of the bar next to it acquires a south polarity, and the opposite end acquiring thb 
north polarity, causes the north end of the needle to recede. 

2. Tie two pieces of soft iron wire, AB, AB, each to a separate thread AC, which join Plate la. 
at top, and suspend them on a pin so that the wires may hang at some distance from thewalL ^* ^ 
Then bring the marked end D of a magnetick bar just under them, and it will be seen that 

the wires repel each other more or less in proportion to the distance of the magnet. The 
same may be shewn by means of the south pole of the magnet. 

If the wires be of soft iron, they will, on removing the magnet, soon collapse $ but if 
Steel wires, or two sewing needles be used, they will retain their magnetick virtue, and coih 
tinue to repel each other* 

3. Take four pieces of steel wire, or four common sewing needles, tie threads to them^ 
and join them two and two as in the last experiment ; then bring the same pole of the 
magnet under both pairs, by which means they will acquire a permanent magnetism, and 
the wires of each pair will repel each other. After putting the magnet aside, bring one 
pair of the wires near the other pair, so that their lower extremities may be level, and the 
four wires will repel each other, and form a kind of square. 

4. Strew some iron filings upon a sheet of paper laid on a table, and place a small arti^ 
firial magnet among them, then give a few gentle knocks to the table with the hand, so 
as to shake the filings, and they will dispose themselves round the bar in the manner repro- 

sented 
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Plate 13. sented by the figure ; many portictes clinging to one another, and forming themselves into 

'^* ^' linesi which at the very poles, are in the same direction with the axis of the magnet ; a 

little sideways of the poles they begin to bend, and then they form complete arches, reaching 

from a point in the north half of the magnet to a point in the other hatf, which is possessed 

of the south polarity. 

\Flate IS. 5' l^ic a thread to one end of a bit of soft iron wire AB, about four inches long, and 

Jflg. 7. , suspend it freely ; let a bar of soft iron CD be so supported, as to have one of its extremities 

C about ^ of an inch distant from the lower extremity B of the wire. Bring now either 

pole of a strong magnet EF under it, and the end B of the wire will recede from C, because 

they are both possessed of the same polarity : but if the magnet be applied to the upper part 

of the wire, in the situation GH, then the end B of the wire will be attracted by the 

extremity C of the iron bar, because, supposing G to be north pole of the magnet, C acquires 

a south polarity, and attracts the end fi ^ because B being farthest from the north pole Gp 

acquires also the north polarity. 

ScHOL# 3* Hence methods are easily devised to ascertain whether a body, possesses any 
magnetism > and in case it does, to find out the poles. 

£zp« I. To martain whether a b$dy has any attraction towards the magnet. 

If the body contain an evident quantity of iron, it will be perceived as soon as it is 
brought in contact with the magnet, as a certain force will be required to separate them. 

If the body be not sensibly attracted by the magnet in this "Way % let it be placed, by 
means of a piece of cork or wood, upon some water, or mercury, in a common soup plate^ 
in which situation let a magnet be brought sideways to it, and the attraction will be manifest 
hf. the body coming towards the magnet. 

a. To ascertain whether a given body has any magnetism. 

The only difference in this experiment from the last is, that instead of a magnet, must 
be used a piece of soft clean iron, about one inch long, and of half an ounce weight* 

3. A magnetich body being given to find out its poles. 

Present the various parts of the surface of the magnetick body successively to one of the 
poles of a magnetical needle, and the parts possessed of a contrary polarity will be discovered 
by the needle's standing perpendicularly towards them. Then present the various parts 
of the surface of the same body to the other pole of the needle, &c. 

Def. VIII. There is a point between the two poles where the magnet 
has no attraction nor repulsion, this point is called the magnetick centrt 
though it is not always exactly between the poles. 

PROP. VI. If a magnet be cut through the middle, or any way 
broken in two, each piece will become a complete mag^net^ and the parts 

which were contiguous will become.opposite polcsv 

Exp- 
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Exp. !• Take a nfagnetick bar AB, six or eight inches long, and ^ of am inch thick, fUte i^ 
having only two poks A and B. The magnetick centre of this bar will be in, or very near, ^'*' *' 
its middle C. Now if» by a smart stroke of a hammer, part of the magnet be broken off as 
FB, it will be found that the part of the fragment contiguous to the fracture has acquired 
the contrary polarity, and a magnetical centre £ will be generated. 

At first the magnetick centre of this fragment is nearer to the fVacture F, but in time it 
advances towards the middle of the fragment. The original centre C of AF, after the frae* 
ture, will likewise advance nearer to the middle of it. 

2. A steel bar, of the same size as that mentioned in the last experiment, being made 
quite hardf may be broken into two parts, and so pressed together as to appear whole. In 
this situation it may be rendered magnetick by the application of very powerful magnets to 
its extremities ; and the whole bar will be found to have two poles at its extremeties, and 
one magnetick centre in its middle ; but if the parts be separated, each will be found td 
have two poles and a magnetick centre. 

Cor. Hence it is seen that the magnetick centre may be removed ;-— it may be removed 
also, by striking a magnetick bar, by heating it, by hard rubbing, &c« 

PROP. VIL Magnetism requires some time to penetrate through 
iron. 

Exp. Place a bulky piece of iron, weighing 40 or 50 pounds, so Hear a magnetick needle 
as to draw it a little out of its direction, apply one of the poles of a strong magnet to the 
#ther extremity of the iron, and several seconds will be required before the needle cain be 
affected by it. The interval is greater or less according to the sizp of the iron and the 
strength of the magnet. 

. I)eF. IX. A magnet is said to be armed when its poles are surrounded 
inrith plates of iron or steeU 

PROP. VIII. A magnet will take up much more iron when armi^df 
than it can alone* 

A^ both magnetick poles together attract a much greater weight than a single one, and as 
the two poles of a magnet are generally in oj;^|)osite j^atts of its surface, in which situation^ 
the same piece of iron cannot be addpted to them both at the same Hme ; therefore it has 
been common, to place two broad [Pieces of soft iron to the poles of a magnet, and projecting 
on one side, because in tlfcl case, the pieces of iron being rendered magnetick, another 
piece of iron could be conveniently adapted to their projections, so that both poles may act 
at the same time. Those pieces of iron called the drmatare, are generally held fa^t upon 
the magnet by means of a silver or brass box. Thus AB represents the magnet, CD, CD Plate 13. 
represents the armatun or pieces of iron, the projectioiU of which are DD, and to which ^'^' ^' 
the piece of iron F is made to adhere* The dotted lines represent the brass box having a 
ring E at top by which the armed magnet may be suspended. In this manner the two poles 
of the magnet, which are at A and B, are made to act at DD. 

35 For 
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PROP. IX. A magnetical needle, accurs^tely balanced on a pivot or 
centre, will settle in a certain direction, either dulj^ or nearly north and 
south, called the magnetical meridian. 

This is known by long experience. 

The directive power of the magnet is the most wonderful and useful part of the subject 
By it mariners are enabled to conduct their vessels through vast oceans in any given direc* 
tion ; by it miners arc guided in their works below the surface of the earth ; and travellers 
conducted through deserts, otherwise impassable. 

The usual method is to have an artificbl magnet suspended, so as ta move freely, whicli. 
will always place itself in or near the plane of the meridian north and south : then by look- 
ing upon the direction of this magnet the course is to be directed so as to make any 
required angle with it. Thus, suppose that a vessel setting off from any place in order to 
go to another which is due west of the former ; in that case, the vessel must be so directed 
that its course may be always at right angles with the situation of the magnetick needle, the 
north end of which must be to the right hand» A little reflection vnll show how the vessel 
may be steered in any other direction. An artificial steel magnet fitted for this purpose in 
a proper boZf is called the marinef^s. compass^ or sea compass^ or> simply, the compass ; which 
instrument is too well known to need any particular description. The mariner's compass*, 
with the addition of sights, divided circles, &c. for observing, azimuths, and amplitudes o£ 
the heavenly bodies,, is called the azimuth compass. 

Def. X. The deviation of the horizontal needle from the meridian ;: 
or the angle which it makes with the meridian, when freely suspended i» 
an horizontal plane, is called the declination or variation of the needle. 

PROP. X.. There is generally a small variation in the direction of the 
magnetick needle, which differs in degree at different places and times. 

This IS kno^n by observing the different points of the compass at which the sun rises or 
sets, and comparing them with the true points of the sun's rising or setting, according to 
astronomical tables. Thus, if the magnetick amplitude is 80*^. eastward of the north, and 
the true amplitude is 82^ towards the same side, then the variation of the needle is 2**. west*. 
The variation may be estimated from the azimuths in the same way. 

ScHOL. I. A needle is continually changing the line of its direction^ traversing slowly to 
certain limits towards the east and west. The first good observations, on the variations, w^re 
made by MnBurrowes about the year 1580, when the variation, at London, was' 1 1*1 15'. 
east, and since that time the needle has been moving to the wcstwar<i af that place ; also by 
the observations of different persons it has been found to pokitj at different times^ as in the 
foUowiog table. 

Tears* 



9ooc IV, 



GP MAGNETISM. 



<JD 



nM 


Ommn. 


/ 


XVwJw 


O^tuvtft^ 


/ 


1580 
1622 


Burrowes. 
Gunter. 


II 15 East. 
5 S« 


1723 
1747 


Graham. 


14 17 West. 
17 40 




1^34 


Gellibrand. 


4 3 


1774 


Royal Soc* 


21 16 


1640 


Bond. 


3 7 


»775 


Royal Soc. 


21 43 


1657 


Bond. 





1776 


Royal Soc. 


21 47 


1665 


Bond. 


I 23 West. 


»777 


Royal Soc. 


22 12 


1666 


Bond. 


1 36 


1778 


Royal Soc. 


22 20 


1672 




2 30 


»779 


Royal Soc. 


22 28 


1683 




4 30 


1780 


Royal Soc. 


22 41 


1692 




6 00 









By this table it appears, that from the first obsenration in 1580 till 1657, the change ia 
the variation at London was 11 ^. I5^ in 77 years, which^ it« mean rate, is nearly 9^ a year* 
And firmn 1657 to 1760, it changed 22^. 4r. which is at the rate of 1 1'. a year nearly. 
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Near the equator. In long 40^ east, tlie highest variation from the year 1700 to 1756^ 
was 17*. 15'. west; and the least 16®. 30'. W. In lat. 15^ N. and long. 60**. W. the varia* 
tion was constantly 5^. E. In lat. 10®. S. and long. 60^. £• the variation decreased from 17^. 
W. to 7^ 15'. W. In lat. 10**. S. and long. 5®. W. it increased from 2^ 15'. to 12^ 45^ 
W. In lat 15** N. and long. 20*. W it increased from i^ W. to 9*. W. In the Indian 
seas the irregularities were greater, for in 1700, the west variations seem to have decreased 
regularly from long. 50^. £. to long» 100^. E i but in 1756 the variation decreased so fast^ 
that there was east variation in long. 80^. 85^ and 90^. E* and yet, in long. 95^. and ioo^» 
£. there was west variation. 

In the year 1775, in lat 58^. 17'. S. and long 348*. 16'. E, it was o® 16'. W. In lat. 
2^ 24'. N. and long. 32''. 12'. W. it was o\ 14'. 45". W. In lat 50*. 6\ 30". N. and long.^ 
4°. o'. W. it was 19** 28'. W. 

ScHOL. 2. The variation of the needle b affected by heat and cold. The following i» 
the result of observations made by Mr. Canton at diffi^rent hours of the da][, and also thr 
meaa vatis^tioA for each month in the jcasr 
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The Declination observed at different Hourt of the 

same day. 



June 27, 1759. 
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Thermometer. 
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The mete Variation for each. Month 
in the Year- 
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February 
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August 
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7 « 
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ti 17 

12 26 

«3 • 
13 21 

13 »4 
12 19 

XI 43 

10 36 

8 9 
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PROP. XI. A needle which, before it receives the magnetick power, 
rests on its centre parallel to the horizon, on becoming magnetical will in- 
cline towards the earth : this is called the inclination or dip of the needle. 

Exp. Let a small dipping needle be carried from one end of a magnetick bar to tho 
othtrr ; when it stands over the south polei the north end of the needle will be directed per- 
pendicularly to it ; as the needle is moTcd, the dip will grow less, and when it comes to the 
magnetick centre it will be parallel to the bar ; afterwards the south end will dip, and the 
needle will stand perpendicular to the bar when it is directly over the north pole. 

ScHOL. I. This property of the magnetick needle was first discovered accidentally by 
Robert Norman, a compass maker at RadclifFe, about the year 1576. He relates, that it be- 
ing his custom to finish and hang up the needles of his compasses, before he touched them, 
he found that immediately after the touch, the north point would always dip or incline 
downward, pointing in a direction under the horizon : so that, to balance the needle again 
he was forced to put a piece of wax on the south end as a counterpoise. The constancy of. 
the effect led him to measure the angle which the needle would make with the horizon, and 
be found it at London to be 71^ 50'. 

It is not yet absolutely ascertained whetlicr the (rif5 varies at the same place ; it is now, 
and has been since the year 1772, about 72^ according to several observations made by Mr. 
Naime and the Royal Society. The trifling difference between the first observations of Mr. 
Norman, and tliese last of Mr. Nairnc, &c. leads us to suppose that the dip is unalterable a^ 
^e same place. 

u 



Book TV. OF MAGNETISM. 14! 

It !• certain, however, that the dip is difierent in diiTerent latitttdes, tnd that it increuet 
n going northward. It appears from a table of observations ni^de with a marine dipping 
eedle di Mr. Naime's, in a voyage towards the north pole in 1773, that 

In latitude 60 1 8| the dip was 75 o. 
In latitude 70 45, the dip was 77 $!• 
In latitude 80 1 2i the dip was 8152* 
In latitude 80 271 the dip w^s 8a 2y* 
S eePhil. TWns. Vol. lxv. 

ScHOL. 2. The phenomena of the compass, and the dipping needle, tnd of the magw 
BCtism acquired by an iron bar in a vertical position, leave no room to doubt but that the 
cause exists in the earth. Dr. Halley supposed that the earth has within it a large magnetick 
globe, not fixed within to the external parts, having four magnetick poles, two fixed and 
two moveable, which will account for all the phenomena of the compass and dipping 
needle« This would make the variation subject to a constant law, whereas we find casual 
changes which cannot be accounted for upon this hypothesis. This the doctor supposes 
may arise from an unequal and irreguar distribution of the magnetical matter. The irregular 
distribution also of ferruginous matter in the shell may likewise cause some irregularities. 

Mr. Cavallo*s opinion is, that the magnetism of the earth arises from the magnetick sub* 
stances therein contained, and that the ma jnctick poles may be considered as the centres o£ 
the polarities of all the particular aggregates of the magnetick substances ; and as these sub- 
stances are subject to change, the poles will change. Perhaps it may not be easy to con* 
ceive bow these substances can have changed so materially, as to hare caused so great a va* 
riation in the poleSf the position of the compass having changed from the east towards the 
west about 33^ in 200 years. Also the gradual, though not exactly regular change of va^ 
riation shews, that it cannot depend upon the accidental changes which may take place in thc 
tnatttr of the eartlu 

Mr. Churchman of America, says, there are two magnetick poles of the earth, one to the 
north, and the other to the south, at difierent distances from the poles of the earth, and 
revolving in different times } and from the combined influence of these two poles, he 
deduces rules for the position of the needle in all places of the earthi and at all times, past^ 
present! or to come. 

The north magnetick pole, he says, makes a complete revolution In 426 yeirs, 77 daySy 
9 hooirS} and the south pole in about 5459 years. In the beginning of tSe year 1777, the 
nonh magnetick pole was in 76^. 4'. nordi latitude ; and in longitude from Greenwich 140? 
cast ^ and the south was in 72^. south Itcitude, l40^ east from Greenwich. 
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Dtr. L np'HE eart!i« and all bodies tnth wbich we aie ^ 

X tfe supposed to contain a certain quantity of an €XceediDgi» 
If dasddc fluid, which is called the electrick^fimd., 

ScHOU ThU certain quanHtf belonging to aU bodies, mafW called Aeir natva|t.diaie % 
« and ao long aa cacb body containa neitber nioce nor less tbvi^dus quantity, it seems talic 
dormant^ auQil to pfodocc na effect 



Dbp. n. Wbea any body becomes possessed of more, or tees than tta 
natural quandty, it is said to be elcctrijkd^ and is capable of esbJllUing ap* 

pcarancy wluch are ascribed to the powor of clectricku 

. ■ .1 • . ■ • • * 

ScfloL. TUs equiKbmm could never be J Ba lmbed^ m^ i£ it wasdistmbed; muM be 
immediately ieslored» and tberefore be insensible |. but that some bodies da net admii thi. 
fassi^ Qf the ekctridk fliud through their pQies» or along their sui&cesi diough others dil» 

Dip. IIL When a body has acqinred an additibnat quantity of electtiolt 
mattCT ; or lost a part of what naturally belonged to it, and it b at the 
same time surrounded by bodies through which it cannot pass, it mu9t re- 
sudn in that statc^ and is said to be insulated^ 

PROPOSITION L 

The ElKCTRiCK Fluid^ bemg excited, becomes perceptibte to the 
lenses. 

Exp. 1* Let a long glass tube be rubbed with the hand, or with a kathem cushion ; the 
tlectrick fluid, being thus excited, will attract lig^t substancesi and give a lucid spark to die 
finger, or any metsdlick substance; brought near it. 

The glass tube is called the electrick^ and all those bodies which are Apable, by any means^ 
to produce such effects, are called iltctrkks^ The hand, or any other body that rubs an 
Ckcirick, is called the rubber. 

a. As the exciting of a tube is very laborious for the operator, and the elertricitf procured 
1^7 that means » small in quantity \ globes and cylinders are used Ux tUs purpose. These» 
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by a proper apparatut, are made to rerolye on their azest and a rubber of leather is appHed 
U^ thi equatorial parts of the revolving glaas, which become electrical by the friction. The 
electricity of the globe, or cylinder, is received by a metallick conductor insulated on a glass 
iupporter. 

A cylinder or globe thus fitted up is called an electrical machine. C represents a glass ^>^« I3« 
cylinder about one foot in diameter and 20 inches long, which is turned by means of a ^' ^ 
wheel i the rubber or cushion is supported behind the cylinder by two upright springs that 
appear beneath, and are fastened to two cross bars of glass. B is a metallick conductor, sup- 
ported on two pillars of glass : from the end nearest to the cylinder issue several points, and 
at the other end the ball E projects by means of a wire. Sparks given by the conductor of 
a machine of this construction and magnitude are from 12 to 14 inches long. A chain D 
must connect the rubber with the^earth. 

ScHOL. I. In all experiments in electricity the greatest care should be taken to keep 
every part of the apparatus clean, and as free as possible from dust and moisture. When 
the weather is clear, and the air dry, especially in clear frosty weather, the electrical 
machine will always work welL But in very hot, or damp weather, the machine is not so 
powerfuL 

Before the machine is used the cylinder should be wiped first very clean with a soft linen 
cloth 'f and afterwards with a clean hot flannel, or old silk handkerchief. 

Sometimes it will be necessary to apply to the rubber a very small quantity of amalgam 
made with one part of zinc, and four or five of mercury. 

ScHOL. 2. Respecting the theory of electricity, there are two different hypotheses, one 
that there is only one fluid, and the other that there are two. Dr. Franklin's hypothesis is 
the former, and it depends on the following principles. (1) That all terrestrial bodies are 
full of the electrick fluid. (2) That the electrick fluid violently repels itself, and attracts all 
other matter. (3} By exciting an electrick the equilibrium of the electrick fluid contained ia 
it is destroyed, and one part contains more than its natural quantity, and the other less. 
(4) Conducting bodies, connected with that part which contains more electrick fluid than ita 
natural quantity, receive it, and are charged with more than their natural quantity ; this ia 
called positive electricity ; if they be connected with that part which has less than its natural 
quantity, they part with some of their own, and contain less than their natural quantity ; 
this is called negative electricity. (5) When one body positively and another negatively 
electrified are connected by any conducting substance, the fluid in the body which is positive- 
ly electrified rushes to that which is negatively electrified, and the equilibrium is restored;* 
These are the principles of positive and negative electricity* The other hypothesis is, that 
there are two distinct fluids, which was susggested by M. Du Faye, upon his discovery of 
the different prop;:rtie8 of excited glasSy and excited resins, sealing-wax, &c. The follow* 
ingare the principle^f this theory, (i) That the two powers arise from two different 
fluids which exist together in all bodies. {2) That these fluids are separated in non-electrick9, 
by the excitation of electricks, and from thence they become evident to the senses, they 
destroying each other's effects when united. (3) When separated they rush together again 
with great violence, in consequence of their strong mutual attraction as soon as they are 
connected by any conducting aubstancc. These arc the priaciples of vitreous and refinoui 
electricity. PROP* 
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PROP. n. Tht dectrick fluid pasMi eadlj alcng^e mrfiKcv of «oape 
bo$e8 ; whilst othef;||(bdiei do not convey it : thp former are called CMm 
ductws^ the latter Non^onduetort^ or Eketrkh, 

Ijzp. The metallick cjCnder being fixed upon gbm topportertf a^ phced near die 
(dectrick machine^ will, by means of the pdnted wires, recei?e the eleetrick fluid from the glasa 
cylinder, and the fluid will be difiused over the whole surface of the metallick cylinder, hom 
wlienoe it cannot pass through the glass supporters which are electrick» but maj be con?eyed 
away by any metallick or other conducting substancest brought neart or into contact with it 
This metallick cylinder is called the Primi Conductor^ or the Conductor* 



PROP. IIL Some conductors, are more perfect thaii otliers 
cetiick fluid passes th Ough that whicb is most perfccti 

EaiPi The fliud will pass through a wire hcU in the hand. 



ScHOL. u The following bodies are conductors and dectricksi disposed in |he order of 
degrees of perfections CoNDUCToasi gold, silvert coppef, brass, iron, tin, qoitfc*. 
•ilver» lead, tlie semi-metals, ores, chaicoab, water, ice, snow, salts, soft stoiies» smoke^ 
steam : Nom^Comouctoes, or Ele^teicxsi- glass, and all vitrifications, even those of 
metals « precious stones, resins, gums, amber, sulphur, baked wood, bitummous substance^ 
was, silk, cotton, feathers, wool, hair, paper, air, oil, hard stnas. Many dectrtcks be- 
come condnictora, when heated, and all when moistened. 

SoRoi. 2. Glass vesseles made for electrical purposes, are often rendetedifery good elee* 
nicks, by use and time, though they might be very bad ones when new* And some glasa 
vessels, which had been long used for excitafion, have sometimes lost their power almost 
entirely. Dr Priestley mentions several instances of very long tubes which, liehen first 
made, answered the purposes of electricity admirably^ but after a few months they have 
become almost useless. 

ScHOL. 3. An exhausted glass vessel on being rubbed shews no signs of electricity 
upon its external surface. But the eleetrick poM^er of a glass cylinder is the strongest when 
the air within is a little rarefied. If the air be condensedi or the cylinder be filled with somd 
condncting sub^ance, it is incapable of being excited. Nevertheless a solid stick of glasi^ 
aealing-wax, sulphur, &c. may be excited. 

ScHOL. 4« The same substance, by diflFerent preparations, is sometimes a conductor, and 
at otheSB an eleetrick. A piece of wood just cut from a tree is a g6od#>nduGtor i«-*let it btf 
baked, and it becomes an eleetrick ^-^bum it to charcoaly and it is a good coi^luctor again ;— ^^ 
'hsdy, let this coal be reduced to ashes, and these will be impervious to electricity. Such 
changes are also observable in many other bodies ; and very likely in all substances there it 
«\giMiatioAlrom the best ccmductors to the best non^condoctoit of ckctncit j. 

PROP. 
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PROP. IV. Non-conductors retain the fluid on a small part of their 
surface where the firicuon has acted ; conductors diflfuse it over all their sur- 
face, and therefore cannot confine it^ unless they be surrounded entirely by 
non-conductors, or be insulated. 

Exp. Observe the partial distribution of the fluid on an excited electrick, and its univer- 
sal difiusion over a conductor. If a finger» or anj other conductor, be presented to an ex- 
cited glass, cylinder, tube, &c. it will receive a spark, and in that spark, a small part only of 
the electricity of the electrick: because the excited electrick being a non- conductor, cannot 
convey the electricity of all its surface to that point to which the conductor has been pre* 
tented. But if any conducting substance be brought to a charged metallick conductor, it will 
receive in one spark nearly the whole of the electricity accumulated upon it. 1 he small part 
which remains is very trifling in comparison of the first spark, and is called the reAduum. 

Def. IV. A body is said to be positively electrified^ when it has 
thrown upon it a greater quantity of the electrick fluid than its natural 
share. 

Def. V. A body is said to be negatively electrified^ when it has a less 
quantity of the electrick matter than is natural to it. 

PROP. V. The electrick fluid may be excited by rubbing, by pouring 
a melted electrick into another substance, by heating and cooling, and by 
evaporation. 

Exp. I. In working the electrical machine, the fluid is excited by friction. Rubbing 
is the general mean by which all electrick substances that are at all excitable may be excited. 
Whether they be rubbed with electricks of a diflferent sort, or conductors, they alw-.ys shew 
sigtis of electricity, and in general stronger when rubbed with conductors, and weaker when 
rubbed with electricks. 

2* When sulphur is melted into an earthern vessel, if the vessel be supported by a con- 
ducting substance, the sulphur, when cold and separated from the vessel, is strongly electri- 
cal, and will attract light bodies. 

3. If sulphur be melted into glass vessels, when cold, the glass, whether supported by 
electricks or not, will be positively electrical, and the sulphur negative. 

4. Melted sealing-wax, when poured into sulphur, becomes positively electrified, and the 
sulphur negative. 

^. Melted sealing-wax poured into glass cups acquires a negative electricity : upon being 
separated fhe glass is positive. 

6. Sulphur melted into cups, shews no signs of electricity till it is separated from the 
cup, when the cup is negative and the sulphur is positive. 

7^ If a stick of sealing-wax be broken into two pieces, the extremities that were con- 
tiguous will be found electrified| one positively, and the other negatively. 

37 8. The 
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8. The tourmalin, a stone which is generally of a deep red, or purple colour, about the 
size of a walnut, and found in the East Indies, while kept in the same degree of heat, shews 
no signs of electricity, but will become electrical by increasing or diminishing its heat, and 
stronger in the latter than in the former case. ( 1) Its electricity does not appear all over its 
surface, but only on two opposite sides, which may be called its poles, and they are always 
in one right line with the centre of the stooe, and in the direction of the strata ; in which 
direction the stone is absolutely opaque, though on the other side it is semitransparent, (a) 
Whilst the tourmalin is heating, one of its sides (called A) is electrified plus ; the other 
(called B) minus. But when it is cooling A is minus, and B is plus. (3) If this stone be 
excited by friction, then both its sides at once may be made positive. (4) If a tourmalin be 
cut into several parts, each piece will have its positive and negative poles, corresponding to 
the positive and negative sides of the stone from which it was cut* 

ScHOL. These properties are now found to belong to several hard and precious stones as 
well as to the tourmalin. 

9. Electricity may be produced by the evaporation of water in this manner :«— Upon an ' 
Insulating stand, as a wine glass, place an earchern vessel, as a crucible, a basin, &c. and 
put into it three or four lighted coals. Let a wire be put with one end among the coalsy 
and with the other let it touch a very sensible electrometer. Then pour in a spoonful of 
water at once upon the coals, which will occasion a quick evaporation ^ and at the same 
time the electromer will diverge. For a description of the electrometer, see Prop. XIL 
Schol. 

PROP. VL The electrick fluid may be lodged in electricks, or in in-- 
insulated conductors, in a greater quantity than naturally belongs to thern^ 
or they may be positively electrified* 

Exp. In working the machine, the cylinder acquires more than its natural quantity of 
fluid by excitation, the conductor, by communication : for, while there is a free conveyance 
of fluid from the earth to the rubber, by means of a conducting supporter, the conductor 
will be highly electrified. 

Schol. The electrick matter with which the prime conductor is loaded, is not produced 
by the friction of the cylinder against the rubber. It is only cMected by that operation from 
the rubber, and all the bodies that are contiguous to it. if, therefore, the rubber be well 
insulated, the friction of the cylinder will produc e but little electricity : for in that case the 
rubber can only part with its own share, which is very inconsiderable. In this situation, if 
the finger be presented to the rubber, sparks will be seen to dart from it to the rubber, to 
supply the place of that electrick matter which had passed from it to the cylinder : if the 
conductor be also insulated, these sparks will cease as soon as it is fully loaded. 

PROP. VII. The electrick fluid being accumulated on any body, will 
pass to any conductor brought near to the body ; if it pass from, or be 

recdived 
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received by, peinted wires, it will be conveyed in a continued stream ; 
if it pass tr .m, or be received by^ a surface which has no sharp points, it 
will be discharged with an instantaneous explosion or spark. 

Exp. I. Receive the fluid from the conductor upon a pointed wire, and upon a brass 
ball. 

2. The fluid will be difFused through the surrounding atmosphere, by wires placed upon 
the conductor. 

CoR. Hence arises the necessity of keeping the whole surface of the conductor free from 
points. 

ScHOL. When a conductor is electrified by communication, its whole electrick power is 
discharged at once, on the near approach of a conductor communicating with the earth; 
whereas an excited electrick, in the same circumstancesj loses its electrick power only in the 
parts «near to the conductor. 

PROP. VIIF. If conductors be insulated, they will retain a greater or 
less quantity of the electrick fluid (the power of the machine being given) 
proportional to the extent of surface in the conductor. 

Exp. Observe the difference in the magnitude and distance of sparks taken from a small 
conductor, and of those taken from a large one. 

There is a limit| beyond which this Proposition will not hold true^ but which experiment 
has not yet ascertained. For it is certain^ that if the conductor . be very long, it will dis* 
charge itself over the cylinder back to the rubber long before it is fully charged. The 
late Mr. G. C. Morgan, whose memory will be ever dear to the editor of this work» asserts^ 
that by the most powerful excitation of a cylinder 14 inches in diameterj the spark afforded 
by a conductor 8 inches in diameter, and 1 2 feet long» did not equal half the length of 
that procured from the same cylinder with a conductor of equal diameter but shortened to 
6 feet. And he thinks that a conductor of half that length even, and about 16 inches in 
diameter, would have yielded a longer spark than either of the preceding. See Morgan*^ 
Lcct. on Elect. Vol. I. p. 54, &c. 

PROP. IX. A body may be deprived of part of its natural portion of 
electrick fluids or be negatively electrified. 

Exp. If the rubber which communicates the fluid to the glass cylinder, and from thence 
to the conductor be insulated, because by working the machine a quantity of its fluid 19 
conveyed away»( and it cannot receive a fresh supply through its supporter, it will be in an 
exhausted or negative state. 

ScHoL. If negative electricity be required, then the chain which connects the rubber 
with, surrounding objects, and conscquentlj with the eartbi the great reMrvoir rf' the elec- 
trick 
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triltik fold, miut Ins maoimifirbm fqn 

ifl cfait^aap the el^richy c#^tlie coodofKor will he coamMicated to tbe giMiid, and tlie- 
nUer win appear strongly negative. Aoodier ccmdoetor may be connected with fiat ioffo- 
bied tobber, and then as strong nqgiateld^ttkitjr majr be tibtidnU iiom flOs wt'flUiAvt 
QMi be.in the case before roeiitioned. . ^ - ^ 

4lie patent machine of Mti Nsime is adndnibij adapted finr the parposes bodi of pbsi^ 
SOMl ikegaiiTe electricity. 






PROP. X When bodies art n^advely dectiified thejr riibdye the 
fluid from other bodies brought near them. .: . ) 



Exp. I. Let two insulated oondnctors* one of which is conMrted with the glass cylsii- 
dcTt the other with'tlie robber, be' dectiified } whilst they areS diis state/Iet them be 
brought neat each other i a spark wiU pass from that which (by Ptop. VL) is positivelyt Ifi 
that which (by Rpop.' IX.) is -negativelyi electrified. 

a. Let two persons standing on glass feet be electrified, first both positively^, j^r tioth 
aegad¥ely» they will not, on contact, communicate the fluid to each other i but let them be 
riectrifiedt the one positively and the other negatively, bf making; a cgt^siyAujaltioti ffom 
one to the conduaor, and ficom the other to. the rubbo^ on contact, .the-ibrmer ,vnll rive, 
and toe flitter receive a spvk. . .* . ' 



7: PROP. XL From a pointed body positivdlydedtrified me fluid will 
be seen to stream out, towards any electdfied body brought near;!^, iara 
j^bnf^'p^ kys'^ w^hd^a^^ id {Mng; from' the jinetedtlfil^b^ a 
pointed body negadvely electrified, it wiU form a glpbidtf^lll^^ <^t^^i 
about its poinb :j ^.. ,.( 

■••-'•»', «*■■'! *'■• . I* !■'■" •■■ ■ 

'■■■ Exp« t* :Obsctve» iB a dark XooqDi the difierent appearances of ^tbe electrick fluid at the 
extremity of a pointed wire^ when the point i$ presented to an insulated conductor positive* 
ly, and. when it is presented to one negs^tively,. electrified ; or when .^ucb a wire is fixed 
upon, a conductor positively or negatively electrized. ^ . . ^ 

2. Within a /c/mi#r9i^ r^/K/i/r/^r electrified positivelyt (viewed in a dark room) . the fluid 
will be seen passing in the form of a pencil from one wire, and received in the form of a star 
t^ .other 'f and thejrevcrse if ir be electrified negatively.. . k . ,, * .. > > <- • ..r 



^dV. or both 



negititely, they repel each other ; but if one be electrified positively, and 
the Other be negatively or. not at alltilectnified; they attract each other* o> 

: . ;j. If- :.,: ■ ;*^-. ^. -. .: v. ' - ^\ ... - „ . • ■ .ti;. ■. ■ " ■ • v u- 

Ezp. I. Light feathers, or hair, connected with the conductOTi appeUt repellent, but ire 
attracted, by l>rin|[ing apy npn- electrized body, near. them 
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3. In the grad«ated decttometer the boll U repelled according to the degree in which tlie 
conductor is electrified. 

4. Downj feathers, paper figuresi threads of flax, thistle down, gold leaf, brass dost, or 
other light bodies brought near to the conductor^ are alternately attracted and repelled* 
This will not take place if the bodies be laid on a plate of glass. 

5. Two bells being suspended by wires from a brass rod connected with the conductor^ 
and a third by a silk cord, and two small bells of brass suspended by a silken thread between 
the bells, the fluid will be communicated from the conductor to the outer bells, and by the 
balls to the middle bell, and from thence conveyed by a chain to the earth : the balls in re- 
ceiving and communicating the fluid are attracted and repelled successively, and produce 
ringing. 

6. Let water flow from a capillary tube, from which, before it is electrified, it passes 
in drops ; upon being electrified, the particles of fluid will be separated, and their motion 
accelerated- 

These appearances will be presented, whether the conductor be positively or negatively 
electrified* 

7. Mr. Symmer, in the year 1759, presented to the Royal Society some papers upon the 
electricity of silk stockings. He had been accustomed to wear two pair of silk stockings, a 
white pair under black ones. When these were pulled ofi^ together, no signs of electricity 
appeared, but on pulling off the black ones from the white, he heard a snapping noise, and 
in the dark perceived sparks of fire. On this subject he has related a number of very curious 
experiments on the attraction and repulsion of the stockings, and upon their different states 
of electricity. 

Cor. Since it is found that rubbed glass electrifies any insulated conductor positively, it 
may be determined whether any body is electrified positively or negatively, by bringing it 
near to a pith»ball, or down-feather, positively eclectrified, and observing whether the bailor 
feather be attracted or repelled by the body. 

Exp. Bring a pith-ball or down»feather, suspended by a silken thread and positively elec- 
trified by any rubbed glass surface, near to another pith»ball or feather suspended by a flaxen 
thread from a conductor connected with the cylinder ; then bring the same near to a con- 
ductor connected with the rubber. 

ScHOL. The electrometer is an instrument invented to measure the degree of electrifica- Fiate e. 
tion of any body. Small degrees of electricity arc shewn by the divergence of two very ^^K' *^ 
small pith-balls, a, b^ suspended upon parallel threads, straws, &c. These balls presented to 
a body in its natural state will not be affected ; but if the body be electrified, they will be 
attracted by it, and diverge. 

Another very useful and common electrometer consists of an upright stick, AB, to which jii,^^ j^ 
is aflixed a graduated semicircle : D is a pith-ball stuck upon the end of a fine straw, which Fig. 11. 
by means of an axis at C, is moveable in a plane parallel to that of the semicircle. This 
electrometer is fixed upright on a prime conductor \ and when it is not electrified, the radius 
will hang down, and according to the intensity of the electrick state given to the conductor, 
the repulsion must cause the ball to ascend. The ascent will be marked by the graduations. 

38 Mr. 
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flatt IS. Mr. CaTallo has invenfed a very sensible electrometer, well adapted for the observation of 
^* '^ the presence and qaality of natural and artificial electricity. ABC is the brass case contain* 
the instrument. When the part AB is unscrewed, and the electrometer taken out, it appears 
as represented in ABDC. A glass tube» CDNM, is cemented into the piece AB« The 
upper part of the tube is shaped tapering to a small extremityi which is entirely covered 
with sealing wax. Into this tapering part a small tube of glass is cemented, the lower extrem- 
ity being also covered with sealing-wax, projects a small way within the tube CDNM. Into 
this smaller tube, a wire is cemented, which, with its under extremity, touches a flat piece 
-of ivory H, fastened to the tube by means of a cork. The upper extremity of the wire 
projects about a quarter of an inch above the tube, and screws into the brass cap £F, which 
cap is open at the bottom, and serves to defend the waxed pare of the instrunnent from the 
rain. From H are hung two fine silver wires, having very small corks at the lower ends, 
which, by their repulsion, shew the electricity. IM, and KM, are two slips of tin-foil stuck 
to the inside of the glass, and communicating with the brass bottom AB. They serve to 
convey away that electricity, which, when the corks touch the glass, is communicated to it, 
and might disturb their free motion. 

When this instrument is used to observe artificial electricity, it is set on a table, and elec- 
trified by touching the brass cap £F with an electrified body ; in this state, if any electrified 
substance is brought near the cap, the corks of the electrometer, by there converging, or 
diverging more, will shew the species of electricity. 

When it is to be used to try the electricity of fogs, 8cc. it must be unscrewed from its 
case, and held a little above the head by the bottom AB, so that the observer may conve- 
niently see the corks, which will immediately diverge if there is any sufficient quantity of 
electricity in the air, the nature of which may be ascertained by bringing an excited piece of 
sealing-wax towards the brass cap EF. 

PROP. XIII. From the sharp points of electrified bodies there pro- 
ceeds a current of air. 

Exp, I. A wire, with sharp points bended in opposite directions, and suspended on the 
point of a perpendicular wire inserted in the conductor, will be carried round by the current 
proceeding from the points. 

2. Let several pieces of gilt paper be stuck like vanes into the side of a cork, through the 
centre of which a needle passes ; suspend the whole by a magnet, and present one of the 
vanes to the point of a wire inserted in the conductor j they will be put into motion. 

PROP. XIV. Some bodies upon being rubbed, are electrified posi- 
tively, and others negatively ; and the same bodies are capable of being 
electrified positively, or negatively, as they are rubbed with different 
substances. 

EiTP. Smooth glass becomes positively electrified by being rubbed with any substance 
hitherto tried, except the back of a living cat i rough glass becomes positively electrified by 

being 
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being rubbed with dry oiled silk, sulphur, and metals ; negativelyi with woollen eloth, seal- 
ing-wax, paper, the hum m hand. White silk becomes positively electrified by being rubbed 
withbhck silk, metals, black cloth; negatively, with paper, hairs, the hand. Black silk will 
be positively electrified with red sealing-wax: ; negatively, with hare's skin, metals, the hand. 
Sealing-wax will be positively elcctri'^ed with the hand, leather, woollen cloth, paper, hare's 
skin. Baked wood will be positively electrified with silk ; negatively, with flannel. If these 
and other substances, beini^ electrified, be brought near to a pith-bailor down-feather, as de- 
scribed Prop. XII. Cor. Exp. it will appear whether they are electrified positively or nega- 
tively. , 

PROP. XV. Bodies insulated, if placed withia the influence of an 
electrified body, will be electrified, at the part adjacent to that body, in 
the manner contrary to that of the electrified body. 

Exp. I. Bring a conductor (without pointed wires) near to the glass cylinder, whilst the 
machine is working ^ if the cotriuctor be not insulated, it will be negatively electrified till it 
is brought so near as to receive sparks from the cylinder ; if the conductor be insulated, it 
will, in the same situation, be electrified negatively, in the parts nearest the cylinder, and pos- 
itively in the parts more remote ; as may be seen by bringing an excited glass tube (which is 
positively electrified) near to a ball suspended from the conductor. Compare Prop. XII. Cor. 

2. Let two pich-bills be so suspended by flaxen threads as to be in contact when unelec- 
trified ; on being brought near to a body electrified positively, they will repel each other 
being electrified negatively : if the balls be suspended in the same manner by silken threads^ 
they will, in the same situation, be positively electrified. 

3. Let PC be an electrified prime conductor, and AB a metallick body placed within its Plate i.<v. 
atmosphere, but beyond the striking distance. Now from the principles already explained, ^^* ^^' 
it is evident that the electrical atmosphere of the prime conductor must be positive or negative^ 

( I.) If it be positive^ then the adjacent part A of the metallick body AB, will be found to be 
electrified negatively ; the remote part B, will be electrified positively : and there will be 
a certain point D, in its natural state, or not electrified at all. (2 ) If the prime conductor 
be charged with negative electricity, then A will be positive,. B negative, and still some 
point, as D, will be found unelectrified, which is called the neutral point. 

Earl Stanhope has demonstrated, by a considerable number of experiments, that the neutral 
point D, is the fourth point of an harmonical division of the line CAB. Consequently, the 
points C, A, and B, being given, the neutral point D, may be always found. For by the 
proportion assumed by his lordship, as the whole line BC is to the part CA, so is the remote 
end BD to the middle term DA; therefore, by composition, BC + CA (BA + aAC) : CA 
: : BD + DA (BA) : AD. Thus, if BA be 40 inches, and CA 36, then AD is equal to 
124 inches. 

CoR. I. From the nature of this proposition, it is evident t^at the neutral point D can 
never be farther from A than half the distance between A and B« supposing the electrified 

conductor PC to be removed to an infinite distance. 

Cor. 
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Cor. a* It is Iftewise evkleiit, that the cvaneMent position of the neutral point D must be 
A« when the end A of the metallick body AB conies into contact with the charged body PC 

ScHOL. From the above considerationf. Lord Stanhope has» with great ii^enuityi proved 
by an elaborate mathematical demonstration, illustrated and confirmed by a great variety of 
experiments, ihat the density of an electrical atmosphere superinduced upon any body must 
be inversely as the square of the distance from the charged body. 

4. Let a circular plate composed of rosin and sulphur, or of sealing-wax, be negatively 
electrified by rubbing it with flannel ; whilst it is in this state, let a metallick plate of the 
same form and size, having a glass handle fastened to its centre, be placed, by means of the 
handle, on the electrified plate ; then receive a spark from the metallick plate with the In- 
ger : after which the metallick plate, being removed by the glass handle, will be found to be 
positively electrified. This instrument is called an electrophorus« 

5. Let one side of a plate of glass be electrified positively, the other side will attract light 
bodies, being negatively electrified* 

6. Let a plate of glass be placed between two metallick plates about two inches in diam- 
eter smaller than the plate of glass, and let the plates be supported by a conductor ; upon 
positively electrifying the upper metallick plate, by means of a wire connected with the 
prime conductor, the fluid not being able to pass along the glass, will be accumulated upon 
the part contiguous to the upper metallick plate ; whilst the lower metallick plate^ being 
within the electrick influence of the upper, will be negatively electrified. 



PROP. XVL When any electrick substance is electrified, it will con- 
dnue in that state till some conductor conveys away the accumulated or 
restores the deficient fluid ; which will be done more or less rapidly, ac* 
cording to the degree of conducting power in the conductor, and the num« 
ber of points in which it touches the electrick. 

Exp. I. When the metallick plate in the electrophorus is electrified (as described Prop. 
XV. Exp. 4.) by setting it upon the electrick plate, touching it with tht finj^er, and sepa- 
rating it successively, many sparks may be obtained, without again exciting the electrick plate; 
for tiiis plate bring negatively electrified, the metillick plate on being touched with the handi 
becomes positively electrified (by Prop. XV.) and the electrick plate remains long in its nega- 
tive state, because not being a conductor, its deficiency will be slowly supplied from the air 
where its burface is not covered. 

2. If a glass vessel, a common drinking- glass, for instance, held in the hand, receive the 
elec-rick fluid on the inside from awirr, or chain, fixed on the conductor, pith-balls, placed 
under the vessel upon a conducting supporter, will continue long in morion. 

3. Let a plate of glass be electrified in the manner described in Pi op XV. Exp. 6 Be- 
cause one side of the plate is positively electrified, and the other negatively, if a communica- 
tion is made from one metallick plate to the oth.er by means of some conductor, part of the 
accumulated fluid will suddenly paf>s to the side w^ich is deficient ; upon a second application 
of the plates of meul tothegiassi there will be a second explosion. 

SCHOL. 
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ScHOL. AB 18 an electrick jar, coated with tin-foil on the inside and outsidci within PUte la. 
three inches of the top, having a wire with a round brass knob K, at its extremity. This ^'^* ^^' 
wire passes through the cork D, that stops the mouth of the jar, and, at its lower end, is 
bended or branched so as to touch the inside coating in several places* Coated jars may be 
made of any form and size, and are called Leyden Phials^ or Leyden Jars. 

A number of jars combined, make what is termed an electrical battery ; they all stand in a 
box, the bottom of which is covered with tin, thus all their outsides are connected : and by 
means of wires and brass rods, their insides are also connected. 

The discharging rod consists of a glass handle A, and two curved wires BB, which move ^^^^ ^'^ 
by a joint C, fixed to the brass cap of the glass handle A. The wires BB are pointed, and ^^* ^^ 
the points enter the knobs DD, to which they are screwed, and may be unscrewed from 
them at pleasure. By this construction, the balls or points may be used as occasion requires. 
The wires being moveable at the joint C, may be adapted to smaller or larger jars at pleasure. 

PROP. XVII. If a glass p{ane, or cylindrical vessel, coated on both 
sides with tin-foil, or any other conducting substance, be charged^ that is, 
positively electrified on one side, and consequently negatively electrified on 
the other ; a communication being made from one side to the other by 
some conductor, the plane, or vessel, will be suddenly discharged^ with an 
explosion. 

There is a strong attraction (compare Prop. XII. and XV.) between the fluids on opposite 
sides of the glass, or the fluid which is accumulated on one side makes a powerful effort to- 
wards the other side where the fluid is deficient ; but the substance of the glass itself being 
Impervious to the electrick fluid, the accumulated fluid cannot pass to the deficient side till 
a communication is made between them by some conducting substance. When such a com- 
munication is made, because the metallick coating touches the whole surface of the electri- 
fied glass, the whole quantity of redundant fluid easily passes from the side which was posi- 
tively electrified to the other. 

Exp. I. Let a plate of glass, coated with tin-foil, (exo^t about \\; inch from the edge) be 
charged, as described Prop. XV. Exp. 6. Upon making a communication from one side to 
the other by the discharging rod, there will be a sudden discharge. 

2. Let the same be done with the Leyden PhiaL 

3. Charge a j \r coated on the inside with water, shot, or brass dust, and held on the 
outside by the hand, then discharge it in a dark room. 

4. If two equal circular brass plates, one of which is suspended by a long metallick rod 
from the conductor parallel to the horizon, and the other, supported by a conductor, is plac- 
ed parallel and opposite to the first, be electrified ; the plate of air between them will be 
charged by the brass plates. 

5. Let one coated jar be suspended by a wire under another ; let the upper jar be charg- 
ed by triking sparks from the cdnductor *, the lower uninsulated jar will be charged with the 
fluid which passes from the side negatively electrified of the upper jar. 

6. Discharge, in a dark room, a jar imperfectly coated* 

39 Co». 
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Cor. t. A coated jar cannot be charged unless its outer surface be connected with some 
conductor. For without such a conductor^ the fluid cannot pass from or to the outer sur- 
facei which b necessary in order to charge the jar. 

Cor. 2. When a coated glass vessel is charged^ the charge of electrick fluid is in the 
glassi and not in the coating. 

Exp. Lay a plate of glass between two metallick plates* as described Prop. XV. Exp. 6. 
Having charged the plate of glass, remove the upper plate of metal by a glass handle, with 
some non-conducting substance, as silk '» remove the electrified glass plate, and place it be- 
tween two other plates of metal unelectrified and insulated ; the plate of glass thus coated 
afresh will still be charged. 

ScHoL. The discharge of a plate of glass, Leyden Phial, &c. is made by restoring the 
equilibrium which was destroyed by the charging ; and it is effected by forming a commu* 
nicattoii between the overloaded and the exhausted sjtfe ; and if the communication be made 
by metal, or other good conductors, the equilibrium will be restored with violence, the re* 
Jundant electricity on one side will rush with great rapidity through the metallick commu- 
nication to the exhausted side, and a large explosion will be made, that is, the flash of elec- 
trick light will be very visible, and the report will be very loud. 

PROP. XVIII. If the conductor be electrified positively, that side of 
the jar with which it has a cominunicatioa will be electrified positively^ 
the other negatively. 

Exp. I. Charge one jar on the inside positively, and another negatively, and observe, in 
a dark room, the difierent appearances of the fluid, upon the point of a wire brought near to 
the ball which is connected with the inner side of each jar : when the point is presented to 
the jar positively electriiied on the inner side, it will exhibit the appearance of a star ; when 
presented to the other, that of a pencil. 

2. Observe the different appearances, in a dark room, when with the same charged jar 
the point is presented towards the tide positively, and towards the side negatively, electrified. 

3. Between two jars, charged one negatively and the other positively, suspend by a 
dilken string a cork bail, from which short threads hang freely; the ball will pass with 
a rapid motion from one to the other, and, being first attracted towards the jar pv)sitively 
electrified: then towards the other, it will receive the fluid from the former, and communi- 
cate it to the latter, till both are discharged. If both be charged in the same manner, the 
cork will remain at rest. 

4. If, after a jar is charged, the uncoated part of the jar be moistened by the breath, or 
by steam, the jar placed upon a conductor will be gradually discharged, and the fluid will be 
seen, in a dark room, to flash strongly from one side to the other : if the jar be insulated^ 
the flashes will be greatest on the side positively electrified. 

5. Let a discharging rod be applied without its b^lls to a charged jar, in such manner as 
to discharge the jar gradu illy : the point which approaches towards the side positively elec* 
rrified, will^ in a dark room^ exhibit a star} the- other point, a pencil. 

6. Withi» 
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6. Within the receiver of an air-^pump place two well polished brass ballS} the lower 
supported on a brass stem by the plate of the pump, the other fixed on a stem which is 
moveable in the neck of the receiver : let the balls be brought within the distance of four 
or five inches from one another ; then let the upper ball be connected with the conductor, 
and electrified positively : a lucid atmosphere will, in a dark room, appear on the lower 
surface of the upper ball : whereas if the upper ball be negatively electrifiedi the lucid at* 
mosphere will be seen on the lower ball. 

ScHOL. The last experiment establishes the theory of a single electrick fluid : for if 
there were two contrary fluids, there must in tliis experiment be an atmosphere about each 
bally attracting each other. 

PROP. XIX. Th€ electrick fluid can be conveyed through an insulat- 
ed conductor of any length, and its passage from one side of a charged jar 
to the other, is apparently instantaneous, through whatever length of a me« 
tallick, or other good conductor, it is conveyed* 

Exp. I. Let a long wire, passing round a room, suspended by silk cords, be a part of 
the circuit of communication from one side of a charged jar to the other, the discharge will 
be apparently at the same instant in which the communication from one side to the other is 
completed. 

2. l^t any number of persons make a part of the circuit of communication ; the fluid 
wUl pass instantaneously through the whole circuit. 

ScHOL. The shock of the I^eyden jar has been transmitted through wires of several 
miles in length, without taking any sensible space of time. Dr. Priestley relates several 
curious experiments made with a view of ascertaining this point soon after the discovery of 
the Leyden PhiaL See Priestley's Hist, of Elect. 

PROP. XX. The sudden discharge of a^harged jar gives a painful 
sensation to any animal placed in the circuit of communication, called the 
electrick shock. 

The discovery of the eflPects of electricity, as exhibited by the I^yden jar, immediately 
raised the attention of all the philosophers in Europe. The account which some of them 
gave of the experiments to their friends, border very much on the ludicrous. M. Muschen- 
brock, who tried the experiment with a glass bowl, told M. Reaumur, in a letter written soon 
after the experiment, that he felt hhns^rlf struck in his arms, shoulder, and breast, so that he 
lost his breath : and was two davs before he recovered from the effects of the blow and the 
terror. He added, that he would not take a second shock for the whole kingdom of France* 

M. Allamand, who made tlie experiment with a common beer glass, said, that he lost his 
breath for some moments, and then felt such an intense pain all along his right arm, ths^ he 
vas apprehensive of bad conseijuenccs \ but it soon went off without any inconvenience. 

* Notwithstanding 
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Notwithstanding the ptnde made hj these philosophers, the shodc wis probably, not, hj 
any means, stronger than what many children of 6 or 7 years old would bear without the 
smallest hesitation. Their descriptions most have arisen dirough terror, or the love of the 
manrellous. 

■ 

CoR. The force of the electrick shock may be increased, by Increuing the surface of 
coated glass. 

Exp. I. A battery being charged, a fine metallick wire brought into the circuit will be 
melted. 

2. If a plain piece of metal be placed upon one of the rods of the discharger, and upon 
the other a needle with the point opposite to the surface of the metal, upon discharging the 
battery^ the surface of the piece of metal will be marked with coloured circles, occasioned by 
thm lammse of metal raised in the explosion. 

3. If a piece of leaf gold be put between two pieces of glass, and the whole fast bound 
together, the metal will be melted, and a metallick stain will be seen in both glasses. 

4. If a shock be sent through a needle, it will give it magnetick polarity* 

5. An animal, or plant, may be killed by being placed in the circuit of a battery. 

ScHOL. Persons not thoroughly conversant in electricity, should be very cautious in using 
large batteries i they should he sure that they are perfect masters of a small force, before 
they meddle with a greater. Such a force of electricity as may be accumulated in batteries is 
not to be trifled with, since the consequences, if not fatal, may be great and lasting. A large 
shock, taken through the arms and breast, which an operator is most in danger of receiving, 
might possibly injure the lungs, or some other vital part : and if the shock were taken 
through the head, which may easily happen when a person is stooping over the apparatus 
in order to adjust it, it might afiect his intellects for the remainder of life. 

PROP. XXI. If the circuit be interrupted, the fluid will become visible, 
and where it passes, it will leave an impression upon any intermediate body. 

Exp. I. Let the fluid pass through a chain, or through any metallick bodies placed at 
small distances from each other ; the fluid, in a dark room, will be visible between the links 
of the chain, or between the metallick bodies. 

2. If the circuit be interrupted by several folds of paper, a perforation will be made 
through it, and each of the leaves will be protruded by the stroke from the middle towards 
the outward leaves. 

3 Let a card be placed under wires which form the circuit, where the circuit is inter- 
rupted for the space of an inch : the card will be discoloured. If one of the wires be placed 
under the card, and the other above it, the direction of the fluid may be seen. 

4. Spirits of wine, or gun powder, being made part of the circuit, may be fired. 

5. Inflammable air may be fired by an electrick gun. 

PROP. XXII. The atmosphere is electrified, sometimes positively, and 

sometimes negatively. 

Exp. 
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Exv Let a Itite be tent up into the air with cord (consisting of copper thread twisted 
itrith twine ;) let the lower end of the cord be insulated by a silk line : a metaliick conductor 
snspended from the lower end of the cord will be positiyely or negatively electrified* The air 
at some distance from houses^ trees^ masts of ships, &c. is generally electrified positively ; 
particularly in frosty, clear, or foggy weather. For the particular construction of the eleo» 
tricalkite, and other instruments used with it, see Cavallo's Elect. Vol. ii, chap. i. 

ScHOL. The following general laws have been deduced by Mr. Cavallo, from a great 
number of experiments made during two years in almost every degree of the atmosphere 
from 15^. to 80^ of Fahrenheit's thermometer. 

!• The ail" appears to be electrified at all times ; its electricity is constantly positive, and 
much stronger in frosty than in warm weather ; but it is by no means less in the night than 
ia the day-time. 

II. The presence of the clouds generally lessens the electricity of the kite. 

III. When it rains, the electricity of the kite is generally negative, and very seldom 
|)0sitive. 

IV. The aurora borealis seems not to affect the electricity of the kite. 

V The electrical spark, taken from the string of the kite, or from any insulated con- 
ductor connected with it, especially if it does not rain, is very seldom longer than ^ of an 
inch, but it is exceedingly pungent. When the index of the electrometer is not higher 
than :o^ the person that takes the spark will feel the efl^ct of it in his legs ; it appearing more 
like the discharge of an electrick jar, than the spark taken from a prime conductor. 

VI. The electricity of the kite is in general stronger or weaker, according as the string 
is longer or shorter ; but it does not keep any exact proportion to it. The electricity, for 
instance, brought down by a string of an hundred yards, may raise the index of the electrons^ 
eter to 20^. when with double that length of string, the index of the electroo^eter will not 
go higher than 25**. 

VII. When the weather is damp, and the electricity is pretty strong, the index of the 
electrometer, after taking a spark from the string, or presenting the knob of a coated phial 
to it, rises surprisingly quick to its usual place, but in dry and warm weather it rises exceed- 
ingly slow. 

PROP. XXIII. The electrick fluid and lightning are the same sub- 
stance. 

Their properties and effects are the same. Flashes of lightning are generally seen to form 
irregular lines in the air ; the electrick spark when strong, has the same appearance. Light* 
ning strikes the highest and most pointed objects ; takes in its course the best conductors ; sets 
fire to bodies *, sometimes dissolves metals ; rends to pieces some bodies \ destroys animal life; 
in all which it agrees (as has been shewn )'with the phenomena of electrick fluid i-— both 
causes have the same power of making iron magnctick. Lightning has been known to strike 
men with blindness. Dr. Franklin produced a similar effect on a pigeon by the electrical 
fluid* Lastly, the lightning being brought from the clouds to an electrical apparatus, by a 
or wire, will eiAibit all die appearances of the electrick fluid. 

40 > Ixt. 
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ExF. Take a Leytlen phial, 5 inches in diameter, and 13 inthes in height i on the inside 
let the coating rise till its upper edge be j-J- inches from the rim of the vessel ; on the outside 
let the coating rise no higher than 1 inch from the bottom. When the phial is thus coated, 
let it be charged, and a spark will pass from the tiii-foil on the outside to th.it on ihc inside i 
but its form will resemble that of a tree, whose trunk will increase in magnitude and bril- 
liancy, and consequently in power, as it approaches the edge, owing to ramifications which 
it collects from all parts of the glass. Within two Inches of the edge, it becomes one 
body, or stream, and along that interval its greatest force acts. 

When two clouds, or the two correspondent parts of a cloud, have their equilibrium restored 
by a discharge, the appearances are exactly similar to those of the preceding experiment. 
Each extremity of the flash is formed by a multitude of little streams, which gather into one 
body, whose power is undirided in that interval only which separates the positive from the 
negative. 

PROP. XXtV. Buildings may be secured from the effects of light- 
ning, by fixing a pointed iron rod hi^jher than any part of the building 
and continuing it, without interruption, to the ground, or the nearest 
water. 

Theelectrick fluid will, by means of the pointed rod, be gradually conveyed from lh« 
cloud to the earth by a cominucd stream, and thus prevent the etfccts of a sudden and violent 
expLoEion. 

Ekp. Let a board, shaped like the gable end of a home, be fixed perpendicularly upon 
an horizontal board : in the perpendicular board let a hole be made, about an inch square 
and -^ inch deep ; in this hole let a piece of wood nearly of the same dimensions be so inserted 
as to fall easily out of Its place, and let a wire be fastened diagonally to this square piece of 
wood i let another wire, terminated by a brass bnll, be fastened to the perpendicular board, 
with its ball above the board, and its lower end in contact with the diagonal wire in the 
square piece of wood ; let the communication be continued by a wire to the bottom of thp 
perpendicular board. If the wires in this slate be made part of a circuit of communication, 
on discharging the jar the square piece of wood will not be displaced ; but if the communi- 
cation be inHmipted by changing the direction of the diagonal wire, the square piece of 
wood will, upon the discharge, be driven out of its place. 

If instead of the upper brass ball, a pointed wire be placed above the perpendicular board, 
the discharge may be drawn ofiT without an explosiim. 

ScHOL. The following directions are givea by Earl Stanhope, to persons erecting con- 
ductors for lightning : 

(i.) The rods must be made of such-substances as are, in thetrnature, the best conductcw^ 
of electricity. 

(2} The rods must be uninterrupted, and perfectly continuous. 

{j^ Tbcf must be of sufficient thickness. 

(4-1 They mast be peifectly connected with the common itock, that is, the eanh, ot 
-nearest water. • (5-) The 
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(5.) The upper extremity of the rods must be finely tapered, and as acutely pointed as 
possible. 

(6.) The rods must be very prominent, and several feet above the chimneys. 

(7.) Each rod must be carried in the shortest convenient direction from its upper end to 
the common stock. 

(8.) There should be no prominent bodies of metal on the top of the building proposed to 
be securedi but such as are connected with the conductor by some proper metallick comma* 
nication. 

(9.) There should be a sufficient number of substantially erected high and pointed rods* 
See *• Principles of Electricity," by Charles Viscount Mahon» now Earl Stanhope. To the 
same work, the reader must be referred for an account of a discovery made by his lordship in 
the science of electricity, which he denominated the ** returning stroke^** by which, he asserts, 
that persons may be killed, and other vast mischief ensue by lightnings at the distance of several 
miles from the flash. It is proper also to observe, that several respectable electricians, though, 
willing to admit the fact as discovered by Earl Stanhope, yet do not seem to think that the 
danger attending the returning stroke can ever be great or formidable. See Cavallo's Electr. 
Vol. II. and iix. Morgan's Lectures on Elect Vol. 11. Dr. Hutton's Diet. Art. Returning 
Stroke, 

PROP. XXV. The electrick fluid passes easily through a vacuum. 

The air being a non-conductor, in proportion as it is removed, the effort of the electrick 
fluid on the surface of the body positively electrified to pass to the next conductor^ mectfr 
with less resistance^ and therefore is difl^used over a greater space. 

Exp. I. Let a jar be charged in vacuo, 

2' Let a luminous conductor be placed in the circuit, and observe the fluid passing through it. 

3. Let a vacuum be made a part of the circuit in discharging a phial. 

4. Make a vacuum in a double barometer, and let the fluid pass from one leg to the other 
by connecting one of the vessels of mercury with the conductor. 

5. The electrick fluid may be made to pass through a large tube three feet in length, and 
four or five inches in diameter, if, being well exhausted, one end of it be connected with a 
large conductor *- The preceding experiments are to be performed in a dark room. 

ScHOL. I. From the resemblance between these electrical appearances, and the atmos<» 
pherical phenomena of the Aurora Borealis^ meteors, &c. it is inferred, that these phenomena 
are produced by the electrick fluid. 

ScHOL. 2. The success of the foregoing experiments depends, it is highly probable, upon 
the air in the jar, tube, &c being rarefied in a high degree ; for Mr. W. Morgan,, a gen- 
tleman deeply skilled in calculations and political arithmetick, has shewn thzt 2l petfect vacuum^ 
is absolutely impermeable to the electrick fluid. See Phil. Frans. vol. lxxv. 

PROP. XXVI. Some fishes have the property of giving shocks analo- 
gous to those of artificial electricity ; namely, the Torpedo^ the Gymnotus 
elect ricus ; and the SHurus elect ric us ^ If 
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Ifthetor lo t sunding in water, or outof water, but not tmchted, be touched 

with one haim rally ciimmunic.itcs a trembling motion or slijjht shock to the hand. 

ic c<t with both hands, at the same time, one hand being applied to its 

its upper surface, a shock will be received exactly tike that occasioned 

When the hands touch the fish on the opposite surfaces, and just over 

en the shock is the strongest ; but no shoc^ is felt, 'f iioth han s arc 

ptacf po -I ;!t organs of the same surface i which shews thjt the upper and lower 

su' it lui : organs are in opposite states of electricity, answering to the plui and 

mi so I PhiaL 

X 31 reii uy the torpedo when in air, is about four times as strong as when ia 

wati i wiicn the animal is touched on both surfaces by the same h^nd, the thumb being 

appli' to one surface, and the middle finger to the opposite, the shock is felt much stronger 
than ' he circuit is formi hands. 

'] tt of the torpedo i; it by the Enme substances which conduct electricity, 

and ii c ed by those sub vhich arc non-conductors of electricity. A circuit 

may I adc of several persons joniing hands, and the shock will be felt by them all at the 
same i but the shock will not pass through the least interruption of continuity, not even 

the distance of the two hundredth part of an inch. 

No eletirick attraction or repulsion could be ever observed to be produced by the torpedo, 
nor, indeed, by any of the electrick fishes. The shocks of the torpedo seem to depend on ihe 
will of the animal. 

'i he gymnotus clectricus, or electrical eel, possesses all the electrick properties of the tor- 
pedo, but in a superior degree. When small fish arc put into the water wherein the gym- 
notus is kept, they are generally stunned or killed by the shock, and then they arc swal- 
lowed, if the animal be hungry. 

The strongest shock of the gymnotus will pass a very short interruption of continuity in the 
circuit. When the interruption is formed by the Incision made by a pen-knife on a slip of 
tin- foil that is p^istedon glass, and that slip is put into the circuit, the shock, in passing through 
that interruption, will shew a small but vivid spark, plainly to be seen in a dark room. 

The gymnotus seems also to be possessed of a sort of nrw serue, by which he knows 
whether the bodies presented to him are conductors or not. This fact was ascertained by a- 
great number of experiments made by Mr. WalA. 

The siluruB clectricus is known to have the power of giving the shock, but we have a 
rery imperfect account of its properties. 

A fourth electrical fish was found on the coast of Johanna, one of the Comora islands, in 
lat la*. 13' south, by William Patbkson i and aik account of it was published in the 
76th vol. of the Phil. Trans. 

ScHOL. When electricity is strongly commtinicated to insulated animal bodies, the pulse 
is quickened,afld perspiration increased} and if they receive, or part with their electricity oa 
a sudden, a painful sensation is felt at the place of communication- But what is more extr»- 
ordinary is, that the infiucnce of the brain and nerves upon the muscles seems to be of an 
electrick' nMHK. -» 

We 
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We are indebted for this discovery to M. Galvinii a learned Italian, Mrho has denominated 
that part of aciencei animal electricity. We shall, without pretending to enter at large 
on the subject, give the result of the principal observations hitherto made, together with 
three or four illustrative experiments. 

1. The nerve of the limb of an animal being laid bare, and surrounded with a piece oL 
tin-foil, if a communication be formed between the nerve thus armed, and any of the neigh* 
bouring muscleSf by means of a piece of zinc, strong contractions will be produced in the limb. 

2. If a portion of the nerve which has been laid bare be armed as above, contractions 
will be produced as powerfully, by forming the communication between the armed and bare 
part of the nerve, as between the armed part and muscle. 

3. A similar effect is produced by arming a nerve, and simply touching the armed part 
of the nerve with the metallick conductor. 

4 Contractions will take place if a muscle be armed, and a communication be formed 
by means of the conductor between it and a neighbouring nerve. The same eflFect will be 
produced if the communication be formed between the armed muscle and another muscle 
which is contiguous to it. 

5« Contractions may be produced in the limb of an animal by bringing the pieces of 
metal into contact with each other at some distance from the limb, provided the latter make 
part of a line of communication between the two metallick conductors. 

6. Contractions can be produced in the amputated leg of a frog, by putting it into water, 
and bringing the two metals into contact with each other at a small distance from the limb. 

7. The influence which has passed through, and excited contractions in, one limb, may 
be made to pass through, and excite contractions in, another limb. 

8. The heart is the only involuntary muscle in which contractions can be excited by 
these experiments. 

9. Contractions are produced more strongly the farther the coating is placed from the 
origin of the nerve. 

10. Animals which were almost dead have been found to be considerably revived by ex» 
citing this influence. 

1 1. When these experiments are repeated upon an animal that has been killed by opium, 
or by the electrick shock, very slight contractions are produced i and no contractions what* 
ever will take place in an animal that has been killed by corrosive sublimate, or that has been 
starved to death. 

12. Zinc appears to be the best exciter when applied to g<Jd, silver, molybdena, steel, 
-or copper 1 he latter metals, however, excite but feeble contractions when applied to each 
other. Next to zinc, in contact with these metals, tin and lead, and silver and lead, appear 
io be the most powerful exciters. 

Exp. I. Place the limb of an animal, a frog, for instance, upon a table ; hold with one 
hand the principal nerve previously laid bare, and in the other hold a piece of zinc; let a small 
plate of lead or silver be then laid upon the table, at some distance from the limb, and a 
communicition be formed, by means of w.iter, between the limb and the part of the table 
where the metai is iying. If now, the silver be touched with the zinc^ contractions will 

be 
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be produced in the limb the moment that the metals come into contact with each other. 
The same effect will be produced, if the two pieces of metal be preyiousl]r placed in contact^ 
and the operator touch one of them with his finger. 

2. Let two amputated limlit of a frog be taken ; let one of them be laid upon a table, 
and its foot be folded in a piece of silver ; let a person lift up the nerve of this limb with 
a silver probe, and another person hold in his hand a piece of zinc, with which he b to 
touch the silver including the foot ; let the person holding the zinc in one hand, catch with, 
the other the nerve of the second limb, and he who touches the nerve of the first limb is to 
hold in the other hand the foot of the second ; let the zinc now be applied to the silver, 
including the foot of the first, and contractions wttt be immediately excited in both limbs. 

3. Take a living flounder, lay it flat in a pewter-phte, or upon a sheet of tin foil, and 
put a piece of silver, as a shilling, or a half crown, upon the fish. Then by means of a piece, 
of metal, complete the communication between the pewter- plate or tin-foil, and the silver 
piece, on doing which the animal will give evident tokens of being affected. 

4. Let a person lay a piece of zinc upon his tongue, and a half' crown, or other silver, 
under it ; on forming a communication between those two metals, by bringing their two 
edges into contact, he will perceive a peculiar sensation, a kind of cool sub-acid taste, not 
e±2LCtlj like, and yet not much different from that produced by artificial electricity. See 
Cavallo's Elect. Vol. iii. 

ScHOL. 2. Electricity has been adminiistered for various diseases. M. Cavallo has taken 
great pains in ascertaining the cases in which electricity has been successfully applied. We 
are informed by that gentleman, that rbeumatick disorders^ even of long standing, are relieved,., 
and generally quite cured. Deafness, the tooth-ach, swellings in general, inflammations of 
every sort, patsies, ulters, cutaneous eruptions, the St. Vitus' dance, scrofulous tumours^, 
cancers, abscesses, nervous head-achs, the dropsy, gout, agues, and obstructions, have all 
been considerably relreved, and in many instances perfectly cured, by the application of elec- 
tricity. A full account of the method of administering electricity in the cases above mention- 
ed, with an accurate description of the instruments used, may be seen in the ad Vol. of Ca^ 
vallo's Complete Treatise of Electricity. 



PROP. XXVII. There is a considerable analogy and difference be- 
tween magnetbm and electricity. 

The power of electricity is of two sorts, positive and negative ; bodies possessed of the 
same sort of electricity, repel each other, and those possessed of different sorts attract each 
other. In magnetism, every magnet has two poles ; poles of the same name repel each 
other, and the contrary poles attract each other. 

In electricity, when a body in its natural state is brought near to one electrified, it acquires 
a contrary electricity, and becomes attracted by it. In magnetism, when a ferruginous sub- 
stance is brought near to one pole of a magnet^ it acquires a contrary polarity, and becomes 
attracted by it. 

One 
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One sort of electricity cannot be produced by itselE In like maaneri no body can have 
foly one magnetick pule. - .^ 

The electrick virtue may be retained by dectricki* but iTeasily pervades non-electricks« 
The magnetick virtuj is reiained by ferruginous bodies^ but idjusily pervades other bodies. 

On the contrary, the migiietick power difiers from the eledncky in that it does not afiect 
the senses with lights smell, taste, or noise, as the clectrick dm. 

Magnets attract only iron, whereas the efectrick power attrsKts. bodies of every sort* 

The clectrick virtue rehides on the surface of electrified bodiesi but the magnetick is in« 
temaL 

A magnet loses nothing of its power by magnifying other bodies, but an electrified bodjr 
loses part of its electricity by electrifying other bodies. See Cavallo's Magnetismi Part ii.. 
Chap. ii« 
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DBF. L T IGHT 18 that which, proceeding firdm any body to die eye, 
M. ^ produces the perception of scHng. 

Def. IL a Ray of Light ^ is any exceedingly small portion of light, 
as it comes from a luminous body. 

Def* III. A body, which is transparent, or affords a passage for the 
rays of light, is called a Medium. 

Def. IV. Rays of light which, coming firdm a pcnnt, continually sep- 
arate as they proceed, are called Divergitig Rays. 

Def. V. Rays which tend to a common point are called Comftrging 
Rays. The divergency, or convergency, of rays, is measured by the angle 
contained between the lines which the rays describe. 

Def. VL Rays of light arc parallel^ when the lines which they de- 
scribe are parallel. 

Def. VII. A Beam of light, is a body of parallel rays ; a Pencil of 
rays, is a body of diverging or converging rays. 

Def. VIII. The point from which diverging rays proceed, is called 
the radiant point ; that to which converging rays are directed, is called the 
Jbcus. 

Plate 6i If the rays proceed from B ; BD, B A, BC, BE, are diverging rays» and B is the radiant i 
'^' ' if the rays tend towards B, DB, AB, &c. are converging rays, and B is the focus, 
^ig* ?• If the -nys AC» BC, converge to the focus C| passing on from thence in a right line» they 

become divergingi and C becomes a radiant. 

Def. 



Chaf. L of light, f «5 

Dbp. IX. A ny of li^t bent from a straight CQUtK in die same He:- 
dium» is saxd to be i^cted. 

PROPOSITION I. 

Rays of light consist of particles of matter. 

For, like all matter with which we are acquainted, they are capable of being inflected ctft 
0f their course by attraction. 

Exp. I. If a beam of light be admitted into a dark room through a small hole, and the 
edge of a knife be brought near the beam, the rays, which would otherwise have been in a 
straight line, will be inflected towards the knife. The edge of any other thin plate of metal, 
Itc produces the same cflTcct. 

The shadow of a small body, as a hair, a thread, &c. placed in a beam of the sun's lightf 
will be much broader than it ought to be if the rays of light passed by these bodies in right 
lines. 

. 3- A beam of light passing through an exceedingly narrow slit, not above -^^ part of 
an inch broad, will be split into two, and leave a dark space in the middle. 

PROP. II. Every visible body emits particles of light from its surface 
in all directions, which, passing without obstruction! move in right lines. 

Wherever a spectator is placed with respect to a luminous body, every point of that part 
•f the surface which is turned towards him is visible to him : the particles of light are» 
tfierefbre, emitted in all directions, and those rays only are intercepted in their passage by an 
interposed object, which would be intercepted upon the supposition that the rays move ia 
right lines. 

Exp. I. Let a portion of a beam of light be intercepted by any body : the shadow of 
diat body will be bounded by right lines passing from the luminous body, and meeting the 
lines which terminate the opaque body. 

2. A ray of light, passing through a small orifice into a dark roomy proceeds in a sinught 
fine. 

3. Rays will not pass through a bended tube. 

ScHOL. Rays of light are properly represented by right lines. 

PROP. III. The rays of light move with great velocity* 

♦ • 

The velocity of light is much greater than that of sound i for the flash of a gon, fired at 
a condderable distance, is seen some time hefore the report b heard. The clap of thunder 
is not heard till some time after the lightning has heea seen. 

This proposition is proved by observations made on th^ sateUitqs of the planet Jupiter^ 
•ad. on the ^rration ot the rays of light from the fixed ^ar^ as will be shewn in treating 

4^ upoa 
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upon Aatronomr i frodi wtMQM k will b; ft^i}, Uiat the rdocity fs at the me of 200,000 
miles in one second of time. 

PROP. IV. The particles of light arc exceedingly sraalU 

Otherwise their velocity wouU render their momenEum too great to be endured by the 
tye without pain. 

Exp. I. If a candle be lighted, and there be no obstacle to obstruct the progrCBS of its 
rays, it will fill all the space within two miles every way before it has lost the least sensible 
, part of its substance. 

2. Rays of light will pass without confusion through a imall puncture in a piece of 
p.iper, from several candles in 3 line parallel to the paper, and form distinct images on a 
sheet of pasteboard placed behind the paper. 

PROP. V. The quantities of light, received from a luminous body 
upon a given surface, are inversely as the squares of the distances of the 
surface bom the lumitious body. 

PUtes. Let .\BD. EFG, be two concentnck spherical surfaces t of which let ELFT, AHBK, be 
*•■ *• two similar portions. I^et the rays C£ and CF, with the rest proceeding from the centre 
C, fall upon the portion GLFf, and cover it : it is evident from inspection, that the samff 
fays at the distance CH will cover the portion AHBK only ; now these rays being the sanle 
in number at each place, will be as much thinner in the former, than they are in the latter, 
U ELFl is larger than AHBIC ; but these spaces being similar portions of the surfaces of 
spheres, have the same ratio to each other, that the surface* themselTca have, thtt is, they 
tn to etch fCher u the tqoare* of rhm radii CL, CH : the density of the rays H tbenfmrc 
invcrsdj w the sqaaies of these radii, or of their distances from the laminotis poiiR C. 

rut* IS. Exv. The light, passing horn a <»ndle through a tqaarff oriflce, will diterge U it pv^ 
''' ' cceds, and will illuminate surfaces which will be to each other as the i<|U9reii of their dtW 
tancea from the candle. Thus at the distance AP the candle will illuminate the square 
BF, at the distance AO it will illuminate the sufacc CO ec^ual to four time* BF^ and at 
the distance AS it will illDminate riic surface DS equal to nine times BF, hut AF, AO, and 
AS, are as i* a, voi 3, consequcntlj, the illunMoated surfaces are 9s the imarqa of ^ <^ 
taoces. . k . 

FRCP. VI. If the disUfUp Mweea rays diverging from difierent ftdib- 
ant points be the same, the diMMMt of lU ndiaat pcnuu are invcnejl^ i» 
*he divergcocy of the nya. . , . 

"tin' 
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Let D and E be two diflferent radiants i and let the rajrti diverging; from D describe the Pi«te 6. 
lines DA9 DB, and the rays diverging from E describe the lines EA, EB } so that, at the ^* ^ 
points A and B, the distance between the former rays shall be the same with the distance 
between the latter, and let EC, DC, be the perpendicular ditances of the radiants E, D. 
At the point E make the angle ZEC equal to ADC, which is half ADB : whence ZEC 
ind ADC (El. V, 17 ) have the si^me ratio to AEC But if these angles are small, they are 
very nearly in the proportion of their sines ZC, AC. And because the angle ADC is equal 
Co the mglc ZEC (EL i. 28*) AD is parallel to ZE :/and because these lines are parallel^ 
(El. I. 29.) the angles CAD« CZE, are equal : whence the two triangles ZEC, ADC, are 
equiangular, and (El. VI 4.) EC is to DC, as ZC to AC, or (from what was shewn above) 
at AOC t9 AEC ; that is, the distance of the riadiam £ is to the distaace of the radiant D9 
as half, the angle of divergency of the rays which proceed from D is to half the divergency 
of the rays which proceed from E, or as the whole angle of divergency ADB to the whole 
angle of divergency AEB ; that is^ the distances of the radiamts are inversd]^ as the divergen* 
Cf of the rays. 

PROP. VIL If the distance between converging rays tending to dif- 
ferent foci be the ^ame, the distances of the foci are inversely as the con* 
vergency of the rays. 

l^ AD» BDi be lines described by rays converging to the focus D, and AE, BE, lines Plate 6. 
described by other rays converging to E, and let the distance AB, at tlie points A and B, be ^'* ^ 
the same between the former and the latter rays. The angles ADB, AEB, are in this case 
the angles of convergency ; and EC, DC, are distances of the foci to which they respec* 
lively tend. Now it wa& proved in the last Prop, that EC is to DC as ADB is to a[£B 
Therefore the distances of the foci are inversely as the convergCAcy of the rays. 

PROP. Vltl. If rays proceed from a radiant at an infinite distance 
their divergency is nothing, and the rays are considered as parallel 

Since (by Prop. VI.) the divergency of rays is inversely as the distance of the radiant^ 
when the distance of the radiant is infinitely great^ the angle of divergency is infinitely 
small, and the rays may be considered as parallel. 

Cor. Hence all the rays which come from the centrCi or any other given point» of the 
mn's surface, are considered as paralleL 

PROP. IX. If rays tend to a focus at an infinite distance^ thdr con- 
vergency is nothing, and the rays are considered as paraileL 

Since (by Prop. VII } the convergency is inversely as the distance of the focus, when thai 
djuitvice is infinitely great| the angle of convergency is infinitely email. 

CHAP* 
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c H A p. n. 

Q^Rbp&action. 

SECT. L— -^ the Laws ^ Rtf tACTioitk 

Def. X* A ny of light bent firom a ttnight coune hj pasnng ont of 
one medium into another^ is aaid to be refracted, 

Dep. XL Tlie jinjgie of ttddeaee^ is that which b eontdtied between 
die tine described by the incident: ray, and a line pdrpendicuhr to the sur* 
fiice on which the ray strikes, raised from the ||oint of incidence. 

Def. XIL The jtngk of Refraction^ is that which is contained be« 
tween the Une described by the refracted ray, and a Une perpendicular to 
the refracting surfrce at the point in which the ray passes through that 
surface. 

Def. XIIL The jinjgk tf Deviation^ is that which b contained be« 
tween the line of direction of an inddent tay, and the direction of the same, 
ray after it is refracted. 

Mate 6. AC lit raj of fight I HK die tarfiicc of the icfiracdng mcdromi CF the l efra c ted yay g 

%• «• OP the perpendiottlari AGO the angle of in ci d en c e i PCF the angle of icfitaiM| and 

FCL the angk of 



Plate 6. ScHOL. The radiant point and focus may be either real or imaginary. If the rays rm^ 
^*S* ^* r0, diverging from the radiant r» pass into a refracting medium^ and move on in the direo* « 

tions of the lines if A, pB, which produced in the contrary direction would meet in R, thb 

radiant point is imaginary. 

If the rays I/» Ljr» tending towards the point F, be refracted at p and q^ and acquire a 

direction towards/, the focus/ is imaginary. 

PROP. X* The attracting force of any medium^ acting upon a ray of 
light, is every where perpendicular to the refracting suriace. 

Plate 6. '^ ^^ medium be uniform in all its parts, its immediate power upon the ray of light wiD 
1%. 8. be eqnal^ strong in every point of a plane drawn parallel to the refracting surface ; though 
its strength may be different in the next parallel plane, and so onwards as far as that power 
b extended on each side of the surface of the medium. The extent of this power ^i^ 
^here£Dre be terminated by two planes, parallel to one another and to the refracting surface. 
Let R be a particle of light, acted upon by the refractiTe power of the medium whose re* 

ftacting 
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firacting tarfaoe is DC It b ertdent that the refractiTC power %t O will move the particle 
R in the direction RO : and taking any two points D C at equal discanccb on each siie of 
0» the powers at D and C being equal, and acting at equal distances, RD, RC, equiliy 
inclined to RO, cannot move R in any direction but that of RO The same may be shewn 
of the powers at every point of the line DC, and in every line parallel to DC, that is^ of 
the whole power of the medium. 

PROP. XL A ray of light, in passing out of a rarer into a denser 
medium, is refracted towards a perpendicular to the surface of the denser, 
raised from the point in which the ray meets the medium ; in passing 
out of a denser into a rarer medium, it is refracted from the same per- 
pendicular. 

Let a ray of light» AC9 pass obliquely out of a rarer medium X» into a denser medium ^^^^ ^ 
Z ; let HK be the plane surface of the denser medium ; from the point C, in which the ray 
AC passes into the denser medium, raise the perpendicular OCP : the ray will be refracted 
«ut of the direction ACL, towards the perpendicular OCP. 

Because the ray is more attracted by the denser medium than by the rarer, it will be 
accelerated on entering the medium Z : for whilst the ray is so near the surface of the 
medium Zas to be within its attraction, and more attracted downwards than upwards, this 
attraction conspires with the motion of the ray, and, consequently, increases its velocity. 
And« since the action of the attracting force of the medium Z, must (by Prop. X) be in 
tlie direction of a line OCP perpendicular to its surface, if the oblique motion of the ray in 
the direction AC be resolved into two others, AD parallel to the surface HK, and AB, or 
DC| perpendicular to it, the parallel motion AD cannot be accelerated or retarded by the 
attraction which acts in the direction OC : the change of velocity, therefore, which the ray 
receives from the attracting force, must be made in the perpendicular part of its motion DC« 
Take C6 greater than DC representing the perpendicular motion of the ray after passing 
into the denser medium ; and take CE equal to AD representing the parallel part of the 
motion of the ray, which, because it is parallel to AB, remains the same when the ray 
enters the denser medium. The ray, therefore, at its entering the medium Z, may be con* 
sidered as acted upon by two forces C£. CG, and consequently (Book 11. Prop. XIV.) will 
describe the diagonal CF of a parallelogram, the sides of which are CE, CG* Now, of 
these sides CE remaining the same, whilst CG becomes greater than CD, the angle GCF 
(from the nature of the parallelogram) will be less than the angle NCL, equal (El. I. 15.} 
Co ACD. Therefore the ray, after it has passed into the denser medium, makes a less angle 
with the perpendicular OCP than AC, the ray before it passes into the denser medium ; that 
is, the ray, in passing out of the rarer into the denser medium, is refracted towards the per-* 
pendicular. On the contrary, whilst the ray of light FC is passing out of the densei^ 
medium^ into the rarer medium X,- it is more attracted by the denser than by the rarer 
mdiam, and ts therefore more drawn downwards thap upwards ; whence the attraction 
opposes the modoo of the rayj and will retard if as mudi as in. passing out of the rarer into 
die. denser medium it was accelerated i andt , c o nsequently |, the etkct will be the reverse 

43 «CHOt. 



Scaot- Tbe |irinc ipfci of opdcks are ^epumttfated «pM iht lO f lpd &i b a Aift l#t ii- 
an homogeneal tnbstanoe I and though ligltt wiU appear to be coiQ|NMudad «f ao^ 
of nfa» yet ^ principles of r^Ractioa and lefleaioiii &€• are jnatheoudcally tnK «he*^ 
applic»d to rays of any one tovt -..-.l 

'' . ' ' ' 

Hafts. Ezn» u Leta perpendicular qrlindriediFessd be so plaeed lEattk stmt sh^ 
lif- 7« side NA9 may cast the sha^>w of the side to a point L in the bottom of the TesseL This 
shadow is terminated by SNL| a say which passesi ina,ri|jl|t Inay^ die edge of the vesseL 
If the vessel be filled with water, the ijhadow will recedci aa the water is poured into the 
vcsscli from th^ point L which terminated it when the vessel was empty, towards the side 
NA, on which the son diines, and wiU be terminated by^ the' ray OMC : that is, the raf 
SNL, wjiich first terminated the shadow, by passing out of the air into Ae wafeerr is tfeftacteA ' 
towards AN, a line drawn perpendicular to the surface of the water, at the point, in wfaick ' 
tbfi ray enters the water : or the angle of refnctiofi is IcsPfhan the angle of incidence. 

9U Let a small bright object be laid upon the bottom of a cylindrical vessel NB AL at d 
Z«et the spectator's eye be sa placed atS, as jost to lose sight of the object at C, that is^ sa. 
that a ray passing in a right line from the remote edge of the object towards the eye at S ' 
will be intercepted by the edge of the vessel, or that the first ray tirhtch is not intercepted" 
passes in the direction ONC above the eye. Whilst the eye continues in the same situation^ 
if the vessel be filled with water, the object, will become viuUe 1 dut is, the ray wlucK 
passed from the renx>te edge of the object, in. a right line CNO, by the vessd, in ienteiinK ' 
die aur is ref r a cte d into the diiecdon NS, toward! the eyci or from the perpendicular FNA»- 
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Plate s. The ray AC, in passing out of the me£nm X into S5, is ffefira c te d into €!F, becausr 

Vft s. it is accelerated at its entrance into 2 by the greater attraction of the denser medium r 
and the ray FG in passing out of Z into X is refracted into C A ,r because it is retarded by 
the same attraction. Since, then, the acceleration and retardation are produced by the same^ 
degree of attraction in opposite directionst they will be equal to one another, and therefrac* 
tions produced by them will be equal, but in opposite directions ^ that is, if the refracted 
ray becomes the incident ray, the incident ray will become the refracted one : or, the re* 
fractions are reciprocaL 

PROP. XIIL In any two given mediums, the sine of any one angle 
q{ incidence has the same ratio to the sine of the corresponding angle oT 
lefraction, as the sine of any other angjie of incidence has to the sine oF 
its corresponding angle of refraction* 

pii^ ^ The oblique motion of the ray AC, in passing out of the rarer medium X into the dehi^ 

fig* s. mediiun Xf, may be resolved into AD parallel to the sttrf.ice HK, and AB or DC perpendico* 
lar to St. Of these (as was shewn in Ptop. XI.) only the pei^ndicular motion DC ii accel- 
erated. Tale CN equ^l to CD, and continue tb^ refracted ray CS to t, so that if FG ia. ' 
-drawn perpendiGular to OP| FG may be equal ta AD ; and draw KS the sine of tfife' ai^Ife^ 

o£ 
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of r e fra ction NC^ Tit pefpemlicidir niodtf of the ny in the mediitn Z (by Prop. XI») 
i» CG, tbct it» the my is acceknted in theratioof CN to CG. Bat« because CGF, CNS^ 
are eqniangufaur triangtes, (El. VL 4.) GF the sine of the angle of mcidence is to NS the sine 
of At angle of refraction, as CG the velocicy of the ray in the denser medium Z^ is to Ctt 
the veh>cky of the ray in the rarer medium X 1 that is, the sines of the angles of incidence 
and refraction are inversely as the velocities of the ray. But where the two mediums are 
given, as X and 7^ their densities^ and consequently, the dtflferences^ of their attractions are 
given : and, since the ratio of velocities in diflfereni mediums dependa opon the difference of 
their attracting force, where this difference is given, the* ratio, of the velocitiea ^aimot be al« 
lered by changing the obliquity of the ray, so that, if the velocity m one medium is to that 
in another, as CG to CN, and the sine of the angle of incidence be to that of refraction in 
any one degree of obliquity, as GF to NS, this ratio will continue the same in every degree 
of obliquity i for GF will always be to NS in the ratio of CG to CN« 

Cor, f. Hence, when the angle of incidence is increased, the* corresponding angle of 
refraction will also be increased : because the ratio of their sines cannor continue the same, 
unless they be both increased t and if two angles of incidence be eqpal, dhe angles of refirac* 
will also be equal. 

Cor. 2. Hence the angle of deviation varies with the angle of incidence^ 

ScHOL* I. If a ray of ITght, AC, pasa obliquely out of air into glass, AD the tine of the l^^te e^, 
angle of incidence A CD, is to NS» the sine of the angle of refraction NCF, nearly as 3- to 2 : ^''' ** 
therefore, supposing the sines proportional to the angles, the sine of FCL the angle of devia* 
tion, is as the difference between AD and NS, that is> as 3-^2, or i, whence the sine of 
incidence is to the sine of the- angle of deviation as 3 to i. In like manner it may be shewn^ 
that, when the ray passes obliquely out of glass into air, the sine of the angle of incidence 
will be to that of deviation, as NS ta AD— »NS, that is, as 2 to i. In passing out of air in* 
to water, the sine of the angle of incidence is to that of refraction, as 4 to 3, and to that of 
deviation, as 4 to 4—3, or i : and in passing out of water into air, the sine of the angle of 
incidence is to that of refractioui as 3 to 4, and to that of deviation, as 3 to !• 

Cor. 3» Hence a ray of light cannot pass out of water into air a.t a greater angle of inci* 
dence than 48^. 36^ the sine of which is to radius as 3 to 4. Out of glass into air the angle 
must not exceed 40^. 1 1^ because the sine of 40*. 1 1^ is to radius as 2 to 3 nearly : conse* 
quently, when the sine has a greater proportion to the radius than that mentioned| the ray 
will not be sefracted* 

ScHOL. 2. rt must be observed, that when the angle is within the limit, for liglit tube 
refracted, some of the rays will be reflected. For the surfaces of all bodies are for the most 
part WMSfCttf^ which occasions the dissipation of much light by the most transparent bodies ;. 
aome'bdng icftxted'^ and some refimcted, by the inequalities on the surfaces. Hence a per-^ 
son can see thioi^ water^ and his image reflected by it at the same time. Hence also, lA'^ 
the dnsk^. the fimrnitttie in a room may be leca by the leflectaoa o£a waadow^ while objecti^- 
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PUtt e. ExF« ^p(Mi ft wmooik boifd* jibont the €eiine€» dcferibe ft circle^ HOSP i dnw two 
'^ ^ dumeters of tl«5 cifclc OP; HK« pcrpendicvlar to ewth other i dnnr ADM perpendieabr to 
OP s cttt offf>r and CI c^ual to ^ DA «. thnngh Tl, draw TIS» cuttiiig the drcomfev- 
ence in S|/NS drawn from S perpendicnlarly upon OPt will be eqoai to Dl^ .or -(of < 
DA. Then if. pina^be ^ruck perpendiculailf at A, C and Si and ihe bo^ be dipped in the 
water aa. far aa the line HK, the pin at S will appear in the aame iiiie with the pina at A 
and C Thia ahew^ that the taj which comca from the pin.S k io lefiracted at C, aa to 
come to the eye along the fine CA : whenae the atae of incidenoa AD ia to the aine of re* 
fractbn MS* af 4 to 3^ . If .other piiM weie 6xed along CS» they wonld all appear in AC 
pcodooed.i ^luch^phewy that the ray ia bent at the aorfaoe only« Ihe aame may be ahewn, 
at diflvreift tnclinatbna of the incident ray, by meana of a moveable rod taming upon die 
tentre C» which always keep the ratio of the ainea AD, NS« aa 4 to 3. Also the aian^ 
ahadow, coinciding with ACt may be ahewn to be refracted in the aame manner. 

Con. 4. The image R of a small object G, placed under water, is one fourth nearer the 
aurfaoe than the object* , And hence the bottom of a pond, river, &C ia one third deeper 
than it appears to a spectator. If a river appears to be only 47 feet deep, it will be 6 feet | 
a person not apprized of this, might venture into water at the hazard of hb life. And hence 
also we have the reason of the common phenomenon of a shilling, or other object, placed in 
an empty vessel, appearing to be elevated higher and higher aa the vessel is filled wUi water. 
Suppose4he vessel empty, CQ^its side opaque, (Fig* 16.} G the object; if the eye be at H| 
the object will he hidden by the side CQ^i but by filling the vessel with water up to DB, it 
will beoome viaible, and seen at R, the ray EG being refracted into HE. And if the eye be 
ao pb^ed aa to aee the object at G when the veaad waa empty, while it ia filfing the object^ 
wiU 'ftppear M riae gradually. Hence appears the reaaon why a atraight atick HER, (Fig« itf.)' 
immeried obliquely into water, appears bent at the anrface IM | the image of the part with- 
in lying above the object. 

PROP. XIV. Rays of light which pass perpendicularly out of one 
medium into another, suflfer no refraction. 

:nate a. When AQ the incident ray, coincides with OC, the perpendicular, the action of the 
^^* * medium Z or X to accelerate or retard the motion of the ray, being perpendicular to its suv* 
face, cannot turn the ray out of its perpendicular path* 

PROP. XV. When parallel rays pass obliquely out of one medium 
Into another through a plane surfacci they will continue parallel after 
refraction. 

Mm 6. Let AB9 CD, be parallel rays, falling on the pfame aurfiice RBD of a medium of diftrail 
'V* ^* denaity : because they make equal angles of incidence with their respectire perpihilhiiitjfc 
OP, ST, they will suffer an equal degree of refraction i that is, the anglea of i cfi r a ath w y 
EfiP» fDTt wiU be cquali whence the refracted lays BE» OF, wiU be paiaUeL 

rtiopi 
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PROP. XVL Through a plane 8ui&ce, if diverging rays pass out of a 
zarer into a denser medium, they are made to diverge less ; and if they pass 
out of a denser into a rarer medium, they are maJe to diverge more : if 
converging rays pass out of a rarer into a denser medium, they will be made 
to converge less ; if out of a denser into a rarer, to converge more. 

Let the diverging rays AB» AE, AF» pass out of a rarer into a denser medium, through Plate «. 
the plane surface GH, and let the ray AB be perpendicular to that surface ; the rest being ^^* ^^' 
refracted towards their respective perpendiculars IK, I^M, and that the least which falls the 
farthest from B, they will proceed in the directions £N and FO, diverging in a leas degree 
from the ray AP, than they did before refraction : whiTevis had they proceeded out of a 
denser into a rarer medium, they would have been refracted from their perpendiculars LK, 
FiM, and those the most which were the most oblique, and therefore would have diverged 
more than before. Again, let the coi^ verging rays AB, CO, £F, pass out of a rarer into ^f* ''* 
a denser medium, through the plane surface GH, and let the ray AB be perpendicular to 
that surface ; the other rays being refracted towards their respective perpendiculars IK, 
LM, and EF being refracted more than CD, they will proceed in the directions DN, FN, 
converging in a less degree towards the rjy AN, than they did before : whereas, had the 
first medium been the denser, they would have been refracted the other way, and therefore 
have converged more. 

Def. XIV. A Ltns is a round piece of polished glass, which has both 
its sides spherical, or one spherical, and the other plane. 

A lens may either be convex on both sides, plano-convex, concave, plano-concave, or 
convex on one side, and concave on the other ; which last is called a meniscus. 

In plate 6. fig. 12. Sections of these, formed by a plane passing perpendicularly through 
their centres, are represented. 

Def. XV, The Axis of a Lens^ is a right line, passing through its cen- 
tre, perpendicular to both its surfaces, and the extremities of the axes are 
its poles. 

Each kind of lens is generated by the revolution of a section of the lens -about this line* 
Thus, in the first lens, if ach^ adb^ revolve about cdy the convex lens Mriil be formed. 

Def. XVL In every beam of light, the middle ray is called the Axis. 

Def. XVIL Rays are said to fall directly upon a lens, if their axis co- 
incides With die axis of the lens ; otherwise, they are said 40 fall Mitpteiy. 

I 
Def.- XVIIL The point in which parallel rays are coUected I 

through a lens, is called the Focus of paralkl rays c^that IcMi^ 

44 



174 OF OPTICKS, ' Book VL 

PROP. XVII. Through a convex surface of the denser medium, par- 
allel rays, passing out of a rarer into a denser medium, will become con* 
verging ; — diverging rays will be nude to diverge less, to become parallel^ 
or to converge, according to the degree of divergency before refraction, or 
of the convejdty of thie surface ; — ^rays eonvei^ing towards the centre of 
convexity will suffer no refraction ;— ^rays converging to a point beyond 
the centre of convexity, will be made more converging ;— and rays con- 
verging towards a point nearer the surface than the centre of convexity, 
will be made less converging by refraction : — ^and when the rays proceed 
out of a denser into a rarer medium, the contrary occurs in each case. 

Mate 6. Let AB| ID, be parallel rays entering a denser medium through the convex surface CDE, 
Fig. IS. ^hose centre of convexity is L ; and let one of these, ID, be perpendicular to the surface* 
This will pass on through the centre without suffering any refractionp but the other being 
oblique to the surface, will be refracted towards the perpendicular LB, and will therefore 
be made to proceed in some line, as PK, converging towards the other ray, and meeting it 
in K, the focus. Had one ray diverged from the other, suppose in the line MP, it would, 
by being refracted towards its perpendicular LB, have been made either to diverge less, be 
parallel, or to converge. Let the line ID be produced to K $ and if the ray had converged, 
io aA to have described the line NBL, it would then have been coincident with its perpendic- 
ular, and have suffered no refraction. If it had proceeded with less convergency towar48 
any point beyond L in the line IK, it would have been made to converge more by being re* 
fracted towatds the perpendicular LB, which converges more than it ; and had it proceeded 
with more convergency than BL, that is, towards any point between D and L, being refract* 
cd towards the perpendicular, it would have been made to converge less. 

And the contrary happens, when rays proceed out of a denser into a rarer medium, 
through a concave surface of the denser For being now refracted from their respective 
perpendiculars, as they were before towards them, if they are parallel before refraction, they 
diverge afterwards : if they diverge, their divergency is increased \ if they converge in the 
direction of their perpendiculars, tliey suffer no refraction ; if they converge less than their 
respective perpendiculars, they are made to converge still less, to be parallel, or to divergci 
if they converge more, tlicir convergency is increased. All which may clearly be seen by 
the figure, imagining the rays AB, ID, &c. bent the contrary way in their refractions to 
what they were in the former cases. 

Exp. Let parallel, diverging, and converging rays, pass through a convex lens j the sev^ 
eral cases of this proposition will be confirmed. 

If CDEH be a cpnvex lens, whose axis is IK, let L be the centre of the first cohvexilj 
CD£, and M that of the other CHE ; and let the ray AB be parallel to the axis ; through ft 
draw the line LN, which will be perpendicular to the surface CDE at that point. ' The tzy 
AB in entering the denser substance of the lens will be refracted towards the perpendicular^ 
and therefore proceed after it has entered the surface atB in some direction incUneS' towards. 

tbe 
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the axis, as BP% Through M the centre of conYeiity of this surface and the point P draw 
the line MR, which passing through the centre will be perpendicular to the surface at P» and 
the ray now entering a rarer medium will be refracted from the perpendicular into some di* 
rectton as PK. In like manner, and for the same reasonsi the parallel ray ST on the other 
side the axis, and also all the intermediate ones, as XZ, &c. will meet it in the same point» 
unless the rays AB and S V enter the surface of the lens at too great a distance from the axis 
IK the reason of which will be afterwards explained. 

The point K where the parallel rays A B, ST, 8cc. are supposed to be collected by passing 
through the lens CE, is called the focus of parallel rays of that lens. 

If the rays come diverging from a point equally distant from the surface as the focus of 
parallel rays, they will be rendered parallel ; if from a point farther from the surface than L, 
they will be brought to a point beyond L ; if from a point nearer than L, they will diverge 
less; as may be inferred from Prop.XH. 

If the rays come converging towards L, they will suffer no refraction ; if towards a point 
beyond L, they will become more converging ; if towards a point nearer the surface than L| 
they will become less converging : as is sufficiently explained in the proof of this proposition. 

ScHOL. If the rays AB, CD, EF, be parallel to each other, but oblique to GH the axis ^j^^* ^• 
of the lens IK, or if the diverging rays CB, CF, proceed as from some point C which is not 
situated in the axis of the lens, they will be collected into some point as L, not directly op« 
posite to the radiant C, but nearly so : for the ray CD, which passes through the middle of 
the lens, and falls upon the surface of it with some obliquity, will itself suffer a refraction at 
D and N ; but it will be refracted the contrary way in one place from that in the other ; and 
these refractions will be equal in degree if the lens has an equal convexity on each side, as 
we may easily perceive if we imagine ND to be a ray passing out of the lens both at N and 
D, for it is evident the line NU has an equal inclination to each surface at both its extremi* 
ties. Upon which account the difference between the situation of the point L, and one di« 
rectly opposite to C, is so small, that it is generally neglected ; and the focus is supposed to 
be in that line, in which a ray, that would pass through the middle point of the lens^ were it 
to suffer no refractiouj would proceed* 



PROP. XVIII. When rays pass out of a rarer into a denser medium, 
through a concave surface of the denser, if the rays are parallel before 
refraction, they are made to diverge : — if they are divergent, they are 
made to diverge more, to suffer no refraction, or to diverge less, according 
as they proceed from some point beyond the centre, from the centre, or 
from some point between the centre and the surface :— if they are con- 
vergent, they are either made less converging, parallel, or diverging, ac- 
cording to thdr degree of conveigency before refraction :-— and the reverse, 
in passing out of a denser into a rarer mediuok 

Let 
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Plate 6. Let MF, OI9 be two parallel rays entering a concave and dener aedtua, the centre of 
Fig. 15. ^iiQge coHYcxtty 18 H,. and. the perpendicular to the refracting surface at the point F is LH ^ 
the ray OI* if we suppose it perpendicuhir to the surface, will proceed on directly without 
refracrion, but the oblique ray MP» being refracted towards the perpendicular HL, will re- 
cede from the other ray OU If the ray MF had proceeded from a point in OI fsrther frofa 
the surface than Ii» it would have been bent nearer to the perpendicular » and therefore have 
diverged more : if it had diverged from the centre H9 it would have fallen in .with the per- 
pendicular HL9 and not have been refracted at all : and had it proceeded from a point nearer 
the surface than the centre H, it would by being refracted towards the perpendicular HL» 
have proceeded in some line nearer it than it otherwise would have done* and so would di« 
verge less than before refraction. Lastly, if it had converged, it would have been rendered 
less converging, parallel, or diverging, according to the degree of convergency, which it had 
before it entered into the refracting surface. 

If the same rays proceed out of a denser into a rarer medium through a convex surface of 
the denser, the contrary happens in each supposition : the parallel rays are made to converge! 
those which diveige less than their respective perpendiculars, that is, those which proceed 
from a point beyond the centre* are made less diverging, parallel, or converging, according 
to the degree in which they diverge before refraction } those which diverge more than their 
respective perpendiculars, that is, those which proceed from a point between the centre and 
the refracting surface, are made to diverge still more. And those which converge, are made 
to converge more. All which may easily be seen by considering the situation of the rays 
with respect to the perpendicular HL. 

PUtt 6. ^cp. Let parallel, diverging, and converging rays, pass through a concave lens : die 
'^' several cases c^ this proposition will be confirmed : thus, let AfiCD represent a concave 
lens, £0 its axis, FH the radius of the first concavity! IK that of the second \ prodoce 
HF to L, and let MF be a ray of light entering the lens at the pouit F. This ray being 
refracted towards the perpendicular FL, will pass on to some point, as K in the other 
surface, more distant from the axis than F» and being there refracted from the perpendicular 
IK, will be diverted farther still from the axis, and proceed in the direction KN, as from 
some point O, on the first side of the lens. In like manner other rays, as PQ^parailel to 
the former, will proceed after refraction at both surfaces as from the same point O s which 
upon that account will be the imaginary focus of parallel rays of this lens« 

If the rays diverge before they enter the lens, their imaginary focus is then nearer the 
lens than that of the parallel rays. If they converge before they enter the lens proceeding 
towards some distant point in the axisy as E, they are then rendered less converging : if 
they converge to a point at the same distance from the lens with the focns of parallel rays» 
they then go out parallel ; if to a point at a less distance, they remain converging, but in a 
icss degree than before they entered the lens. 

ScHOL. If the lens is plane on one aide* and convex or concave on the other, the -refrac^ 
tion is similar, but in a less degree. In a meniscusi if. the convexity on one side is equal to 
the concavity on the other, the two sides will produce equal and contrary effects, 'gnd die 
indinatfon of the rays to each other will ht the same after refraction as before. U tlieHxiii- 
vexity is greater than the concavity, the meniscus will have the eflbct of a'tens "sriuck Jrn ita 
convexity equal to the excess of the convexity of the meniscus above its concavity ; and the 
reversci if its concavity exceeds its convexity. PROP* 
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PROP* XIX. When diverging np are made to co B v e rgfe by patting 
through a convex lens, as the radiant approaches towards the lens on one 
side, the focus departs from it on the other ; and the reverse. 

For, the nearer the radiant point is to the lens, the more the rays which fall upon the 
kns diverge before refraction ; whence (the power of the refracting medium being given) 
they will converge the less after refraction, and have their focal point at the greater distance 
from the surface : on the contrary, the more remote the radiant point is from the lens, the 
less the incident rays will diverge, and consequently the more will the refracted rays con- 
verge, and the nearer will the focus be to the surface, till, at ao infinite dbtance of the 
Xadiant, the rays are collected in the focus of parallel rays* 

PROP. XX. When the radiant point is at that distance from the sur- 
&ce, at iTvhich parallel rays coming through it from the other side would 
be collected, rays flowing from that point become parallel on the other side. 

It manifestly follows from Prop. XII. that if the the parallel rays AB, ID, ST, in passing Pf^te €. 
through CDE, are brought to a focus in K, rays from K as a radiant point will, after re* '^* 
fraction, proceed in the parallel lines BA, DI, TS. 

PROP XXI. When rays pass out of one medium into another of 
different density through a plane surface, if they diverge, the focal dis- 
tance will be to that of the radiant point ;-— if they converge, it will be to 
that of the imaginary focus of the incident rays, as the sine of the angle 
of incidence is to that of the angle of refraction. 

This proposition admits of four cases. 

Case I. Of diverging rays passing out of a rarer into a denser medium. 

IjCt X represent a rarer, and Z a denser medium, separated from each other by the plane ^!^^^ ^' 
surface AB ; suppose CD and CE to be two diverging rays proceeding from the point C, the ^' 
one perpendicular to the surface, the other oblique ; through E draw the perpendicular PK. 
Tlic ray CD being perpendicular to the surface, will proceed on in the right line CQ^, But P'*** ®* 
the other falling upon it obliqutrly at E, and there entering a denser medium, will suffer a 
refraction towards the perpendicular EK. Let then EG be the refracted ray» and produce 
it back till it intersects DC produced also in P ; this will the focal point. On the centre 
Z with the radius £F, describe the circle AFBQj and produce EC to H ; draw HI the 
nne of the angle of incidence, and GK that of refraction ; equal to this is FP or CM, which 
let be drawn. Now if we suppose the points D and E contiguous, or nearly so, then will the 
¥m UK btt>alflMt otiaeUeitt with FD» and tlieiefofe FD wiU be to CD| as H£ to CE, or 
> (Bl 

■ 4S 
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(EI. VI. 4.) as HI to CM J that is, the focal distance of the ray CE is to the distance of th* /. 
radiant point, as the sine of the angle of incidence is to that of the angle of refraction.* ^,xy 

Case 2- Of direrging rays proceeditig out of a denser into a rarer medium. 

Let X be the denser, Z the rarer medium, FU and FE two diverging rays proceeding 
from the point F ; and supposing the perpendicular PK drawn a& before, FP will be the sine 
of the angle of incidence of the oblique ray FE, which in this case being refracted from ihe 
perpendicular, will pass on in some line as ER, which being produced b.ick to the circum- 
ference of the circle will cut the ray FD somewhere, suppose in C, this therefore will he 
the imaginary focus of the refracted ray ER ; draw RO the sine of the angle of refraaion, 
to which HI will be equal : but here also FP or its equal CM. is to HI, as EC to EH, or 
(If ihe points U and E be considered as contiguous) as DC to DF ; that is, the sine of thfi 
angle of incidence is to the sine of the angle of retraction, aa the focal distance to tha of 
the real radiant point. 

Case 3. Of converging rays passing out of a denser medium into a rarer. 
Plate e. Next ; let Z be the denser, X the rarer medium, and GE the incident riy ; this will be 
Fig. 16, i.efr.n:ted from the perpendicular into a line as EH : then all things remaining as before, 
GK, or its equ.1l FP, or CM will be the sine of the angle of incidence, and Hi that of 
refraction : but these lines, as before, are to each other, as DC to DF j that is, the focal 
distance is to the distance of the imaginary focus, as tlie sine of the angle of incidence to 
that of the angle of refraction. 

Case 4. Of converging rays passing out of a rarer into a denser medium. 

Let Z be the rarer, X the denser medium, and RE the incident ray ; this will be refracted 
towards the perpendicular into a line, as EF ; C will be the imaginary focus, and F the 
real one, HI which {EI. I. 26.) is equal to RO, will be the sine of the angle of incidence, 
and FP that of the angle of refraction : but these are to each other (El. VI. 2.) as DF to 
DC i and therefore the focal distance is ro that of the imaginary focus, as the sine of the 
angle of incidence is to that of the angle of refraction. 

PROP. 

■ Wherett IE !• to ME, or ND to CD, u Ht to CM, that u, u the ratio of the tine of the tmi^e of iDcidener 
to that of the aogle of refraction, which (Prop. X[ll.) ii ^way) ihe lame, the line IN i< la all incllaatioiu of the 
rajr CE, at the lame dialance from CM. Coiucqucniljr, had CE been cnincident with CD, lh> poim H had f Jlea 
upon N ; and became the circle paim through both H and f, F would alto have fallen upon N ; upon whidi 
account the focn« ot tbe raj CE would have been there. But the nj CE bcin^ oblique 10 (he lurface D8, thepoinr 
Ii i) at MKne dliianee fron N ; and therefore the point F ii neccHaritir 10 too, and the raor* h>, the greater thai 
diitance ii. Hence it i> manifeet, that 00 two raya flowing from the radiant poini C, and falling with different 
•bliquitiet on the lurfacc BD, wilt, after refraction there, proceed ai from the aaiue point ; therefore, itriclty ipeakr 
hig, there ii no one point in the line D. produced, that can moreproperlv be called the focua of rayi flowing frois 
C, than another : for ihote which etiier the refractii^ inrface near D, will, after refraction, proceed, ai haa beeB 
BbwrTed,from the patti about N ; thote which cmet near E,will flow a> from the parti about f; ihoee whick 
enter about T,at from loni* point* la the line UP produced, Jfcc. And it j> farther lo be ubterTCd^ that when tb* 
angle DCE btcomn Urge, the line NF increaiM apace i whence iboee rajrt which fall near T, proceed, after rf- 
fiactisn, an from a more diffused apace, than ihtnc which foil at the lame ditlauce from each other near the point Dl 
Upon which accnunt it i* lunal, with optical writen, to tuppoie the dinancc between the poioti where the ra^ 
enter the pbn* enrikee of a refracting medium, t» be inconeiderable with regard to the diitance of the radiaol 
point* if iher diverge i or la that of their imaginary fociu, if they conTer^ia : and UJilen there be lome pariicular 
reaion 10 the contrary, they cowdcf UtUB M •wchng Ut* refracting mediiim inadiicctiofl h nearly perpcndicnUr 
*» iu turfatci m nvy be 
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PROP. XXIL When parallel rays fall upon a spherical surface of 
dtffiarent density, the focal distance will be to the distance of the centre of 
convexity, as the sine of the angle of incidence is to the difference be- 
tween that sine and the sine of the atigle of refraction. 

Case u Of parallel rays passing out of a rarer into a denser medium through a convex 
Sttrfaoe of the denser. 

Let AB represent a convex surface ; C its centre of convexity s H A and DB two parallel Fhtt el 
rays, passing out of a rarer medium into a denser, the one perpendicular to the refracting ^*^* ^'^' 
surface, the other oblique : draw CB ; this being a radius, will be perpendicular to the 
surface at the point B ^ and the oblique ray DB being in this case refracted towards the per« 
pendicular, will proceed in some line, as BF, meeting the other ray in F, which will 
therefore be the focal point ; produce CB to N, then will DBN, or (El. I. 29.) its equal 
EC A be the angle of incidence, and FBC that of refraction. Now, since any angle has 
the same sine with its supplement to two right ones, the angle of FCB being the supplement 
of ACB, which is equal to the angle of incidence, may here be taken for that angle ^ and 
therefore, as the sides of a triangle have the same relation to each other, as the sines of their 
opposite angles have, FB being opposite to this angle, and FC being opposite to the angle 
of refraction, they may here be considered as the sines of the angles of incidence and of 
refraction ; and for the same reason CB may be considered as the sine of the angle CFB, 
which angle being, together with the angle FBC, equal to the external one ACB (£1. I. 32.) 
it is itself equal to the difference between those two last angles ; and therfore the line FB 
b to CB, as the sine of the angle of incidence is to the sine of an angle which is equal to 
the dtfi«rence between the angle of incidence and of refraction. Now because in very smalt 
angles as these are, for we suppose in this case also the distance AB to vanish, (the reason of 
which will be shewn in the note) their sines will have nearly the same ratio to each other that 
they themselves have, the distance FB will be to CB as the sine of the angle of incidence 
IS to the difference between that sine and the sine of the angle of refraction : but because BA 
vanishes^ FB and FA are equal, and therefore FA is to C A in that ratio.* 

Case 

* It appears from the above proposition, that the focal distance of the oblique ray DB, is such, that the line BF 
aball be to the line CB or CA as the sine of the angle of incidence to the sine of an angle equal to the difference 
between the angle of incidence and refraction ; therefore so long as the angles BCA, &c. are small, so long the 
line FB is nearly of the same length, because small angles have nearly the same ratio to each other that their sinet 
have. But when the point B is removed far from A, so that the ray DB enters the surface, suppose about O, the 
angles BCA, &c. becoming large, the aine of the angle of incidence begins to bear a considerably less ratio to the sine 
of an angle which is equal to the difference between the angle of incidence and refraction than before, and there* 
lore the line BF begins to bear a much less ratio to BC ; wherefore its length decreases apace : upon which 
account those rays which enter the surface about O, not only meet nearer the centre of conveiity than those 
which enter at A, but are collected into a more diffused space. From hence it is, that the point where those only 
which enter near A, ^re collected, is reckoned the true focus ; an4 the distance AB in all demonstrations rcla(ifl|; 
to tiM foci of parallel rays entfring a spbeHcal turface, whether convex or coocave, w suppoied to vanish. 
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Case 2. or parallel raj's passing out of a denser into a rarer meJinm tlirough a concire 
surface of the denser. 

Let AB be the concave surface of the denser medium, C the centre of convexity, and 
HA and DB two parallel rays- Through B the point where tlic oblique ray DB enters the 
iTiicT medium, draw the perpendicular CN ; and let the ray UB, being in this case refracted 
from the perpendicular, proceed in the direction BM ; produce BM back to H -, this will be 
the imaginary focus, and DBN, or its equal ACB, will be the angle ot incidenc, and 
CBM, or its equal (EL 1. 15.) HBN that of refraction-, produce DB to L, and draw BF 
such, that the angle LHF may be equal to DBH : then because NBD and DBH together 
.ire equal to NBH the angle of refraction, therefore BCA which is equal to the first, and 
LBF which is equal to the second, arc together equal to the angle of refraction ; but LBF 
is equal to BFA, (El. t. jy.) consequently, BFA and BC i together are equal to the anj^Ic 
of refraction -, and therefore since one of them, BCA, is equal to the angle of incidence, 
the other, BFA, is the difference between that angle, and the angle of refraction. Now 
FB the sine of the angle FCB, or which is the same thi^g, of its supplement to two right 
ones BCA, the angle ol incidence, is to CB the sine of the angle BFC, as FB to CB, that {■» 
as HB to CB i for the angles DBH and LBF being equal, the lines BF and BH are so too i 
butthc distance BA vanishing, HB is to CB, as HA tj CA : that is the sine of the angle 
of incidence is to the sine of an angle which is the difference between the angle of incidence 
and refraction, or because the anjiles are small, to the difference between the sine of the 
angle of incidence and that of refraction, as the distance of the focus from the surface ie to 
that of the centre from the same. 

Case 3. Of parallel rays passing out of a rarer into a denser medium through a concave 
surface of the denser. 

Let AB be the concave surface of the denser medium, and let LB and FA be the incident 
rays. Now whereas, when DB was the incident ray, and passed out of a rarer into a denser 
medium, as in Case the tirst it was refracted into a hnc BF, tiiis r.iy LB having the same 
inclination to the perpendicular, will also suffer t^e same degree of retraction, and will 
therefore pass on afterwards in the line FB produced, towards P. .So that whereas, in that 
case tlie point F was the real focus of the mcideni ray DB, the same point will, in this case* 
be the imaginary focus of the incident ray LB : but it was there demonstrated, that tne 
distance Fa is to C A, as the une ol the angle of incidensc is to the difference between that 
and til'' une of the angle of refraction, therefore iic local distance of the refracted ray BP 
is to the distance of the centre of convexity in that ratio. 

Case 4. Of parallel rays pasabg out of a deiuer into a rarer medium throu^ a convti 
suriacc of the denser. 

l.et AB be the correz lurface of the denser medium, and let LB and FA be the incident 
raya, as before. Now wherejs, when DB was the incident ray passing out of a denser into . 
a rarer medium, it was refracted inu> BM, as in Case the secoad, havit'g a point as H in tho 
line MB produced for m imaginary focus { therefore ^, for the Ukc reason as was gtvcD id 
the last case, will in this be refracted into BH, harinjc (he tame point H for its reil focut. 
So that here also 'he focal distance will be to that ut th' centre of convexity, as the sine of 
the anxle of i&udence ia to ^ diUeicDoe betwcea that aitd dw sine of the angle of 

CoK. 
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Cor. f • Hence, the sines of the angles of incidence and of refraction of paraHet raya 
being given, and also the distance of the centre of convexity from the surface, the focus of 
«ny lens may be easily found. 

Cor. a. The distance of the centre of a glass sphere, from the principal focus of rayi 
Tefiracted by it, is nearly equal to a radius and a half of the sphere* For in this case it will 
be FA : CA : : I : al^-aR, (where I and R signify the unes of incidence and refraction) 

therefore FAs^~== i^A. And if the sphere be of water instead of glass^ FAs-^ 

6 — 4 2 2 

ss 2C A s the diameter of the sphere. 

PROP. XXIIL When diverging or converging rays enter into a mc^ 
dium of different density through a spherical surface, the ratio compounded 
of that which the focal distance bears to the distance of the radiant point 
(or of the imaginary focus of the incident rays, if they converge) and d 
that, which the distance between the same radiant point (or imaginary 
focus) and the centre, bears to the distance between the centre and the focus^ 
is equal to the ratio, which the sine of the angle of incidence bears to the 
sine of the angle of refraction : that is, FD X CA : DA X CF : : FB : BGr 

Case I. Of diverging rays passing out of a rarer into a denser medium through a convex 
surface of the denser, with such a degree of divergency, that they shall converge after 
refraction. 

Let BD represent a spherical surface, and C its centre of convexity ; and let there be two FTite & 
diverging rays AB and AD, proceeding from the radiant point A, the one perpendicular to ^'<* ^^ 
the surface, the other oblique. Through the centre C produce the perpendicular ray AD 
to F, and draw the radios CB and produce it to K, and let BF be the refracted ray ; then 
will F be the focal point*: produce AB to H, and through the point F draw the line FG 
parallel to CB. AB being the incident ray, and CK perpendicular to the surface at the 
point B, the angle ABK, or which is equal to it, because of the parallel lines CB and F6, 
FGH is the angle of incidence* Now, since the supplement of any angle to two right 
ones has the same sine with the angle itself, the sine of the angle FOB, which is the supple- 
ment of FGH to two right ones, may be considered as the sine of the angle of incidence ; 
for which sine the line FB, as the sides of a triangle have the same ratio to each other, that 
the sines of their opposite angles have, may be taken ^gain, the angle FBC is the angle 
of refraction, or its equal, because alternate to it. BFG, to which BG being an opposite 
side, may be taken as the sine. But FB is to BG in a ratio compounded of FB to BA, and 
of B A to BG i for the ratio that any two quantities bear to each other, is compounded of 
the ratio which the first bears to any other, and of the ratio which that other bears to the 
second. Now FB is to BA, supposing BD to vanish, as FD to DA| ind BA is to BG, 
because of the parallel lines CB and FG, as AC to CF. Tih uMmnded of 

FD, the focal distance, to DA, the distance ^tlie ffid liitanoe 
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liohreini tfie nditnt poijot ind the oentrci to CF, the dl|t«aco^blitw«tB. Af fp^ mad 4ie 
tetitp is cqmd to that viudi the. tioft ofihc aiigk afinddciwj»e»i O) thf^ aiMiqf 4hi Wglv 
of refraction.* 

Case 2. OfconvcrgiBffiyspaflrittgoiitof arinn'fatoadtetef m^ 
stirface of the denser with soch a degreeof conveffenef » that diey shaU difcrge ieificff: ifelinciion*: 
Mite 6. Let the inddeat njn he HB and FD passing OHt of a rarer into a danser aaediAitt thMiglfc' 
Vif- 19. tiiecooqnre surf ace BD^ and tending towards the point At fiom whence the Jivargiqg raj^a. 
flowed in the other case i then the oblique ray HB having its angle- of inriijoteT HBC eqoaf 
to ABK the angle of incidence in the former case, will be refracted inco the KaipvL sn^ thaa 
its angle of refractbn KBL will be equal to FBC the angle of refraction in the former case | 
tbait iSf it wffl proceed ajteir refraction in the fin^ FB pvodiiced, having tlio samefodil dirtance 
FD with the diverging raja AB» AD. in the eUier-caae. Blit, bjf what has been abeadf • deK 
^Kmtratcdy the ratio compounded of FO^the focal distance^ to DA, in this case, the diMnce 
9f the imaginary focos of the incident rays and of AC» the distance between thp same ima|^ 
nary foctis and the centve, to CF» the distance between oentte and the foctts^ is eqoal tij^ 
duit wUch the fine of die angle of inddeace bears to the sine o£ the angte ofi noficsctioiii. . 

■ ■ ■ 

Casq 3. Of diverging rays passing oot of a rarer into a denser medinm through 9 tom^ 
snrface of the'd^inser, with such a diegrecrof divergency as to continue diverging. ^ 

9btt a. het-Mf ADr be tba dArdigbg My* an4 let ffaeir divet^genqr he io gceati diat dit 
Tag* 18- refracted ray'BL shaU also diverge from the other 1 produce LB back to F» wluch will be 
the focal pcrint % draw die radios CB, and produce it to K, produce BA likewise towards G» 
and draw FO parallel to BC Then will ABK be the angle of incidenoei whose me, BF 
may be taken for, aa being opposite to the angle BGFi which ia the supplement of the othet 
to two right ones. And LBC is the angle of refractton, or ita equal KBF, or which ia 
equal to tlus, BFO, as being alternate } therefore BG| dM' opposite side to diia may bo 
taken for the sine of the angle of refraction. But BF is to BO^ for the fike reason as waa 
given in Case the first, in a ratio compounded of BF to BA, and rf'BA to BG. Now BF 
is to BA, (DB vanishing) as OF to DA, and because of the parallel lines FG and BC, 
the triangles CBA and AGF are similar, therefore BA is to AG, as CA to AF $ conse* 
quentiy, BA is to BA together with AG* that is, to BG, as CA is to CA together with 
^F, that is, BF. Therefore the ratio compounded of DF the focal distance to DA the 

distance 

* Since the focal distance of the oblique ray AB b inch that the componnd ratio of PB to BA' and of AC CO 
CF shall be the same, whatever be the distance between B and D ; it ia evident, that AC being always of the same 
length, the more the line AB lengthens, the more FB must lengthen too. or else FC must shorten } but if B9 
lengthens, CF wiU do to too, and ia a greater ratio with respect to its own length than BF will, therefore the 
lengthening of BF will conduce nothtag towards preserving ihe equality of the ratio : but as AB lengthens, BF and 
CF must both shorten^ which is the only possible way in which the ratio can be continued the same And it is 
also apparent, that the farther B moves from D towards O, the teter AB lengthens, and therefore the farther tha 
rays enter from D, the nearer to the refracting surface ia the plaice where they meet, bat the space they are col» 
ectedin, is the more difiised : and therefore is thia case^ ae well aa thoNe ukeo notice of in the two preceding 
notes, dilftrent rays, though flowing from the same point, will constitocc diiferent foci : and none are so efiectual 
M thoae which enter at or very near the point IX And since the same is observable of converging aa well at 
of diverging rays, none, except those which enter very near that point, 'are usually taken into consideration ; upon 
which acconut it is, that the distance DB, in determining the local diitaacca of diverging or converging rajS ' 
emcring a convei or concave sarlice, ia fuppoied to vaoialk 
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distaifM of the radiant pohiti and of C A the distance between t^e radiant point and the 
centre, to CF» the distance between the centre and the focus, is equal to that which the 
tine of the ang^e of incidlftnce bears to the sine of the angle of refraction* 

ScHOL. By making HB and CD the incident rays, the proposition may be proved of 
converging rays passing out of a rarer into a denser medium, through a concave surface of 
z denser, with such convergency, that they shall continue to converge. Also, by the same 
method of reasoning as in the preceding cases, the proposition may be proved, of diverging 
rays passing out of a denser into a rarer medium through a concave surface of the denser, and 
of converging rays passing out of a denser into a rarer medium through a convex surface of 
the denser. And ail those cases which are the converse of the preceding, admit of a similar 
proof \ for, when rays pass out of on6 medium into another, the sine of the angle of inci« 
dence has the same ratio to the sine of the angle of refraction, as the sine of the angle of re- 
fraction has to the sine of the angle of incidence, when they pass through the same lines of 
direction the contrary way. 

Case 4* Of rays passing out of a denser into a rarer medium, from a point between the^ 
centre of convexity and the surface. 

Let AB, AD, be two rays passing out of a denser into a rarer medium, from the point A, Pj^te & 
which is taken between C the centre of convexity and the refracting surface BD ; through '^' ^ 
B draw CK, and let BL be the refracted ray ; produce BL back to F, and draw FG parallel 
to BC. Then will ABC be the angle of incidence, of which BP, being opposite to its 
alternate and equal angle BGF, is the sine. LBK will be the angle of refraction, or its 
equal FBC, of which BG, being opposite to its supplement to two right angles BFG, is 
the sine. But, BF is to BG in the compound ratio of BF to BA, and of BA to BG ; and 
(BD vanishing) BF is to BA as DF to DA, and because the lines CB and FG are parallel^ 
BA is toBGasCA toCF. 

Case 5* Of rays passing out of a rarer into a denser medium from a point between the 
centre of convexity and the surface. 

Let AB, AD, be two diverging rays passing out of a rarer into a denser medium through Plate e^ 
the refracting surface BD, whose centre of convexity is C, a point beyond that from whence ^*^* ^^"^ 
the rays flow. Through B draw CK, and let BL be the refracted ray, produce it back to 
F, and draw FG parallel to BC meeting BA in G. ABC will be the angle of incidence, 
of which BF, being opposite to its supplement to two right angles BGF, is the sine, rhe an- 
gle of refraction is I^BK, or its equal FBC, of which BG, being opposite to its alternate and 
equal angle BFG, is the sine. But BF is to BG in the compound ratio of BF to BA and of 
BA to BG ; and (BD vanishing) BF is to BA as DF to DA ; and beciuse of the parallel ltne& 
CB and GF, the triangles /VFG and ABC are similar. BA theref >re is to AG, as CA to .^F ; 
consequently, BA is to BA — AG, that is, to BG, as C A is to CA — aF, that is, to CF. 

In like manner the Proposition may be proved of rays passing out of a denser into a rarer 
medium towards a point between the centre of convexity and the surfacCi and in all other 
supposable cases. 

CoR. Hence the distance of the radiant point, or of the imaginary focus, being given, 
4iid aho' the ridius- of convexity, and the ^ines of the angles of incidence and refraction of 
diverging or converging rays» tl^: focus of any lens may be thus folmd. 

Lei 
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Let it be rcqoitfd'to detemiine the (bcal ditunce of dhreigkig Hjn pinfaf out (ol air into 
glass through a conrez surfsce, and let the distance of the radiant point be. ao, and tho 
radios of conTexitjr be 5 : kt the focal distance be expreised by m : then, because by the 
pieceding Proposition the rado compounded of that which the focal distance bears to the 
distance of the radiant point» (that is» in this supposition, of ^ t o 20 }} and of die rsitio 
Hirhich the distance of the same radiant point from the centre bears to the distance betweeo 
ijhe centre and the focus (in this case» of 25 to ir— -5) is equal to the ratio wluch the rine of 
die angle of inddence bears to the sine of the angle of refraction, (that is^ofi^rto ii}we 

shall have in the instance before US, the following proportion, \ ^ . : : 17 : 11, 



and compounding them in one, which is done by mulriplying the two first parts together, we 
have 25« : ao»^-ioo : : 17 : 1 1» xzs*^^. 

SECT. \l.''^fluAQ^% produced by Refraction* 

PROP. XXIVt Rays of Ught flowing from the several points of any 
bbjecty farther from a convex lens than its principal focus, by passing 
through the lens,' will be made to converge to points corresponding to 
those from which they proceeded, and will form an imag^ 

1^^ ^* Let ABC be a luminous or illumtnated object. From everj pouit» aa A, B. C» rays dhrerge 

^' ' in all directbns. Let some of tbese rays fall upon a convex lens GHK placed in a hole GK, 

In the window shutter of a dark room ML, at a greater distance from the object than the 

principal fecal distance of the lens. BH being die axis, will (by Prop. XIV.) pass through 

the lens without refraction in the direction BHB. Btit the collateral rays BG, BK. made 

equally convergent by the lens, will cross the axis at E ; that is, all the rays which come from 

the point B in the object, will be united behind the lens in the focus E. In like manner^ 

among the rays AG, AH» AK, which diverge from the point A, whilst AH the axis (as viras 

shewn Prop. XVII. Schol.) may be considered as if it went straight through the lensv the other 

rays will be made to converge« and will be united in a focus at F : and also, the rays from C 

will be united in D* The same may be shewn concerning every other point in the object. 

Consequently, there will be as many correspondent foci in the image as there are radiant points 

in the object : and these foci will be disposed in the same manner with respect to one another 

as the radiants* and will therefore form an image. The object must be farther from the lens 

than its principal focus, else the rays from the several radiants would not converge, but either 

become parallel or diverging, (by Prop* XVII. } whence no image would be formed. 

Ezp. 1. Let the rays of the sun pass through a convex lens into a dark room, and fa|l 
upon a sheet of white paper placed at the distance of the principal focus from the lens. 

2. The rays of a candle, in a room from which all external light is excluded, passing 
tbrough a convex lens will form an image on white paper. 

PROP* XXV. The image produced by rays of light passing througk 

a convex lens is inverted 

The 
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The fecut ta whidi tlie rays, that come from any point A, or Bi are united, iSf in the Matt $. 
axis AHF» or BHE, of the beam, whether it fall directly or obliquely upon the lent. But ^ ^ 
the axis (by Prop. XVII.) is the middle ray of a cone of rays whose base is the surface o£ 
die lens, and vertex the radiant point. Every axis, therefore, as AHF, BHE, must pats 
through H the middle point of the lens, and consequently must cross one another in that 
point : from which it is manifest, that the rays from the lowest point C of the object will 
become the highest point of the image D i and that the image will be, with respect to the 
original object, inverted. 

PROP. A. An object seen through a very small aperture appears in- 
verted. Because the rays from the extreme parts of the object must have 
crossed at the hole. 

The rays of light are probably inflected as they pass the edge of the aperture, for it ren* 
ders distant objects very distinct to a short-sighted person, and has therefore the property of a 
concave lens. This eflfect may, perhaps, partly arise from the small number of rays admit* 
led to the eye, by which the confusion to a short-sighted person may, in some measuse» be 
taken off 

PROP. XXVL The image will not be distinct, unless the plane 8iir« 
&cc^ on which it is received, be placed at the distance of the principal 
focus of the lens. 

For otherwise the rays which come from a single point in the object, will not have ici 
corresponding pc^nt in the image, but will be spread over a larger surface. 

PROP. XXVII. As an object approaches a convex lenSi its image de« 
fiaits from it, and as the object departs the image approaches. 

As the object ABC approaches the lens, the several radiants approach it : and consequent- Matt §. 
ly (by Prop. XIX.) the several foci which form the image FED recede ; and the reverse. But ^* ^' 
the image can never be nearer the lens than its focus of parallel rays, since this is the place of 
the image, when the object is infinitely distant. 

PROP. XXVIII. When the object is placed parallel to the image, the 
diameter of the object is to the diameter of the distinct image, as the 
distance of the object from the lens, is to the distance of the image from the 
lens. 

The radiant A (as appean from Prop. XXV.) ,ia iipiiatti ''4iit F Vtset & 

where the line AH, prodooed behind die kn^ cdb jr W^ [ of *%• ^ 

paraUd rays parallel to the leMp lB(ihs aiiiMli I 
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ponding focus in the point D. in which the sanoe plane i$ cut by the line CH produced. If 
therefore the distance of the extremities of the object, or its le«gth» be AC| the length of its- 
image wUl be DF. Since therefore AC is parallel to DF, the alternate angles ACD, CDF^ 
(El I. 29.) are equal i and also the alternate angles CAF, AFD: whence (El» VI. 4.) AC is. 
toFDi asCH to DH, as BH is to EH, that is, the height of the object is tothat of the imagei 
as the distance of the object from the lens, to the distance of the image from the lens. Any 
diameter or line drawn across the object may be proved, in like manner^ to have the same ratia 
to any corresponding diameter or line drawn across the image. 

. PROP. XXIX. When the image appears confused^ it is larger thai^ 

when it ia distinct. 

• 

For the rays, in this case, are not received upon the white surface .exactly St the distance 
from the lens at which they are brought to a focal point, but either at a distance greater or 
less: and in either case the rays which come from any radiant points at the extremities A 
and C, will not be collected into points on the plane at F and D, but be spread over a small 
circular space round these points ; whence the confused image will be larger than the distinct 
image. 

PROP. XXX. The object and distinct image are similar surfaces. 

• ■ ■ ■■ ■ . ■ : ; 

Though the ude of any object which is towards the Lens be not a plane surface, yet the 
light is reflected from it in the same manner as if the (igtiireof the object were drawn fipoti 
the plane surface of a piece of canvas, and difierently shaded. Therefore the side of the 
object next to the lens maybe considered as a plane figure. And since (by Prop. XXVIII ) 
the height of the object is to that of the picture, as the distance of the object from the lens* 
to the distance of the image from the lens, and also the breadth of the object in any part, ta 
the breadth of the image in the corresponding part in the ratio of these distances ; it follows 
(EI. V. II.) that the height of the object is to the height of -the image, as the breadth of the 
object in any part is to the breadth of the image in its corresponding part | that i8» the object 
and image are similar surfaces. 

PROP. XXXI. The diameter of an image formed by rays passing 
from a given object through a convex lens, increases as the object ap- 
proaches the lens^ and decreases as the object recedes from the lens. 

The diameter of the image (by Prop. XXVIII.) increases as its distance increases, and 
decreases as its distance decreases. And (by Prop.. XXVIL) the distance of the image in« 
creases as the distance of the objiect decreaseSf and the reverse. Whence the diameter of the 
image increases as the distance of the object decreases, and decreases as the distance o£ 
the object increases. 

PROP. XXXII. When the distance of the objea is given, the diame* 

ter of the image is 9» the diameter of the object. 

If 
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: If tbc object AC rematnt at the distance BH from the lens, the image (by Prop. XXVII.) Plate e. 
viU remain at the disunce EH : whence the ratio of BH to EH. and consequently (by ^'^' ^' 
Prop. XXVII.) the ratio of the diameter AC to its correspondent diameter DF» is given, or 
is invariable. Consequently, if AC increases or decreases, DF must proportionally increase 
or decrease, that is, the diameter of the image is directly as the diameter of the object. 

PROP. XXXIIL When the diameter and distance of the object are 
giren, the diameter of the image will be as its distance from the lens. 

If the diameter and distance of the objrct arc given, it is manifest that the diameter of the 
image cannot be varied without changing the lens. But if, instead of the lens GHK, one 
less convex, or more convex, be used, the rays wiil be brought to a focus, and the image 
(by Prop. XXIV.) wiil be formed at a greater or less distance from the lens. And since 
(by Prop. XXVli •} the distance of the object is always to the distance of the image, as the 
diameter of the object to the diameter of the image ; the first and third terms r.-maining in- 
variable, the second and fourth must be increased or diminished proportionally, that isj the 
diameter of the image will be directly as its distance from the lens. 

PROP. XXXIV. When the diameter and distance of the object arc 
given, the area of the image is as the square of its distance from the lens* 

Because the surface of the image (by Prop. XXX) is similar to the surface of the object, 
whilst the surface of the objjcct remains the samCt the image, in every variation of its 
Ihagnitude, must be similar to itself. But the areas of similar surfaces (El. Vi. ao. Cor. i ) 
are as the squares of their homologous sides, that is» as the squares of their heights or 
breadths. Therefore the area of the image is always as the square of its diameter. And the 
diameter of the imngei when the diameter and distance of the object are given, is (by Prop» 
XXXIll ) as its distance from the kns : therefore the square of its diameteri or its area, is at 

the square of its distance from the lens» 

■ ■ ■. 

PROP. XXXV. Though the distance of the object from the lens be 
▼aried, the image may be preserved distinct without varying the distance of 
^ plane surface which receives it» 

Tiut will be the case, if as much as the image is brought forwards by the tfemoval of the 
»j^ct, it is thrown backwards by diminishing the conveuty of the lens, and the reverse : 
or -the image may be preserved distinct without changing the lens, by increasing or diminish- 
^g the distance of the lens from the plane surface which receives the image^ in the same 
mKo as tbfc diitanACoC the^dfa^ect from the lens is lAcieascd or diminished i. which may be 
done eitbcr bj oiovni^ tlie kiii or the plane aurf ace. 
'uli PROP* 
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PROP. XXXVL The distances of the object and image, and the 
diameter of the object being given, the diameter of the image will not be 
altered by changing the area of the lens. 

flatt e. f ]|( height of the image DF is the distance between tHe two extreme foci F and D i the 
former of which is always in the axis AHF of the cone which has A for its vertex, and the 
latter in the axis CHD of the cone whose vertex is €» which axes cross each other in H» 
Since therefore DF, the height of the image, is the distance between these two lines AHF, 
CHD| where they meet the plane surface, the height of the image will be the tame, whether 
the whole area, GHK is open, or only a small part of it at H. 

PROP. XXXVII. When the object is near the lens, but not so near 
as the principal focus, in order to make the image distinct, the area of the 
lens must be smalL 

i^ate 9. If the object was as near to the lens as the principal focus, or nearer, no image (by 
Fi^. 23. Pfop^ XVIL) could be formed. But let the object A be at a distance from the lens NP, 
very little greater than that of the principal focus : then the extreme rays AN, AP, of the 
cone NAPv diverging more than the rays, AD, AE, if the plane surface wMch is to receive 
the rays, is placed where these rays are collected to a focus, the extreme rays 'AN, AP, 
diverging more, will not be collected, and the image on the plane surface will be confused* 
To prevent this, the extreme rays must be excluded by diminishing the area of the lens, or 
of the hole where it is placed. If the radiant A were at a greater distance, this would be 
unnecessary. Supposing the lens at SR, the extreme rays AN, AP, would pass above or. 
below the lens, and only the middle rays, which are brought to a focus on the plane surface^ 
would pass through the lens. 

PROP. XXXVIIL The brightness of an image, when its distance 
from the lens is given, is as the area of the lens. 

Plate 6. When the whole area GHK is open, the entire cone of rays AGK passes through the 
^'S- ^^' lens from the point A, and is brought to a focus at F : but when the area is diminished to 
a small surface at H, the greatest part of the cone is excluded, and no rays, but the axis AH 
and those which are near it, can pass through the lens : whence it is manifest, that the focal 
point F must be more illuminated by the rays from A when the area of the lens is GHK^ 
than vrhen the area is diminished. The same may be said of every other cone of rays, and of 
every other point in the image. Therefore the whole image, although (by Prop. XXXVIl.) 
made more distinct by diminishing the area, will be made fainter or less bright. 

PROP. XX XIX. The brightness of the image, when the area of the 
lens and the distance of the object are giveui is inversely as the square of 
Its distance from the lens. 

The 
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The area of the lens and distance of the object being given, the number of rays which pass 
through the lens and form the image, is given. Now the same number of rays spread over a 
larger surface will not illuminate it so strongly as they would a smaller surface : that isi the 
brightness will be inversely as the illuminated area : and the area of the image b (by Prop. 
XXXIV.) as the square of its distance from the lens : whence its brightness is inversely as 
the square of its distance. 

PROP. XL. The heat at the focus of a burning glass, when the area 
of the glass is given, is inversely as the square of the focal distance. 

The distance of the burning spot, that is, the image of the sun, from the lens, is the focal 
distance, because the sun's rays are parallel. And because the heat and the brightness at the 
focus are as the number of rays collected, the heat is as the brightness. But the brightness 
(by Prop. XXXIX) is inversely as the square of the distance of the image from the lens c 
therefore the heat is in the same ratio, that is, in this case, inversely as the square of the 
focal distance of the glass. 

PROP. XLI. The heat at the focus of a burning glass, when the focal 
distance is given, is as the area of the glass. 

The brightness is (by Prop. XXXVHI.) as the area of the lens, and the heat is as the 
brightness : therefore the heat is also as the area of the lens. 

PROP. XLll. The heat at the focus of a burning glass is to the com* 
mon heat of the sun, inversely as the area of the focus to the area of the glass* 

The brightness, or the heat, must be inversely as the space or area over which the rays 
which cause them are spread, that is, inversely as the area of the focus to the area of the glass. 

ScHOL. This proposition supposes all the rays which fall upon the lens to pass through 
it to the focus. 

Exp. Most of the preceding Propositions, from Prop. XIX. to XXXIX. may be confirm- p^j^^ j^^ 
ed, in a room from which all external light is excluded, by placing a convex lens x, fixed in Fig. 9. 
a frame which moves perpendicularly upon an oblong bar of wood, or table BD, at distances, 
such as the Propositions require, from a lighted candle (^placed perpendicularly on the same 
bar of wood, and receiving the images upon white paper q. Upon this bar of wood, on one 
side of a line over which the convex lens is placed, let a line perpendicular to the last men- 
tioned line be divided into parts i, 2, 3, 4, &c. each equal to the distance of the focus of 
parallel rays ; and on the other side of the lens let a line be divided in the same manner, and 
Kc the first division which is farther from the lens than the focus be subdivided into parts 
respectively equal to 4-» -f> ^9 &c. of the distance of the focus of parallel rays : if a candle be 
placed over the division 2, it will form a distinct image on a paper held over the division ^ t 
if the candle be over 3, the image will be at y. &c. whence it appears, that the distances of 
the correspondent foci vary reciprocally Prop XL, XLI, XLll, may be confirmed by hold- 
ing a large double convex lens, or burning glass^ in the sun's r4ys, and receiving the image 
on while paper, or other substances* 

48 CHAP. 
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CHAP. III. 
ty* Reflection. 

SECT. \.—^f the Laws g/^ Reflection. 

Def. XIX. A Ray of Lights turned back into the same medium in 
which it moved before its return, is said to be reflected. 

Def. XX. The Angle of Reflection is that which is contained between 
the line described by a reflected ray and a line perpendicular to the reflect* 
ing surface at the point of reflection. 

Plate 6. Let AC be the incident ray fallin); upon the reflecting surface DK, CB will be the reflected 
Fifr 25. fay^ OC the perpendicular, ACO the angle of incidence, and OCB the angle of reflection. 

PROP. XLIII. The reflection of light from transparent bodies is either 
partial or total : the partial reflection happens either at the first or second 
surface, the total, at the second surface only. 

When a beam of light falls upon a thick piece of polished glass, all the rays will not pass 
through it *, but some of them will be reflected from the first surface of the glass, where the 
beam enters* At the second surface, some of the rays will also be reflected. These partial 
reflections happen, whatever is the obliquity of the rays. The total reflection happens when 
the angle of incidence, or the obliquity, is greater than 41 degrees. All the light which 
then comes to the second surface will be reflected. See Cor 3. Pr. xiii. 

ScHOL. The rays of light arc not reflected by striking upon the solid parts of bodies. 

At least as many rays are reflected from the second surface when the li;^ht passes out of 
glass into air, as from the first when it passes out of air into glass : but if the reflection were 
caused by the striking of the rays upon solid parts of bodies, since glass is denser than air» 
that is, has more solid parts in a given space, a greater quantity of rays would be reflected 
from the first surface than from the second. Besides, it seems improbable that, at the second 
surface, with one degree of obliquity, the rays should meet with nothing but pores or in- 
terstices in the air, and pass freely into it»and that with a greater degree of obliquity, it should 
meet with nothing but solid parts, and be totally reflected. Again, since water is denser than 
^ir, if the reflection were owing to the striking of the rays upon the solid body, it might be 
expected that the light would be more perfectly reflected in passing out of glass into water than 
into air ; whereas it is found, that if water be placed behind the glass instead of air, rays will 
not be reflected at the second surface, though their obliquity be greater than 41 degrees : from 
hence also it is manifest, that the reflection is not owing to the striking of the rays upon the 
second surface of the glass \ for then it would be the same whatever were the - medium 
beyond it. PROP. 
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PROP XLTV. Reflection is caused by the powers of attraction and 
repulsion in the reflecting bodies. 

Supposing th It bodies attract those rays which are very near them, and repel those a little P)ate a. 
farther from them ; and calling the space contiguous to the surface of the glass, where the *^' ^^* 
rays are attracted, the attracting surface ; and the space next to this, the repelling surface^ 
the proposition may be thus proved. 

Let GG, MM, be the repelling surface of a piece of glass, and Ra a ray falling upon it* 
This ray when it enters the surface will be retarded by the repulsion, and consequently, re- 
fracted from the perpendicular at a. And this repulsion increasing till the ray gets into the 
surface of attraction, the ray will be constantly retarded, that is, turned out of its straight 
course at b, r, rf, &c. till it becomes parallel to MM at / the limit of the repelling surface. 
And in this situation of the ray, the repelling force, which had retarded, will now constantly 
accelerate it, and consequently it will be continually refracted towarJs the perpendicular, at 
g A, I, &c. till it emerge fro.n the surface at / ; when, the repelling force ceasing to act, 
the r:'y will proceed in a right line. Thus the ray, by reflection, is made to describe the 
curve a/ /. 

PROP. XLV. The angle of reflection is equal to the angle of inci^- 
deuce, and their complements are also equal. 

In all cases of reflection, the rays (by Prop. XLIV.) describe such a curve ^X a f L And 
since they describe one half of this curve by being retarded, and one half by bi'ing simihirly 
accelerated, one half will be similar to the other ; whence one half will make the same angle 
with a perpendicular at f as the other half mikes with it. And the bending of the rays is 
made within so very small a compiss, that is, the curve a f I is so small that it may be neg« 
lected, as in fig. 25, where the angle ACO is equal to the angle BCO, and consequently, 
the angle ACD equal to BCE. 

Exp- I. Having described a semicircle on a smooth board, and from the circumference 
let fall a perpendicular bisecting the diameter, on each side of the perpendicular cut off equal 
parts of the circumference ; draw lines from the points in which those equal parts are cut 
oflF to the centre ; place three pins perpendicular to the board, one at each point of section in 
the circumference, and one at the centre ; and place the board perpendicular to a plane 
mirror. Then look along one of the pins in the circumference to that in the centre, and the 
other pin in the circumference will appear in the same line produ ed with the first, which 
shews that the ray which conies from the second pi>i, is reflected from the mirror at the 
centre to the eye, in the s ime angle in which it f II on the mirror. 

2. Let a ray of light passing through a sm :11 hole into a dark r )om, be reflected from a 
plane mirror ; at equal distances from the point of reflection, the incident and the reflected 
ray, will be at the same height from the surface. 

PROP. XL VI. All reflection is reciprocal 
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^ ^* durtctioD CB» it witt be reflected (by Prop. ZtSrOtmo AC. Tba«fbie if ACO itthe a9gl»>. 
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AGO wHl be the angle of reflection. J^ 
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ScBoL. SSr* Isaac Newton explains tUe eaa9S||||f itflectlon bj sapporiog, that lighti In its 
passage ftom the luminous body is disposed to be altematelj reflected bji and transmitted 
through anjr refracting surface it may meet mth; that these dispositionSfWliicb be calls 
Fits of easy reflection and easy transmissbn, return sncoessiTe^ at equal intenralU'; and that 
they are communicated to it» at iu first emission- out of the luminous body it proeeeds fromi 
probably by some Tcry subtle and elastick subetance difliised through the antfeTse» in the fol- 
lowing manner. As bodies falling into water, or passing through the air, cause undulations 
in each, so the rays of light may excite Tibrations in this elastick substance* The quidcnesa 
of these Tibrations depending on the elasticity of the mediums (as the quickness of the 
vibrations in the air» which propagate sound, depend solely on the elasticity of the airt and 
not upon the quickness of those in the sounding body) the motion of the particles of it may 
be quicker thati that of the rays; and therefore when a ray« at the instant it impinges upon 
any surface, is in that part of a Tibration of this elastick substance which conspires with its 
motioUf it may be easily tranamittedi and when it is in that part of a Tibration iriiich is con^ 
trary fo its motion» it may be leflected. He isrther suppostttithtt when .fight fidls upon ^ 
first surface of a body, none is reflected there, but all that happeiu to it ttere i^tthat every 
ray that is not in a fit of easy transmission, is there put into one, so that when they come at 
the other side, (for this elastick subsunce easily perrading the pores of bodies, ia capable of 
the same vibrations within the body as without it) the rays of one kind shall be in a fit of 
easy transmission, and those of another in a fit of easy reflection» according to the tUckness 
of the lx>dy, the intervals of the fits being difierent in rays of a different land. 



PROP. XL VII. Rays of light reflected from a plane surface^ have the 
same degree of incliiiatioQ to each other that their respective incident ones 
have. 

Pbte 6. The angles of reflection of the rays AC, AT, AK, being equal to that of their respective 
^%' s^* incident ones, it is evident that each reflected ray will have the same degree of inclination to 
the surface D£, and from whence it is reflected, that its incident one has } but it is here 
supposed that all those portions of surface, from whence the rays are reflected, are situated 
in the same plane ; consequently, the reflected rays FC, LI, MK, will have the same degree 
of inclination to each other that their incident ones have, from whatever part of the surjface 
tSey are reflected. 

Cor. Parallel rays falling on a reflecting plane surface are reflected parallel. 

PROP. B. If a plane mirror revolve upon an azis^ the angular velocity 

of the reflectul ray Is double that of the minor* 

Lee 
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Let D£ be a mirror* AC an incident ray, and CB a reflected ray. If the minor turn pi^^^ ^ 
upon an axis at C 8o as to come into the situation FG, then the incident ray AC will be Fig. 85. 
reflected into the line CU. Now the angle BCH which expresses the angular velocity of 
the reflected ray BC, is doable of the angle DCF which is the angular trelocity of the 
mirror. For the angle aCD»BCEsBCH + HCE. (Prop XLV.) For the same reason 
ACF = HOG = HCE + (ECG) FCD. Therefore the angle DCF (ACU — ACF) = 
BCH — DCF, consequently the angle BCH » aDCF ; that is, che angular velocity of the 
reflected ny is double that of the mirror. 

ScHOL. Upon this Proposition depend the construction and use of Hadley's quadrant. 

PROP. XLVIIL Parallel rays reflected from a concave surface are 
made converging. 

Let AF, CD, EB, represent three parallel rays falling upon the concave surface FB, plate g. 
whose centre is C. To the points F and B draw the lines CF, CB ; these being drawn ^*S- '^'^■ 
from the centre will be perpendicular to the surface at those points. The incident ray CD 
also passing through the centre will be perpendicular to the surface, and therefore wiJl re- 
turn after reflection in the same line } but the oblique rays AF and EB will be reflected into 
the lines FM, BM, situated on the contrary side of their respective perpendiculars CFand CB. 
They will therefore proceed converging after reflection towards some point, as Mj in the 
line CD. 

PROP. XLIX. Converging rays falling upon a concave surface are 
made to converge more. 

Let GB, HF, be the incident rays. Now, because these rays have larger angles of in- pute 6. 
cidence than the parallel ones, AF, EB, in the foregoing case, their angles of reflection will ^'S' ^'^• 
also be larger than theirs : they will therefore converge after reflection, suppose in the lines 
FN, and UN, having their point of concomrse N farther from C than the point M^ to which 
the parallel rays AF and £B converged in the foregoing case. 

PROP. L. Diverging rays, falling upon a concave surface, if they 
diverge from the focus of parallel rays, become parallel; — if from a 
point nearer the surface than that focus, will diverge less than before re- 
flection ; — ^if from a point between that focus and the centre, will con- 
verge after reflection to some point, on the contrary side of the centre, 
and farther from the centre than the point from which it diverged ; — if 
from a point beyond the centre, the reflected rays will converge to a point 
on the contrary side, but nearer to it than the point from which they di* 
verged j — ^if from the centre, they will be reflected thither again* 

49 
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Plate 6. Let the incident diverging rays be MF, MB» proceeding from M die focus of parallel rays ; 

^'^' ^^. then as the parallel rays AF and £B were reflected into the lines FM and BMj these ray» 
will now on the contrary be reflected into them. (By Prop. XLVL) 

Let them diverge from N, a point nearer to the surface than the focus of parallel rays^ 
they will then be reflected into the the diverging lines HF and BG| which the incident rays 
GB and HF described, which were shewn to be reflected into them in the foregoing proposi* 
tion ; but the degree wherein they diverge^ will be less than that wherein they diverged be- 
fore reflection. 

Let them proceed diverging from X, a point between the focus of parallel rays and the 
centre, they then make less angles of incidence than the rays MF and MB» which became 
parallel by reflection, they will consequently have less angles of reflection, and proceed 
therefore converging towards some point, as Y ; which point will always fall on the con* 
trary side of the centre, because a reflected ray alwiiys falls on the contrary side the perpen- 
dicular with respect to that on which its incident one falls ; and therefore will be farther dis« 
tant from the centre than X. 

If the incident ones diverge from Y, they will after reflection converge to X, those which, 
were the incident rays in the former case being the reflected ones in this. 

Lastly, if the incident rays proceed from the centre, they fall in with their respective per- 
pendiculars, and for that reason are reflected thither again. 

Exp. Place a concave mirror at proper distances from an open orifice, or a convex, or a 
concave lens, through which a beam of sdar rays passes^ according to the three preceding 
propositions. 

PROP. LI. Parallel rays reflected from a convex surface are made dU 
verging. 

l>iatc tf. Let AB, CD, EF, be three parallel rays falling upon the convex surface BF, whose 

Mg. 28. centre of convexity is C, and let one of them, GD, be perpendicular to the surface. Through 
B, D, and F, the points of reflection, draw the lines CV, CG, and CF, which because they 
pass through the centre will be perpendicular to the surface at those points. The incident 
ray GD, being perpendicular to the surface, will return after reflection in the same line, but 
the oblique ones AB and EF in the lines BK and FL situated on the contrary side their re- 
spective perpendiculars BV and FT. They will therefore diverge after reflection, as from 
some point M in the line GD produced. 

PROP. LIT. Diverging rays reflected from a convex surface are made 
more diverging. 

Watt 6. Let GB, GF, be the incident rays. These having larger angles of incidence than the 

^^g 28. parallel ones AB and EF in the preceding case, their angles of reflection will also be larger 

than theirs ; they will theiefore diverge after reflection, suppose in the lines BP and FO, as 

from some point N farther from C than the point M y and the degree wherein they will dip 

vergCi will exceed that wherein they diverged before reflection. 

PROP- 
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PROP. LIII. Coji^erging rays reflected from a convex surface^ if 
they tend towanisr the focus of parallel rays, will become parallel ;— -if to 
a point nearer the surface than that focus, will converge less than before 
reflection ; — ^if to a point between that focus and the centre, will diverge as 
from a point on the contrary side of the centre farther from it than the 
point towards which they converged ; — ^if to a point beyond the centre, 
they will diverge as from a point on the contrary side of the centre nearer 
to it than the point towards which they first converged ;— and if towards 
the centre, they will proceed, on reflection, as from the centre. 

Let the converging rays be KB, LF, tending to\irarcls M the focus of p^irallel rays ; then> piate 6. 
"as the parallel rays AB» £F, were reflected into the lines BK and FL, those rays will now on P>K- ^^ 
the contrary be reflected into them. 

Let them converge in the lines PB, OF, tending towards N, a point nearer the surface than 
the focus of parallel rays, they will then be reflected into the converging lines BG and FG, 
in which the rays GB, GF» proceeded) which were shewn to be reflected into them in the 
last proposition immediately foregoing ; but the degree wherein they will converge! will be 
less than that wherein they converged before reflection. 

Let them converge in the lines RB and SF proceeding towards X, a point between the 
focus of parallel rays and the centre ; their angles of incidence will then be less than those 
of the rays KB and LF, which became parallel after reflection, their angles of reflection will 
therefore be less, on which account they must necessarily diverge, suppose in the lines BH 
and FI, from some point, as Y ; which point will fall on the contrary side the centre with 
respect to X, and will be farther from it than X. 

If the incident rays tend towards Y, the reflected ones will diverge as from X, those 
which were the incident ones in one case, being the reflected ones in the other. 

And lastly, if the incident rays converge towards the centre, they fall in with their 
respective perpendiculars ; on which account they proceed after reflection, as from thence. 

Exp. Illustrate the three preceding propositions by receiving upon a convex mirror, a 
solar ray passing through an open orifice, or a concave or convex lens. 

PROP. LIV, When rays fall upon a plane surface, if they diverge, 
the focus of the reflected rays will be at the same distance behind the 
surface, that the radiant point is before it : — ^if they converge, it will be 
at the sane distance before the surface, that the imaginary focus of the 
incident rays is behind it. 

Case I. Of diverging rays. Let AB, AC, be two dtrergtng rays incident in the phne Pf«<«^ 
surface DE, the one perpendicularlv, rhe other obliquely ( the perpendicular one AB will be ^'^' ^ 
flcflccted to A proceeding as from some point in the line AB produced *, the oblique one AC 

wiU 
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wiH be reflected into some line CF» such that the pomt G» where the line FC produced in- 
tersects the line AB produced also, shall be at an equal distance from the surface DE with the 
radiant A. For the perpendicular CH being drawn, ACH and HCF will be the angles of 
incidence and reflection^ which being equal, their complements ACB and FCE are so too : 
but ihe angle BCG is equal (El. I. 15.) to FCE : tlierefore in the triangles ABC and GBC 
the angles at C are equal, the side BC is comftion. and the angles at B are also equal to each 
otheri as being right ones ; therefore (£1 I. 26.) the lines AB and BG, opposite to the equal 
angles at C, are also equals and consequently the point G, the focus of the incident rays aB^ 
ACj is at the same distance behind the surface, that the point A is before it. 

Case 2. Of converging rays. Supposing FC and AB to be two converging incident rays, 
C A and BA will be the reflected ones, (the angles of incidence in the former case being now 
the angles of reflection, and the reverse) having the point A for their focus ; but this, from 
what was demonstrated above, is at an equal distance from the reflecting surface with the 
point G, which in this case is the imaginary focus of the incident rays FC and AB. What 
is here demonstrated of the ray AC, holds equally of any other, as AI, AK, &c. 

ScHOL. The case of parallel rays incident on a plane surface, is included in this proposi- 
tion ; for in that case we are to suppose the radiant to be at an infinite distance from the 
surface, and then by the proposition, the focus of the reflected rays will be so too ; that iS| 
the rays will be parallel after reflection, as they were before. 

PROP. LV. When parallel rays are incident upon a spherical surface, 
the focus of the reflected rays will be the middle point between the centre 
of convexity and the surface. 

Plate 7. ^^^^ '* Of parallel rays falling upon a convex surface. Let AB, DH, represent two 
Fig. 1. parallel rays incident on the convex surface BH, the one perpendicularly, the other obliquely ; 
and let C be the centre of convexity ; suppose HE to be the reflected ray of the oblique 
incident one DH proceeding as from F, a point in the line AB produced. Through the 
point H draw the line CI, which will be perpendicular to the surface at that point, and the 
angles DHl and 1H£, being the angles of incidence and reflection, will be equal But 
HCF is equal (El. I. 29.) to DHI, and CHF (El. I. 15.) to IHE -, wherefore the triangle 
CFH is isosceles ; and consequently, the sides CF and FH are equ.'.l : but supposing BH to 
vanish, FH is equal to FB, and therefore upon this supposition FC and FB are equal, that 
is, the focus of the reflected rays is the middle point between the centre of convexity and the 
surface. 

Plate 7 ^^^^ ^* Of parallel rays falling upon a concave surface. Let AB, DH, be two parallel 
Fig. 2. rays incident, the one perpendicularly, the other obliquely, on the concave surface BH^ 
whose centre of concavity is C. Let BF and HF be the reflected rays meeting each other 
in F ; this will be the middle point between B and C For drawing through C the perpen- 
dicular CH, the angles DHC and FHC, being the angles of incidence and reflection, will 
be equal, to the former of which the angle HCF is equal, as alternate *, and therefore the 
triangle Ci'H is isosceles. Wherefore CF and FH are equal : but if we suppose BH to 

vanish. 
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Tanish^ FB and FR ate also equal, and therefore CF is equal to FB ; lliat is, tlie Ibeal 
distance of the reflected rajs is die middle pobt between the centre and the surface.* 

ScHOL. The converse of these two cases nuy be demonstuted in a similar manner, hj 
nuking the incident rajs the reflected ones. 

PROP. LVL When rays fall upon any spherical surface, if they 
diverge, the distance of the focus of the reflected rays from the surface is 
to the distance of the radiant point from the same (or, if they converge, 
to that of the imaginary focus of the incident rays) as the distance of the 
focus of the reflected rays from the centre is to the distance of the radiant 
point (or imaginary focus of the incident rays) from the same* 

Case I. Of diverging rays falling upon a convex surface. Let RB, RD, represent two ^^*** ^* 
diverging rays flowing from the point R as from a radiant, and falling the one perpendicu- 
larly, the other obliquely, on the convex surface BD, whose centre is C- Let D£ be the 
reflected ray of the incident one RD ; produce ED to F, and through R draw the line RH 
parallel to FE, till it meets CD produced in H. 1hen will the angle RHD be equal 
(El. L 29.) to EDH the angle of reflection, and therefore equal also to RDH, which is the 
angle of incidence ; wherefore the triangle DRH is isosceles, and consequently DR is equal 
to RH. Now the lines FD and RH being parallel, (£1. VI. 2.) FD is to RH, or its equal 
RD, as CF to CR \ but BD vanishing, FD and RD difier not from FB and RB \ wherefore 
FB is to RB also, as CF to CR ; that is, the distance of the focus from the surface is to the 
distance of the radiant point from the same, as the distance of the focus from the centre is to 
the distance of the radiant from thence. 

Case 2. Of converging rays falling upon a concave surface. Let KD and CB be the piate 7. 
converging incident rays, having their imaginary focus in the point R, which was the radiant ^'S* ^* 

in 

* It it here obiervable, that the farther the line DH it taken horn AB, the nearer the point F lalb to the turface. 
For the (archer the point H recedes from B, the larger the triangle CFH will become ; and consequently, since it 
it alwap an iiotcelet one, and the bate CH, being the radiut, it every where of the tame length, the equal legs CF 
and FH will lengthen ; but CF cannot grow longer unlets the point F approach towards the surface. And the 
farther H it removed from B, the fatter F approachet to it. This it the reason, that whenever parallel rayi are 
contidered, at reflected from a spherical turface, the dittance of the oblique ray from the perpendicular ray it 
taken to troall with retpect to the focal dittasce of that turface, that without any physical error, it may be tuppoted 
to vannh. From hence it -ibllowt, that if a number of parallel rayt, at AB, CD, EG, &c. fall upon a convex tur> 
face, and if BA, DK, the reflected rayt of the mcident onet AB, CD, proceed at from the point F, those of the is- 
cidcm onet CD, £0, namely, DK, GL, will proceed at from N, those of the incident onet EG, HI, at from O, &o , 
becaute the farther the incident ones CD, £G,S^c. are fhmi AB, the nearer to the surface are the poinu F,/,y. in 
the line BF, from which they proceed after reflection ; so that properly the foci of the reflected rap BA, DK, 
GL, &c. are not in Ihr Ime AB produced, hut in a curve line pasting through the points F, N, O, Ac 

The same is applicable to the case of parallel rap reflected from a concave surface, as expressed by the dotted 
lines on the other half off A» flgmre, .where PQ, R8, TV, are the incident rap ; QF, Sf.. V/; the reflected o es in- 
citrteecing ead^ other hi th»4pniaitZ, Tyiaod-Fi 10 thuthtlMi offthoee rap are sot ia the line FB, but in a 
earn ptiHBg thnN^ those pofatta. 

CO 
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in the fisregotftg tase. Then as RD was in rhat ease reflected into DE, KD will in this be 
refleclcfd into DF*, for, since the angles of incidence in botb cases ate (£1. I. 15.) equal, tbe 
angles of reflection will be so too ; so that F will be the focus of the reflected rays : but it 
was there demonstrated, that FB is to RB as CF to CR, that is, the distance of the focus 
from the surface, is to the distance (in this case) of the imaginary focus of the incident rays, 
as the distance of the focus from the centre is to tiic digtaace of the imaginary focus of the 
iucident r^ys from tbe game. 

Hxe t. Case 3- Of converging rays falling upon a copvex surface, and tending to a point bc- 

tween the focus of parallel rays and the centre. Let BD represent a convex surface, 
whose centre is C, and focus of panllel rays is P ; and let \B, Kit, be two converging 
rays incident upon it. and having thi;ir imaginary focus at R, a point between P and C. 
Now because ICD tends to a point between the focus of p.irallel rays and the centre, the 
reflected ray OE will diverge from some point on the other side the centre, suppose F ; as 
was shewn Prop- LIU. Through D draw the perpendicular CD, and produce it to H, 
then will KDtl and HDE be the angles of incidence and reflection, which being equals 
their vertical ones RDC and CDF will be so too, and therefore the vertex of the triangle 
RDF is bisected by the line DC : whence (El. VI. 3,) FD and Di<, or. BD vanishing, 
FB and BR are to each other as FC to CR ; that is, the distance of the focus of the re- 
flected rays is to that of the imaginary focus of the incident ones, as the dibiaace of the 
former from the ccnne is to the distance of the latter from the same. 

¥Uu 7. Case 4. Of diverging rays falling upon a concave surface, and proceeding from a point 
'• *' between the focus of parallel rays and the centre. Let RB, RD, be the divert^ing rays 
incident upon the concave surface BD, having their radiant in the point R. the imaginary 
focus of the incident rays in the foregoing case. Then as K'.i was in that case reflected 
into DE, RD will now be reflected into DF But it was liiere .lemoiisirated that FB and 
RB are to each other as CF to CR ; that is, thi; diatince of the fucus h to that of the 
radiant, as tbe distance of the former from the centre is to the distance cA the latter froia 
the same.* 

ScHOL. I. If tbe reflected ray be made the incident one, those cases which are lespec- 
Uvelj the converse of the foregoing may be demonstrated in the same manner. 



* la the cue oT X'Ttrpagmf falKngapon a convnmibM, the ftrther the poioi D U u^m from B, tb« 
Bearer the poioi F, the locM'i of ihe reflected Tiyt, ippnuehet to B, while tbe ridiaat K lemaiiu the ume. For 
it ii evideni rrom rhe curTaiiire ofa circle, that the poiiiE D but be taken eo far from B, that the riflecird raj 
DB «hay proceed ai fram ¥, O, H, or even from B, or froa anj poiat betwccm B ud K, ami the fartbo il i> lakea 
froinB,Ehe fiiiicr the pmoi, ftoin which it proceed*, approorite* toward) R. Tbe like ■• appliGable to uj oflbc 
oiher CMM of diTergingor coDTcrp'ng rij* ioddcDi Bpon a •pheric^ nufaee. Tiut i* Ihe tcimhi ihat.whcnn^ 
are couidered ai reflected from a iphciical •orface-, the (fiHaoee of tbe oblique rajt from the perpculiniJar om i* 
taknMtnwll, that it 0117 lie Hppoeed 10 vaairii. From hcoce il Ibllowi, thatif anoiiibrr of di*etfk||f njaare 
incideni opon ihe coavei nirrace BD at ihe eevenl poiDii B, D, D, Ac. ihut ihaU not proceed after leflection m 
jmm any oH poinl ra the lieeRB produced, bu Mfnm stnm Km m|v ('""H^ the Mveral fiaaU 7a/,jS It^ 
The uneiti^plMableisaUiktMbwnNM. 
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&iJ»^ 3IL OF EERLECTION. 

• ^OHiSL. a. Let <ti1ie teqaiicd to fiad the focal cfiatance of direrging nys tnddent upon 
neowrez nuiaeey whose ndius of convczkj is 5 fattSf and the dittance of the ndiiuit from 
4bit Borf aoe m io* 

Call the focal distaace soaght Hf then will the distance of the focns from the centre be 
^...iir, and that of the radiant from the same 25 i therefore (by Prop. LVl.) we hare the 
foUowing proportion, « : ao : : $^^x : 25, and m s ^^. 

If in any case it should happen, that the value of ft ^old be a negative quantity, the 
focal point must then be taken on the contrary side of the surfacct 

SECT. 11. — Of Images produced by Reflection. 

PROP. LVir. When any point of an object is seen by reflected light, 
it appears in the direction of that line which the ray describes after its last 
jpeflection. 

Since reflection gives the same direction to the rays as if they had originally come from the 
place from which the reflected rays diverge, an object seen by reflection must appear in that 
place. The visible image must therefore consist of imaginary radiants diverging from thence. 

PROP. LVIir. In all mirrors^ plaQe or spherical, the place of the im- 
aginary radiant, when it is determined, is the intersection of the perpendic- 
ular from the radiant to the mirror, and any reflected ray. 

Let D be a radiam in any object DE, and DF a ray from this radiant reflected in the line Plate T, 
FC ; draw DI the perpendicular from the radiant to the mirror, and produce CF, Di, till ^'^' ^* 
they meet in L ; this point will be the imaginary radiant. Because the ray DI falls perpen- 
dicularly upon the mirror, it will be reflected back in the same line ID, and therefore will 
appear to come from some point in DI produced. And since (from Prop. LVil ) M. rays 
which diverge from the same real radiant before reflection, must diverge from the same 
imaginary radiant after reflection, any other ray from D, as FC, must appear to diverge 
from the same imaginary radiant with the ray DI, that is, from some point in DI : but the 
ray FC (by Prop LVII } appears after reflection to proceed in the line FC : It must therefore 
appear to come from some point in FC, and also from some point in DI, that is, from the 
point L, in which DI intersects FC. The imaginary radiant of the rays DI, DF, after re* 
flection is therefore L, the intersection of the perpendicular and the reflected ray. 

Def. XXL The passage of reflectioi> is the incident ray added to the 
reflected ray : As DF-f-FCL 



r 



PROP. LIX» In plane mirrofi, the distance of the last image from the 
mirror is equal to the distante of the object from it, and the distance of any 
pdnt in the last image from the eye is equal to the passage of reflection. 

The 
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The distances of the imaginary radiants L, M, behind the mirror, are (by f rop. LIV.) 
respectively equal to the distances of the corresponding leal radiants U, £, before the mirror i 
tlierefore the distance of the last image L, M, mnds up ol imaginary radiants between L 
and M, corresponding to real radiants in the oSjccI DE, is equal to the distance of that 
object The distance of L, the highi'tt point of the image, from C, any given place of the 
eye, is CFL, equal to DFC the passage of refli:ction, because {by Prop. LIV.) LF is equal to 
DF. The same may be shewn of M| or any other point in the image. 

PROf. LX. In plane mirrors, the image is equal and similar to the 
object. 

If D is the highest point of the object, the highest point of the image is (by Prop. LVII.) 
in the perpendicular DIL ; and if E be the lowest point of the object, the lowest point of ihe 
image is in the perpendicular EZM. But DIL and £ZM are parallel (EI. XI- 6.) beciiuse 
they are both perpendtcuhr lo the plane surface AB. Consequently, the distance between 
these lines, that is, the heights of the object and image, DE, LM, are equal. In like manner 
it may be shewn, that any diameter of the object is equal to its corresponding diameter in 
the image : whence the object and image are in all respects equal, and consequently similar, 
surfaces. 

CHAP. IV. 

Of Vision. 
SFCT. \.— Of the Laws ^Vision. 

PROP. LXI. When the rays which come from the several points in 
any object enter the eye, they will paint an inverted image upon the 
retina. 

L«t ABA be a section of an eye. AB, BA, U the tumea telmtiea, a white coat which 
«ncompaties the globe of tlie eye, eicept the fore-part between A and A. The fore>part 
A A is covered by a transparent coat, a little more protuberant than any other part of the 
eye called the tunica cornta. In the cavity of the eye is placed a convex lens Qe, consisting 
of a bard transparent substance called the cryttaUint htmuur. This humour is kept in iu 
place and fixed to the coals by certain ligaments all around it at te called ligamtiaa cUiana. 
Under the tanura cornea, and at some little distance from it, ii the Hf, o, a, which has in it a 
small orifice, called the pupil of the eye, ■ This iris ii tiDgfd with variety of colours,, -from 
which the eye is said to bettlue, hazel, bljclc, &c It coQsista of,inuscular £breg, whicb can 
contract or dilate the pupil. The remaining part between the-'cwfrra and ihe crystalliiie4ni> 
aiour isfilled with a thin transparent fltiid, like water^ called the aqueous humour. S/N, is a 
white coat which consists of the fiHiiw (if AtffeptCTiitTVe wotert together like a net ^4)18 coat 
it called the retina. Betwe^ithe jritrMira.iiRd.th'e rriina'u anorfurr coat wbieh^fiJled Wie 
cbtnidti. The cavity of the eye, be^i^^ t^ crystalline, humojir and the ^tt^^ Vt.^^F^i^^ 
* '■ ' ' ' * a Iranaparenr 
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t iranspareat tubiltfie^ fietther so fluid as the aqueous humour nor so hard as the crystal-- 
linet called the vitnws humour. The optick mrve MBB is inserted at N. 

Mr. Harris has given a table of the dimensions of the parts of the human eye^ of which 

die following are the principal particulars. 

In. 
Diameter from the cornea to the choroides » » • 'pj; 

Radius of the cornea . . - - • •^js 

Distance of the cornea from the first surface of the crystalline » *iotf 

Radius of the first surface of the crystalline • • - *33 1 

Radius of the back surface of the crystalline • - - -25 

Thickness of the chry stall ine - - - - - '373 

Through the pupil the rays which diverge from the several points of any object aBC pass Vig. lu 
into the cavity. The rays first pass into the cornea IK, which is a meniscus like a watch 
glass, and therefore has no considerable efiect upon the rays. The fore-part of the aqueous 
humour under the cornea is convex ; and therefore, being denser than the air, it will make 
the several diverging beams from ABC (by Prop. XVII.) diverge less. The rays then pass 
through the pupil ; and next, through the crystalline humour, which, being a convex lenSf 
will make them (by Prop. XVII.) converge to as many points upon the retina LDF. Con- 
sequently at DEF, or somewhere upon the retina, aa upon a piece of white paper in a dark 
room, an inverted image of the object (by Prop. XXV.) will be painted. 

ScHOL. The refractive powers of the aqueous and vitreous humours* have been found by 
experiment to be about the same as common water ; and that of the crystalline is a little 
greater : that is, the sine of incidence, is to that of refraction, out of air into the aqueous 
humour as 4 to 3, out of the aqueous into the crystalline as 13 to la^ and out of the crystal- 
line into the vitreous as 12 to 13. 

£zp« Take off the sclerotica from the back part of the eye of an ox, or other animal^ 
and place the eye in the hole of the window shutter of a dark room, with its fore part to« 
wards the external objects ; a person in the room will, through the transparent coat, see the 
inverted image painted upon the retina. 

Def. XX it. The optick axis, is the axis of the crystalline humour ^te 7. 
continued to the object at DtlKch we look. The axis PO of the crystal- '^' 
line humour GFH, continued to the point B, it the optick axis directed to* 
wards that point. 

DfiF. XXIII. That point of the retina^ upon which the optick axis 
continued back would fall, is called the middle of the retina. If OP be 
continued back to H, the point E is the middle of the retina. 

PROP. LXIL The images upon the retina are the cause of vision* 

It is found from experience, that when the image upon the retina is bright» the object is 
dtarlj. seen i and whcn|tifr image ii iainti th^ otgca appears faint ; abo>i chat when the image 

' . .. ' 51 " ""' ' b 
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M distinct, the object is seen distinctly ; and when the image is confuted, the object appears 
confused. Hence it may be coneludcii, that these images are the cause of vision. 

Cor. It is manifest that a diffrent conformation of the eye, or some parts of the eye, it 
necessary for distinct vibion at different distances. Snmc think the change is in the length 
of the eye ; others that it is a change in the figure or position of the crystalline hu'iiour, 
and others that is a change in the cornea. Any of these changes would pro.luce the effect. 

PROP. LXIII. The point in any object towards which the optick axis 
is directed, is seen more distinctly than the rest. 

It is Icnown from experience, that when the eye is turned directly towards any part of an 
object, that is when the optiek axis is directed towards th.tt p'liiic. though the whole object, 
if it he not very large, will be seen, that part on which we look directly will appear mosl 
distinct, and the other portions of the object being dr.iwn on parts of the retina, somewhat 
nearer lo the crystalline humour than the middle point of the retina will appear a little 
confused. 

PROP. LXIV, Objects appear erect, although their images on the 
retina are inverted. 



This is known by eipcrience, and is not inconsistent with the explanation above given of 
vision. For it is not the image in the retina, but the object itself, which we ace, and we 
judge of its relative position, by moving the point of distinct vision along the object, and 
determine that part to be the highest whicli requires the eye to be the most lifted up in order 
to see it distinctly. 

PROP. LXV. An object may appear single, although it is seen by both 
eyes at once. 

If both eyes are turned directly to the object C. that la, if the optick axes AC, BC, meet 
in the object, it will appear single. But if, whilst one ere is turned towards C. the comer 
of the other is pressed with the finger so as to alter the gaution of its optick aiis, the object 
will then appear double. For when one eye is tum^iSvards an object, and the other 
turned a diferent way, the same object will be teen by each eye in a different direction ; that 
is, one eye wilt see it in one place, and the other in another, from whence it most appear 
double. But, if both eyes arc directed the same way, that is, to the place of the object, 
though two objects may be said to be seen, yet as both of them are alike, and seen in the 
same place they will appear but as one. If whilst both eyes are diNCtcd towards C, another 
object D be placed at some considerable distance directly beyond it. the object D will appear 
double ; for since the eyes see the object D without being turned directly towards it, the 
place of D is indeterminate i to the right eye it appears on the right Hand of C, and to tfte 
left eye on the left of C that is, being seen in twO plaeei, it must appear double. If the 
sight be directed to the farther obj-7<-t D the nearer object C will appear double. Tot. the 
o^eaCitKca bf the right eje io thcdireaiMbfafioeivbichpassetoa tbekft lUeof I^ 
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and by the left eye in the direction of a line which passes on the right of D. In both eases, 
one of the objects appears double, when the eyes are not directly fixed upon it, that is, when 
the optick axes do not meet in it ; and the other object appears single, when the eyes are 
both directly fixed upon it, that is, when the optick axes meet in the object. 

Exp. I. View a nearer and a more distant object at the same time, according to the 
proposition. 

2. Let a pasteboard, having a hole in it, be fixed between the eyes of a spectator and 
two candles, so placed, that when the right eye is shut, the left eye may see only one candle, 
and when the left eye is shut, the right eye can see only the other, although both candles are 
visible ; if both eyes be fixed steadfastly upon the hole, they will appear as one candle placed 
at the hole. < 

PROP. LXVI. There is one part of the retina where no perception of 
the object is conveyed to the mind by the image formed upon it 

This is found by experiment. Place two small circles of white paper upon a dark colour^ 
ed wall at the height of the eye, and at the distance of near two feet from each other. If 
the spectator, at a proper distance, shuts his right eye and looks with the left directly at the 
paper on his right hand, he will not see the left hand pap;;r. although the objects round 
it are visible. Hence it is to be inferred, that the rays from the left hand paper fall upon a 
part of the retina which is insensible. 

ScHOL. It is supposed that this part of the retma is that where the optick nerve is insert- 
ed : and because the coat called the choroides touches the retina in all other p.irts but is dis- 
continued here, -it has been conjectured that' the seat of vision is not the optick nerve, but 
the choroides ; but this point remains undetermined. 

Cor Hence an object cannot become inrisible to both eyes at once ; because the image 
cannot fall upon the optick nerve of each eye at the same time. An object seen with both 
eyes, is said to appear about •— or ~ brighter than with one eye alone Hirris's Opcicks, p f 1 6. 

PROP, LXVIL If the crystalline humour has either too much or too 
little convexity, the sight will be defective. 

In persons who are short sighted, the humourn of the eye are too convex, and bring the 
rays to a focus before they reach the retina, uiilesb the obj'^ot be brought near to it ; in which 
case (by Prop. XXVII ) the i nig \^ cast f^rth-r bick. In others* the humours of the eye 
have so little convexity, that the focal pdnt lies behind the retina i whence» unless the object 
is removed to a great dist.mce from the eye. the vision will be indistinct. 
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Dep. XXIV. The optick angle in viewing any object is the angle at Piate r. 

the eye subtended by the dia nerer of the ohj^d. The angle AO J, sub- ^'^* 

tended by AC, the diameter of the object, is the optick angle. 

PROP. 
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PROP. LXVTU, The apparent diameter of any object, ta proportional 
to the diameter of the image of that object in the rciina. 

To an eye placed at O, the jppireni magnitude of the object A''>Q is that visible eitea- 
sion which lies between A and C. If two lines AO, CO, are drawn from these pjiiit» 
crossing one another at the eye, they will be the axes of the pcniils which come from A 
and C, and will contain between them ihe diameter AC ; and the points A, C, will be re- 
presented on the leiinit (by Prop. LXl.) at F and D : consi-qiicntly, DF will be the 
di4meier of the image-, and this diameter is contained between the two lines -\0, CV>, 
produced to the retina. Now it is manifest, that the visible extension contained between 
AO and CO, that is, the apparent diameter of the object is as the angle AUC ; and that 
thr diameter of the image contained between DO and FO is as the angle HOY, But the 
ani^les DOF ACiC, (Ei. !. ijOare equal. Therefore the apparent diameter of the object, 
an<l ibe diameter of the image, are each of them proportional to the same an^c, and conse- 
quently proportional to one another, 

ScHoL. I. When we speak of an optick angle, it is not meant that we sec the point in 
which the optick axes meet ; but, since by experience we learn to judge of such distances as 
are not very great, by the sensations accompanying the different inclinations of the eye, 
which arc analogous to the optick jngle, we express these different inclinations of the eye. by 
that angle. In like manner, although the eye does not see a pencil of rays, whilst the 
breadth of the pupil bears a sensible proportion to the distance of the focus from which the 
rays diverge to the eye, we hive sensations from which experience enables us to judge of the 
place of that focus. So, the magnitude of an image upon the retina being always propor- 
tional to that of the visual angle of the object, though that angle is not actually measured by 
the eye, the difference of sensations accompanying different magnitudes of the image enable 
us to distinguish different visual angles. Thus it appears, that the use of lines and angles in 
opticks, has its foundation in nature. 

ScHOL. 2. The angle subtended by the least visible object, called by the writers on op- 
ticks the minimum visibiU, cannot be accurately ascertained, as it depends upon the colour of 
the otjject, and the ground upon which it is seen ; it depends also upon the eye. Mr Hams 
thinks the least angle for any d>iept to be about 40"} and at a medium not leu than two 
minutcg. 

To the generality of eye* the nearest distance of distinct vision is aboot 7 or 8 inches. 
Taking 8 iochea for that distance, and a minutes fn-.dte least visible angle, a globular object 
of less than y^ part of an inch caimot be seen. Harris's Opticks, p lao— •-4. 

PROP. LXIX. When the diameter of an object is g^ven, its apparent 
diameter is inversely as its distance from the eye. 

The apparent diameter of an object {Prop. LXVIU.) is as the diavteter-onts image apoa 
the retina : and (Prop. XXXI.) the diameter of the image, when the object is given, is in* 
Tersely as the distance of the object. Therefore the apparent diameter df the object is also 
inversely at the disbtace <^ tbC' object. Tlw< Mme>au]» be ptored-of' uy appawatfe-ngtl^ 
whatsoCTcr. , Cor. 
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Cor. I. Hence the wfputnt diameter of an object may be nagnMed Se any pvoporlion ; 
^or the leaa the distance of the eye from the objecti the greater will be its apparent diameter. 
But without the help of glasses, an object brought nearer the cje than about Stc inchety 
^ough it appears larger, will at the same time |>e seen confusedly. 

CoK* t* Hence parallel lines, as the sides of a long room, or two rows of trees, as ABC, ?^^J' 
pEF, seen obliquely,' appear to converge more and more, as they are farther extended from 
the eye : for the apparent magnitude of their perpendicular intervals^ as AD, BE^ CF, &€• 
are perpetually diminished. 

Coa. 3. An horizontal plane AI seems to ascend. For the risual rays cut a perpendicu- 
lar DR to the horizon, in points that are higher and higher, or nearer to the horizontal line 
OG, according as they proceed from points in AI that are more remote from A, 

Cor. 4. It is for a like reason that a ceiling DH appears to descend, and that faster than 
the floor ascends, as the distance of the eye of the spectator to the ceiling is greater dian the 
diatance of the eye from the floor. 

PROP. LXX. The appareiiit diameter of 9Q object, whose distance 16 

The apparent diameter of an object (by Prop. LXVIH.) is as the diameter of its image : 
and the diameter of the image (by Prop. XXXill.) when the distance of the object is given, 
IS as the diameter of the object. Therefore the apparent diameter of an <d>ject whose dis- 
tance is giTcn, is as its real diameter. 

PROP. LXXL The apparent diameters of different objects at difier* 
lent distances from the eye will be e^ual^ if their real diameters are as their 
Stances. 

Vpt (by Pipp- XXXIV ) the diapietera qf their reapectiTC images upon the retina will be 
equal ; and their apparent diameters (by Prop. LXV)I1.) are as the diameters of their 
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PROP« LXXIL The apparent length of an object seen obliquely, is as 
the apparent length of a subtense of the optick angle perpendicular to the 
optick axis. 

If DF is an object seen obliquely, and DG an object seen directly, that is, if DF is piatc % 
oblique, and DG perpendicular to the qptick axis OR, then supposing them to subtend the ^S* ^^- 
f^me libglc DOF, dieir images upon the retina (Def. XXIV.} will be equal, whence (by 
Prop. LXVIII.) their apparent diameters will be equal. Consequently, the greater the sub- 
tense GD isy the greater will be the apparent length of the object DF ; and the reverse. 
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PROP. LXXTTI. When equal objects are seen obliquely, tbeir apparent 
lengths are inversely as the squares ot their distances from the eye. 

Plate?. Let the eye be at Oi and in the line BC at diffcrenf distances from the eye take equal 

Kg. IS. spaces DF, d/. The apparent length of DF (by Prop. LXK11-) is proportional to the appar- 
ent length of GD, the subtense of the optick angle DOF, perpendicular to the optick axis Olt. 
In like manner, the apparent length of df is proportional lo th.it of gJ, the subtense of d(if. 
Now GD, gd. are subtenses also of the angles GFD, gfj .- and as the side Of is to the aide 
OF, so is the sine of the angle OF/", that is, of its supplement OFB, to the sine of the angle 
O/'F, or CyB, Hence, since sm^iU angles arc to one another nearly as their sinca, if these 
are small angles, O/ will be to OF as the angle OFB to the angle t^B , th^t is, O/ will be 
to OF, as the subtense GD to the subtense gd, or GD is to gd inversely as OF to O^; that u, 
the subtenses of the optick angles, and consequenlly, from what has been shewn, the appar- 
ent di.imetcrs DF, lif. are inversely as their distances from the eye. This proponion arises 
from the different degrees of obliquity at which the eye sees the equal spaces DF, d/ But, 
if their obliquities with respect to the eye were the samci the apparent length of DF (bjr 
Prop. LXIX.) would be to that of df inversely as their distances. Since then the apparent 
kngths of DF| df, are inversely as their distances on account of their different obliquities, 
and also inversely as their distances on account of their different distances i on both accoonti 
taken together, they are in the ratio compountded of the inverse ratio of their distances, and 
the same, that is, inversely as the squares of their distances. 

PROP. LXXIV. The apparent diameter of an object is not changed 
by contracting or dilating the pupil. 

For when the distance is given, the diameter of the image (by Prop. XXXVI. Schol. j.) 
remains the same whatever be the area of the pupil, and consequently (by Prop. XXXIIf.) 
the apparent diameter of the object. 

PROP. LXXV. An object appears larger when it U seen confusedly^ 
than when it is seen distinctly. 

For the confused image (by Prop. XXIX.) is larger than the distinct image, and conse- 
quently (by Prop. LXVUI.) the apparent magnitude of the object it gicMer wh«n it it teea 
confusedly than when it ia seen distinctly. 

Cor. Hence objects appear magnified when teen through a mist; the drops of whitlt 
tefract the rays so diffiiientty, that they cannot be collected into one focus. 

PROP. LXXVI. A ^ectator, ia modon sees an ob^ct at rest, moving 
the contrary way. 

jUtu-i. K while an object at P is at rest, the eye be carried parallel to PQ^in the direction from 
Q^towardt P, iu image on the raitm wiU mprt bwm / to f t the ume effect will be pro- 
duced* 
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dttced,- if the object mofet from P towards Qj and if the Telocity of the object and the 
tjCi in each caae^ be the sAie, the apparent Telocity will be the same also^ 

Cor. I. An object morii^ along a line PK wHl appear at test to a spectator moTing 
aloBg the line QG, parallel to PK : if the motion of the object be quicker or slower than 
that of the spectator^ it will have an apparent motion direct or retrograde : if the two 
snotions are in contrary directions^ the apparent motion of the object will Tary with the real 
motion of the spectator. 

Cor. 2. If the earth be supposed to moTC round its axis from west to east, while the 
beaTcnly bodies are at rest, they appear to us to moTC the contrary way, there being nothing 
in this case to indicate to us our own motions. And therefore no argument drawn from 
the apparent diurnal motions of the stars and planets can be of any support to cither the 
PtoUtnaick or Pjthagpfean systems. 

ScHOL. A person riding, or walking slowly, though he perceives the change of situation 
of adjacent bodies, yet being sensible of his own motion, and having time to reflect in the 
intervals of these apparent changes, those bodies appear to keep their places* But if he 
runs or rides very swiftly, he cannot help fancying, that the bodies, which he is looking ar^ 
are moving towards him. The deception is still stronger when he sits at his ease in a swift 
tailing vessel. 

PROP. LXXVII. The same degree of velocity appears greatest, when 
the tnotion is in a line perpendicular to the optick axis ; and when the 
motion is in other directions, the apparent velocity will be as the cosine of 
the angle of inclination to the said perpendicular. 

If two bodies set out at the same rime from P, the one movin(i» along the line PQ^« per- ^^^ '^^ 
pendicular to the optick axis Qjr and the other along the line PS« oblique to it, and if their '^* '"• 
velocities be such, as to pass over the lines PQ|^> P'^v in the same time, it is manifest, that 
their apparent velocities will be the same } for the images of each will pass over the same 
space pqt on the retina^ in the same time Che veal velocities being, in this case, as PQ^ 
to PS, it is manifest, that when the velocitiiea are equal » the apparent velocity of the body 
which moves in Pv^is to that of the body moving in PS, as P8 to PQ;^« that is, as radius 
to the cosine of the angle (^S ; but PS i& always greater tlian PQj: whence the propo&i-^ 
tion is manifest. 

PROP. LXXVIII. If objects at different distances from the eye, move 
in parallel lines, nearly at right angles to the optick axis, and iftheir veloc- 
ities are proportional to these distances, their apparent velocities will be 
.equal ; and if their real velocities are ^ual, their apparent velocities wiltr 

W ne^fOodljT ajHihdk disuaces^ firoin^ 
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rute 7. Let an object mcfve from (^ to P, an the sane ume tW tMther iMvet from G to H^ 

^' ^^ their real velocities are as QP to GH. that is, {^ VI. 2.) as Qit to GO, the distances fro« 
the eye ; and their apparent velocities will be equal ; for the space fp upon the retina will 
he passed over in the same time by the image of «ach. If the velocities of die objects 
G« Q^, be equal, the object G will arrive at K, and its ■ image describe the space ft upon 
the rftina^ in the same time that the image of the Dfaject (^desoribes the space ^ ; whence 
the apparent velocities of these two objects are as fit and qp^ or as GK (or Ql') and GH % 
that ist (El. VI. 2.) the apparent velocity of the object G is to that of Q^, as (^ to OG. 

ScHOL. It is here supposed, that the spectator makes no allowance for the different 
distances. 

PROP. LXXIX. The apparent vclodties of bodies moving in parallel 
lines at difierent distances from the eye, are directly as the real velocities^ 
and reciprocally as the distances. 

«ite ?• Let two bodies move from (^, G, in the parallel lines QP, GH j let the velocity of the 
^* object (^ be ciUed V, and that of G, v ; and let their apparent velocities be called A, if. 

If the two objects be conceived to move in the same line GK9 whatever be their velocities» 
V : V : : A : ; and supposing the vekKiity of the object (^, to be the same in QP as 
before in GK, A in QP : A in GK : : GO : QO, by Pn>p. LXXVIlL and A in GK : 
a ::W :v i whence^ compounding these ratioSf A : a :: GO x V : Qp x v» that k^ 

.. V . t; 

• • ^ ; GO" 

ScHOL* I* We judge of the distance of any object by the visible length of the plav 
which lies between the eye and the object. When this method fails us, we compare the 
4nown magnitude of -the object, with its pveseot appareat magnitude r or We compare the 
degrees of distinctness with which we see the several .parts of an object.; or we observe 

whether the change of the apparent place of an object when viewed from different stations^ 
or its parallax^ be great or small, this change being always in proportion to the distance of 
the object. On this principle, we may judge of the distance of a near object by observing 
the change which is made in its apparent situation, upon viewing it successively, with each 
eye singly. Or. since it is the difference of the apparent place of an object, as viewed by 
«ach eye separately, which makes an object to be seen double unless we turn both eyes 
directly towards it, and since in doing this, where the distance is very small, we turn the 
eyes very much towards each other, and less at a greater distance ; the different sensations 
accompanying the different degrees in which the eyes are turned towards each other, afford^ 
by habit, a rule for judging of the distance of objects. 

ScHOL. 2« In objects placed at such distances as we ar?! used to, and can readily allow 
for. we know by experience how much an increase of distance will diminish their apparent 
magnitude^ and therefore instantly conceive their real magnitude, and, neglecting the appas- 
ent, suppose them of the size they would appear if they were less remote ; but this can only 
be done, where we are well acquainted with the real magnitude of the object ; in all other 
cases, we judge of magnitudes by the angle which the object subtends at the known, or 
supposed distance, that is, we infer the re^X m^o^tuile from the fipparicnt ^aagnitude in 
comparison with the distance of the object. SECT* 
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SECT. II.— <y Vision asaffec/eii by Refkaction. 

PROP. LXXX. When any smaD object is seen through a refracting 
medium^ it appears in the direction of that line which the rays describe 
after their last refraction. 

The nj DE from any small object D» in passing through a glass prism, the end of which ^^« 7. 
is ACB» will be refracted towards a perpendicular, and will describe the line £F ; and when '^' ^' 
k goes out of the prism, it will be refracted from a perpendiculiir, into the line FG, which is 
ks direction after its last refraction ; and the object D will be seen in this direction at L in- 
stead of D. For the image in the ntina will be in the place in which it would have been, if 
the naked eye had been looking at an object really placed at L| the last direction of the rays. 

Cor. Hence an object seen through a glass cut into different surfaces inclined to one Fig- 17. 
another, will appear at one view in many different places. The object A seen from the 
point F through the glass CEDB, will appear at H, A, G i the last direction of the rays 
AC, AD, AB, after refraction. 

ExF. View any object through a multiplying glass. 

ScHOL. If a hair be placed across a small hole made in a thin board, and an eye situated 
in the datk, look through the hole at a number of candles, the hair will appear multiplied : 
for a shadow of the hair is cast upon the eye by each of the candles* 

PROP. LXXXI. An object seen through a medium terminated by 
plain and parallel surfaces^ appears nearer, brighter^ and larger^ than 
with the naked eye. 

Let AB represent the object, CDEF the medium, and GH the pupil of an eye. Let Plate 7. 
RK, RL, be two rays proceeding from the point R» and entering the denser medium at K ^^' ^^' 
and L i these rays will here by refraction be made to diverge less (by Prop. XVII.) and to 
proceed afterwards, suppose in the lines Ka^ Lb \ 2t a and ^, where they pass out of the 
denser medium, they will be as much refracted the contrary way, proceeding in the lines oc, 
id, parallel to their first directions i (by Prop. XI.) produce the^e lines back till they meet 
in e^ this will be the apparent place of the point R, and it is evident from the figure, that 
it must be nearer the eye than that point ; and because the same is true of all other pencils 
flowing from the object AB, the whole will be seen in the situation /g, nearer to the eye 
than the line AB. As the rays RK, RL, would not have entered the eye, but have passed 
by it in the directions Kr, L/, had they not been refracted in passing through the medium, 
the object appears brighter. The rays AA, Bi, will be refracted at A and i into the less con* 
verging lines kk, i/, and at the other surface into tM^ /M, parallel to Ab and Bi produced^ 
(by Prop. XI.} so that the extremities of the object will appear in the lines Mi, M/, produced^ 
namely, iny*and g, and under as large an angle yiVf^, as the angle Af B, under which an eye at 
9 would have scea it, had there been no medium interposed to refract the rays ^ and therefore 
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it appeartla^[er to the eye ttGH.bstOgKca through the interpQted medium, th^in oiherwite 
it woold hxn dooe. But it i> here to ba-oblisrTed, that the nearer the point e appears to the 
eje on accouot of the refraction of the rays lUC, RL, the shorter is thu image fg, bec;iu»e it is 
ttriainated by the llaei M/'aod M;, apoa'vhich acoouac the object is miAc to appear less ; 
and thercfot^die appaieat mBgmnde' of an object k not much augmented by being seen 
through a mediuin of this form. 

Fardur, itls apparent from the figure, that the effect of a medium of this form depends 
wholly npte its tbickneas : for the diatance betweeo'Ae lines Rr ;imt tc, ami consequemlv 
the diataoce between the piriata t and R dependi on the length of the line Ka : ngjin, the 
diatanee between the liaei AM and/M, d^enda m the length of the line hk , but both Ka 
and M depend on tbeidiatance betwecti the aurfacea CE and DF, «iid Aeccfsra-tk cflkct of 
thia aediBni depends npon its thicknen. ;..>....: 

PRQP. LXXXII. In viewing objects through a convex or conctitt 
lenis, the object ItutF U not seeo, but its last image, consisting of all fhe 
inug^oary r^diaiUs from wtuch the raja appear to diverge after Aa Jaat; 
refracUoa. / , 

If AC be an object nearer die convex lena GIL thail ici^ftintipllJiftdMK Atf'^^^d 
direrge from any point B in tbta object, will, in jnuing through the lens (by Prop- ZVIL) be 
made to diverge Ins, add the imaginary radiant (by Pi^ VL} wiU ht mart distant tlii^'jlie 
real one. Hencetbe rays BG, BL, after refraction, wUI appetf vaiBntrgt horn Ae kttUuit 
£, farther fiom the lens than the real radiant B. The same happeoiiilt'tn the nyi |ba cveVf 
other point of the object, there will be in DEF as many imaginary ratUanta aa tbMi are real 
fadiants in the object AEiCi which, taken togedier. wiU«empott the fatt imgdb Ntki^^ibee 
all the rays fall npon the eye aa'if they had diverge^ fimft. fjut Uit u^Hiei tbe[.«yc «|ift I* 
affected by the object ABC in the same manner in which it would be affected without the 
lens, by an object in all respects like DEF, that is, the eye percei?ca the last image. 

PROP. LXXXIII. An object seen through a convex or concave lens 
will appear erect, if the object and its image are on the same wde of the 
lens, but inverted, if they are on contrary sides. 

It appears from the last Prop, that all the rays which direi^e from B before refraction^ 
^' will appear to dirergc from E after refraction : and the lilce m^y be said of any other points^ 
A and D, or C and F. Now AI is the axis of the beam which comes from A, and there* 
fore, with the rest of the rays of the beam after refraction, will appear to diverge from the 
point D in the same right line with A. The same may be shewn of FCI. Now these right 
lines only cross one another at the lens. Consequently, the highest point both of the ot^eet 
and image is in Dl the upper side of the angle DIF, and the lowest points of both in Ft, the 
lower side of the same angle i that is, the image, vhicb is vigiblc, is erect, or in the same 
poutioQ with the object. 

If 
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If the object ABC is more remote thaa the principal focus of the convex lens E, there 
will be (by Prop. XXIV.) a distinct image formed on the other side of the lens. If the 
rays thus collected are not received upon a plane surface, they will proceed straight for- 
wards i those which had converged diverging from the focus ; whence an inverted image 
will be presented to an eye placed beyond the focus.-^ln the same manner this, and the 
preceding proposition^ may be proved concerning an object seen through a concave lens. 

Exp. I. Observe the tm ige of a candle whose rays have passed through a convex lens, 
and are received at the focus on a white surface, whilst the object is on the same, or on the 
contrary side of the lens. 

2. An inverted image will be produced without a lens, by solar rays passing through a 
very small hole into a darkened room i and if the edge of a knife be applied to one side of 
the hole, and moved slowly over it, the parts of the image situated opposite to the covered 
side will be first concealed ^ from whence it is manifest, that the rays cross one another in 
passing through the hole. 

PROP. LXXXIV. The apparent magnitude of an object seen through 
a lens placed close to the eye, or to the object, is equal to its apparent 
magnitude when seen without the lens. 

If the eye be placed close to the lens at I, the diameter of the object of refracted vision pi^^e 7. 
DF, is to the diameter of the object of plane vision AC (by Prop. XXVIII ) as EI to IB, Fig. s. 
that is, as their respective distances from the vertex of the lens. Therefore (as appears from 
Prop. LXIX ) their apparent diameters urhen seen from I, are equal. 

If the lens is placed close to the object, the real radiants touching the lens, the imaginary 
radiants, that is. the last image, will also touch the lens : whence their diameters, or appar« 
ent magnitudes, will be equal* 

PROP. LXXXV. If an object seen through a convex lens is nearer 
to the lens than its principal focus, it will appear brighter than to the 

naked eye, distinct, and in an erect position. 

i 

In this case, the rays which come from any point (by Prop. XVII ) will be brought nearer 
by refraction, and consequently a greater number will enter the eye than if there had been 
no refraction ; whence it is manifest, that the object will appear brighter. Because the rays 
of each pencil diverge after refraction, but less than before, they come to the eye, as they 
would if the object were at a moderate distance and no lens were used, and therefore wili be 
seen distinctly. And because the refracted rays (by Prop. XVII ) diverge less than the inci- 
dent rays, that is, (by Prop. VI.) the imaginary radiants are more remote than the real ones, 
tlie last image, as D£F, which is formed by these imaginary radiants, is f-irther from the 
lens than the object, and on the same side of the lens ; and consequently, since the extreme 
axes DAI, FCl, only cross one another at the lens, the image will be in the same po:>ition 
with the objecty and appear erect. 

PRoP. 
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PROP. LXXXVL If an object 8cen through a convex lens is farther 
from the lens than its principal focus, the object will appear brighter than 
to the naked eye, confused, and in an erect position. 

If the eye be placed between the lens and the distinct image, whilst the eye is nearer the 
lens than the place of the image, the rays being made convergent by the lens, will be closer 
together, and therefore a greater number of them will enter the eye, and the object will 
appear brighter, than if it had been seen without a lens : because the rays come to the eye 
in a converging state, which from one and the same point they do not in plane vision, they 
will give a confused image. And because no image is formed till the rays come to the retina^ 
the object will appear erect. 

PROP. LXXXVIL If an object seen through a convex lens is in the 
principal focus, it will appear brighter than to the naked eye, and erect. 

The rays of each particular beam becoming in this case (by Prop. XVII.) parallel after 
refraction, are brought nearer together than if there had been no lens ; consequently, more 
rays will enter the eye from every point, and cne object will appear brighter : and no image 
being formed before the rays come to the retina^ the object will appear erect. 

PROP. D. A minute object, when seen through a lens of very small 
principal focal length, appears magnified and disdnct^ if the object be 
placed in the principal focus. 

The angle under which the object appears, will be to that which it subtends, when seeti 
by the naked eye -, as the distance at which it is viewed by the naked eye distinctly, \% to the 

principal focal length of the lens. 

If the principal focal length of the lens be ^ of an inch, and the distance at which the 
eye can see distinctly be eight inches, it follows that the lens will magnify 240 times ia 
diameter. 

PROP. LXXXVIIL When an object, seen through a convex lens, is 
nearer than the principal focus, it is magnified, unless the eye or the lens 
touches the object ; and as the eye departs from the lens, its apparent mag- 
nitude will decrease. 

Plate 7. If the object ABC continues in the same place, or does not change its distance Bl from 

**^* ^' the lens, the last image DFwill (by Prop. XXVll ) remain at the same distance EI : there- 
fore the real diameter of DF (by Prop. XXXI 1 1 ) will be invariable, wherever the eye is 
pl-iced. If the eye be at the vertex of the lens L the apparent diameters of the last im.«i»c 
DEF, seen through the lens, and that of the object ABC, seen with the n.iked eye, are man^ 
ifestly the same. Both these apparent diameters decrease as the eye recedes from the tns 

towards 
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toirafds O } biit tlie apparent diameter of the last image decreases in the inverse ratio of OE 
to IE| and that of the object in the inverse ratio of OB to IB. But OE has a less ratio to IE 
than OB to IB ; for IE and IB are unequal quantities, of which IE the distance of the im- 
age, is always (by Prop. XVII. and VI.) the greater, which are equally increased, but not 
proportionally : therefore the apparent diameter of the image decreases slower than that of 
the object, as the eye recedes from the lens. Consequently, when the eye is at any distance 
from the lens, the last image, or the object of refracted vision, will tppear greater than the 
object seen by the naked eye. As the eye departs from the lens, the apparent magnitude of 
the object, firom what has been said, must continually decrease, till at an infinite distance it 
vanishes. 

PROP. LXXXIX. If an object seen through a convex lens is more 
remote than the principal focus, and the eye on the other side of the lens 
is nearer than the place of the image, the object appears magnified, and its 
apparent magnitude will be inversely as the distance of the eye from the 
image. 

Suppose the eye at the side of the lens GL ; it might successively see both the object and ^ate r. 
the image without looking through the lens ; and in this situation (by Prop. XXVIII.) the ^^i>* ^' 
real diameter of the object is to that of the image, as their respective distances from the lens 
or the eye ; consequently (by Prop. XXXIV.) their apparent diameters will be equal. 
Next, suppose the eye close to the image at F, £, or D, the apparent diameter of the image 
would manifestly be infinite. Also in this situation of the eye, the apparent diameter of the 
object would be infinite i for, if the eye be at F, the rays from the point C are the only 
rays collected into the eye» which appear diffused over the whole surface, and would do so 
if the lens were ever so large ; and the same would be true of the points B or A, if the eye 
was at E or D ; that is, the apparent diameter of the object seen through the lens is infmite* 
Since then the object and the image appear equal when the eye is close to the lens, and that 
both appear infinite when the eye is close to the image ; they must have increased equally 
as the eye was moving from the lens to the image, and their apparent diameters must always 
have been equal. Hence, the object in every station of the eye when it does not touch the 
lens is magnified. And because the apparent diameter of the object seen through the lens is 
every where equal to that of the image, and that of the image (by Prop XXXI ) inversely as 
the distance of the eye from the picture, the apparent diameter of the object seen through 
the lens, is inversely as the distance of the eye from the image* 

PROP. XC. If an object seen through a convex lens is placed in the 
principal focus, its apparent magnitude will not be altered by withdrawing 
the eye from the lens. 

Since in thiecaser the rays ffotti the object 'cdm^ pi&tallet to the eye, both the imaginary ra- 
diants and the image (by Prop. XVII.) are infinitely distant Therefore the apparent mag* 
nitude of the object cannot be diminished by receding from the imaginary radiants, nof in* 
created by approaching to the image, but will alwaya remain the same, 
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PROP. XCI. If a convex lens is moved whilst the eye and object re- 
main fixed, the apparent magnitude of the object will increase, till the lens 
is at the middle point between them, after which it will decrease till the lens 
reaches the object ; provided the eye is never farther from the lens than the 
place of the image. 

When the lens is at either extreme (by Prop. LXXXIV.) the object is not magnified i 
but between the extremes (by Prop. LXXXVIIL and LXXXIX.) it is magnified i therefore 
when it is equally distant from the two extremes, it is most magnified, and must increase in 
its apparent magnitude as the lens moves from the eye towards the middle station, and de« 
creasCj as it moves from that middle station towards the object. 

PROP. XCII. The apparent magnitude of an object, seen through a 
concave lens, decreases as the eye, or the object, departs from the lens. 

Hate 7. jf ^y^^ ^y^ touches the vertex of the lens I, the apparent diameters of the object and the 

last image are equal* As the eye recedes from the lens, its distance both from the objecC 
ABC and last image DEF increases, and consequently, the apparent magnitude of both de- 
creases. But the distance I£ from the last image increases faster than the distance IB from 
the object, as was shewn in Prop. LXXXVIIL Therefore (by Prop. LXIX.) the apparent 
diameter of the last image, or the object of refracted vision, is diminished as the eye recedes 
from the lens, more than that of the object seen by the naked eye.— -Again, as the object 
departs from the lens, the image departs with it } whence its vbible diameter decreases. 

PROP. XCIII. When the eye and object are fixed, if a concave lens 
be moved from the eye, the apparent magnitude of the object will decrease 
till it reaches the middle point between them, and increase as it moves on 
towards the object. 

When the lens is at each extreme, the apparent magnitude of the object seen through the 
lens (by Prop. LXXXIV.) is the same as \\hc:n seen with the naked eye. In all other sta- 
tions of the lens, the object appr-ars diminished : therefore it must appear most of all dimin- 
ished when the lens is in the middle station, and it must decrease whilst it is approaching 
to that station, and increase whilst it is departing from thence towards the object. 

Exp. View a candle through a convex or concave lens, in the manner described Prop. 
Xi .11- varying the position of the object, or lens, according to the preceding Propositions^ 
from Prop. LXXXIV. 

PROP. XCIV. Convex lenses assist the sight of those persons whose 
eyes are not sufficiently convex, and concave lenses, that of those whose 
eyes are too convex* 

For 
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For conTCX lenses enable the former to bring the rays from objects to a focus nearer to 
the crystalline than can be done by their eyes \ and concave lenses enable the latter to 
bring the rays to a focus at a greater distance ^ and thus to produce a distinct image upon 
die ntina. 

ScHoL. Were there no other use of the science of dioptricks, says Mr. Molyneux, than 
>that of spectacles, the advantage that mankind receive thereby is inferior to no other bene- 
fit, not absolutely requisite to the support of life. For as the sight is the most noble and 
extensive of all our senses ;— *as we make the most frequent use of our eyes in all the 
actions and concerns of life, surely that instrument which relieves the eyes when decayed, 
and supplies their defects, must be estimated as the greatest of all advantages. Forlorn in- 
deed must have been the situation of many young, and almost all old people, before this ad- 
mirable invention. The same author concludes, that spectacles were first used about the end 
of the 13th century i and he ascribes the invention to Friar Bacon. 

SECT. III. — 0/ Vision as affected by Reflection. 

PROP. XC V. If a plane mirror and the c^ject seen in it arc both per- 
pendicular to the horizon, the object appears erect. 

The object D£, and the mirror AB» being both perpendicular to the horizon, the lines Plate T. 
DI, EZ, in which (by Prop. LVII.) the highest and the lowest points of the object appear, ^'^ '^' 
being both perpendicular to the surface Afi, are parallel to each other, and do not meet. 
Therefore the line DI, which is highest at the object, is also highest at the image, and EZ 
will be.lowest at both ; therefore the image is not inverted with respect to the object ; and 
each point of the image LM (by Prop. LIV.) is equally distant from the surface of the 
mirror with its corresponding point in the object D£ : therefore LM, D£| are parallely 
(£1. I. 30.) and since the object is erect, the image will be so too. 

PROP. XCVI. When the object is parallel to a plane mirror, the 
length or breadth of that part of the mirror upon which the image appears, 
is to the length or breadth of the object, as any reflected ray is to the pas- 
sage of reflection. 

If the object DE is parallel to the mirror AB, and the image LM is seen by the eye at P'^^* ^• 
G, then FN, the length of that part of the mirror which is taken up by the image, subtends *^' 
the angle LCM, under which the image appears. For since all the visible length of the 
image is manifestly included within the angle LCM, there cannot be more of the mirror 
taken up by that visible length, than is included within the same angle. Now the length of 
the image LM is equal (by Prop. LX) to the length of the object DE. And (£1. VL a.) 
FN is to LM, as FC to CL» or (by Prop. LIX.) CFD \ that is, the length of that part of 
the mirrQr which is taken up by the image is to the length of the imagCi or (by Prop. LX.) 

the 
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the length of the obfeet. tf ray refiected my te to tfais^ P*MiB^ of fefe^dett ol tloit My. tm 
the tame manner it may he shewn, that the bieadth of that part of the niirfor taljen op bf.' 
the image, u to the breadth of the object in the aame ntiOi ' ' 

CoR. Hence* in phme mnrrors tlie object and the part of the surface onitfhich ^ ap« 
pearS| arc similar. • ^« • 
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PROP» XCVIL u; at a certain oMtMm&oA the idirror, the wholes 
6bject cannot be seen by reflection^ the whole witl becotne visible either^ 
by brining the eye nearer to the mirror, or removing the object £uthei( 
from it . 

■ 

For (by Prop. XCV1.) the less &e ratio of the reflected ray is to the pasnge of rellectioii, 
so madi the less will be the ratio of the length of that part of the mirror on which thii^ 
whole object will appear* to the length of the object. If therefore the reflected ray CF 
Flite 7. decreases h^ bringing the eye neaier to themirroci nnce it irdiininished fasctr thanthe 
greater quantity DFC| the postiige of ^flection* when equal parts are taken from'ttcht the 
rado of the reflected ray CF to tte pUMge of tdkittioti DFC (Bl ^. 9^j dimini&g, ihe 
ratio of the length of that part of the mimry on which the whok objedt will be se^ to thr 
object, is diminished ( that ist (the object being giTcn) the length of the part of the mirror' 
on which the whole oligeGt is seeut will be dimiiiisl^d : consequently, the whole odbjecty 
which at a certain dlatanee of the eye from- the minor was not fisibtei on a nearef approacK- 
of the eye may become Tinbie. 

if tlie object DE be removed fartlter irom the gtass, the ntio ol thoreflectdl ray FC ta 
the passage of reflection DFC will also be diminished,, because DFC wiH be increased whilst 
FC remains the same $ and consequently the length of the part of the mirror on which the 
whole image is seen, is diminished, and a less surface of glass is required in order to see the 
whole image. 

PROP. XCVIIL If a spectator sees himself entirely in a plane mirror 
placed parallel to him, the mirror must be half as long as himselE 

When a spectator is looking at himself, the incident ray is his distance from the mirror, 
and the reflected ray is equal to it, and is the distance of the mirror from him. The passagre 
of reflection is therefore equal to twice his distance from the mirror ; and consequently the 
reflected ray is to the passage of reflection as i to 2 : whence (by Prop. XCVl.) the length 
of the glass, in which he can sec himself entirely, must be to his own length as i to 2» or 
the length of the glass must be half his own length. 

If the mirror be at all shorter than this, the spectator will not be able to see himself^ 
whether he is nearer to the glass, or farther from it. If he approaches towards the glass, 
the object, being himself, approaches as fast as the eye, so that though (by Prop. XCVll.)' 
he might see more of himself by the approach of the eye, he will see just as much less of 
himself on account of the approach of the object. In the same manner it may be shewn, 
that if he recedes from the mirror, he will not be able to see himself entirely. 

PROR 
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PROP. XCIX. Objects perpendicular to the horizon, seen in a plane 
mirror parallel to the horizon appear inverted. 

By Prop. LIV. each imaginary radiant is at the same distance behind the mirror, that the 
real radiant is before it ^ hence» if the mirror be below the object and the eye, the object 
will have its lowest part nearest the surface of the mirrory and its highest part farthest from 
it| and therefore will in this situation appear inverted : if the mirror be above the object 
and the eye, the object will have the its highest part nearest the surface, and its lowest part 
farthest from it, and therefore will, in this situation also, appear inverted. 

PROP. C. If a plane mirror is inclined to the horizon at an angle of 
forty-five degrees, an object parallel to the horizon will appear erect in 
the mirror^ and an object perpendicular to the horizon will appear parallel 
to it. 

Let the object CD parallel to the horizon be seen in AB, a mirror so placed as to incline Plate v. 
to the horizon in an angle of forty-five degrees. At whatever distance any radiant C is '^' ^' 
from the mirror, at the same distance (by Prop. LIV.) is the corresponding radiant C in 
the image, or CE will be equal to r£. In like manner, DB will be equal to dR, Thus 
every radiant in the image is at the same distance behind the mirror, as the object is before 
it ; whence the image cd makes half a right angle cB A with the mirror on one side, whilst 
the object makes with it half a right angle CBA on the other: whence cBC is a right angle, 
that is, the image is perpendicular to the object or horizdni and appears erect in the mirror. 

By making cd the object, and CD the image, it may be shewn in like manner that when 
the object is erect, it will appear in the mirror parallel to the horizon. 

PROP. CI. If an object is placed between two plane mirrors inclined 
to one another at any angle, several images may be seen. 

Let the object F be placed between the two plane mirrors CB, CA, making with one an* pi^^t^ 7. 
other the angle BC \. From the object F, draw FD perpendicular to the mirror CA, meet- ^'g- . 20. 
ing C \ in K, and make KD equal to FK. The image of F will (by Prop. LIV.) appear at 
D. In like manner, if FG be drawn perpendicular to CB, the object will be seen in G, as 
far behind the mirror as F is before it. Thus two images of the same object, but of differ- 
ent sides or surfaces of it, will be seen. 

Again, since some of the reflected rays, which diverge from the image D in all directions 
fall upon the opposite mirror CB, the image D may be considered as an object placed before 
the mirror CB : and consequently, when the rays which diverge from D are reflected from 
CB. if DUE be drawn perpendicular to CB, and if £H is taken equal to HO, these reflected 
rays will (by Prop. LVIII.) represent the image of D at E, as far behind the mirror as D is 
before it. In like manner, some of the rays from this second image E will fall upon the mir- 
ror C \, and the image of E, or a third image of the object, will appear. And thus, as long 
Bs the image represented in one mirror is beifore the otheri so long a new image of the last 
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imnge will be produced. And all these im \^es, beginning from C A| and being successiire 
representations of U, will be images of the side of the obj^rct F towards C A. Besides these^ 
there will be another set of images beginning from CB, which will be formed in the same 
manner, and represent the side of the object towards CUj the first of which will be G, and 
the second L. 

PROP. CII. The images which appear in two plane mirrors inclined 
to one another, are in the circumference of a circle, the radius of which 
is the distance of the object from the vertex of the angle contained be- 
tween the mirrors. 

Hate 7. Since FK is equ d to KD, KC common, and the angles at K right angles, CF, the 
F\g. 20. distance of the object from the vertex of the angle made by the inclination of the mirrors 
to one another, is (El. I. 4 ) equal to CD. In like manner it may be proved that CE is 
equal to CD. Therefore CF and CE are equal to one another. Thus all the straight lines 
drawn from C to G, L, or any other image in the mirrors, may be proved to be equal to CF. 
Consequently, if C be made the centre of a circle, and CF its radius, the circumference 
will pass through the points D, E, G, L» and every other image which appears in the 
mirrors, that is, all the images, are in the circumference 6f a circle, whose radius is the 
distance of the object from the vertex of the angle made by the inclination of the mirrors to 
one another* 

PROP. cm. If two plane mirrors are parallel to one another, and 
an object is placed between them, innumerable images of that object may 
be seen in each, standing in a right line. 

Plate 7. If the two mirrors CA, CB, were separated at C, so as to be less inclined, or nearer 

I'lg. 120. parallel to one another, the angle of inclination being diminished, it is manifest from Prop. 
CII. that the number of images will be increased. At the same time the circumference of 
the circle in which the images are placed will be enlarged, because the vertex C is farther 
removed from F, or FC is increased. Consequently, if the mirrors C A, CB, are so far 
separated, that the vertex is infinitely distant, the iaiages become innumerable, and they 
are placed in a straight line, 

PROP. CIV. In spherical mirrors, concave or convex, when the place 
of the image is determinate, the object and the image are in the same sit- 
uation, if they are both on the same side of the centre and in contrary sit- 
uations if they are on opposite sides. 

Plate 7. ^^^ ^^^ ^^ ^" object placed nearer the concave mirror SGV than its principal foeu.% 

Fig. 23. and let C be the centre of concavity. The rays from A, F, B, being reflected, will, (hy 

Prop. LII.) diverge, an J the distances of the corresponding imaginary radiants I, E, M, may 

be determined by Prop. LVL The real and the imaginary radiants are^ in this case, on 
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the same side of C the centre of concavttjr. Now, the imaginarf radiant which corresponds 
to the real one A, is (hj Prop. LVIII.) in Cj^I the perpendicular drawn from A to (he 
surface ; and the same with respect to B, and all the other radiants. And these perpendicu- 
lars, and all the rest, being drawn from the centre, do not cross each other but at the 
centre ; consequently thtj are in the same position with respect to each other at the object 
tnd the image, and that which is the highest at the object will be the highest at the image, 
and the reverse. Since therefore (by Prop. LVIU.) every point of the object appears in its 
perpendicular at the image, the hi):hcst point in the object will appear the highest in the 
image, and the reverse : that is, the object and image will be in the same situation. In like 
manner it may be shewn, that if the object AFB is placed before a convex mirror, and its Pint 7. 
image IM is on the same side of the centre, they will be both in the same situation. If the '^'K' ^' 
object AFB is farther from the concave mirror SGV than its principal focus, nnd if M, £, Fi)[. 91. 
I, be the places of the several foci, to which the rays from A, F, B, (by Prop. L.) will con- 
Terge, a distinct image of the object will appear upon a paper pijced at M, E, I : and if 
the paper is taken away, and the eye is more remote from the mirror than MEI, the rays 
will diverge from these foci, and become the last image. But, because the extreme perpen- 
diculars ICH, MCli, in which (by Prop. LVIII.) the points A and B will appear, cross 
each other at the centre C, between the object and image, A the highest point of the object 
will appear at I the lowest point of the image, and the reverse; that is, the image with 
respect to the object will be inverted, or they will be in contrary situations. The same 
may be shewn in like manner with respect to the convex mirror. 

PROP. CV, In spherical mirrors, concave or convex, the diameter of 
the object is to the diameter of the image, as the distance of the object from 
the centre to the distance of the image from the centre, and also as the dis- 
tance of the object from the surface to the distance of the image from the 
surface. 

If the eye is any where in the line FG, or that line produced, FG is the optick axis ; piate 7. 
whence the visible l.:iii!th of the obj'.-ct .^B, and also of the image IM, is proportional (as Fig.ai.ss. 
appe:ir4 from Prop. LXVIII.) to a subtense of the oprick anjrie perpendicular to FG. The 
visible extensions, or leiij;tlis of the object and of the image being then p^Tptnilicular to the 
same line FG. are parallel to one another. Hence in all the Ciises, the angles ACB. ICM, 
arecqutl. an,l also the anghs CAB, CIM. Tlicrcfore (.1 VI 4.) A B tlie visible lenpih 
of the obj^'Ct it to MI that of the image, aa AC the distance of the object from the centre 
is to IC the distance of the irage. 

Again, sinci" the obji-ct "iFB con.sifts of real r;idiints, ami the image MEI of imaginary 
radiants when the rays iHverge, and of foci when th.-y coiivert;e, after reflecti'in ; and since 
when they diverge, FG the distance of the ohji'ct from the surface is (by Prop LVl ) to 
EG the distance of the image from the surface, as FC, the di^tancL of the object from the 
centre is to EC the Hiiitance of tiic image from the cenirc; but (by £1 VI ;.) AB is to 
MI, a*FC to EC: tbcreforc Ail is likewise to MI a^ FG to FG. that it ihe di.im' trr of 
the object is to thai of the Jitugei u the distaoce of Uw object from the sur'* r? to that 
^ ttwiau^e&om the luifaGft PROF. 
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PROP. CVI. If the eye is close to a concave or convex mirror, the 
apparent diameter of the object is equal to the apparent diameter of the 
image* 

If the eye is at G, the real diameters of the object AFB and image MEI are (by Prop. CV.) 
as their respective distances from the eye. Therefore (by Prop. LXXI.) their apparent 
diameters will subtend the equal angles AGB, IGM, and will be eqaal. 

PROP. CVII. If the eye is placed in the centre of a concave mirror^ 
it can see nothing in the mirror but its own image. 

For the eye, in this situation, is in the place of its own image, and therefore rays will be 
reflected to it from every point of the surface. 

PROP. CVIII. If an object is nearer to a concave mirror than its 
principal focus, the image appears behind the mirror^ farther from the 
mirror and larger than the object, erect, and distinct. 

?]ate 7. The object AFB being nearer to the concave mirror than the principal focus^ the rays 
F»g. 23. ^i^IqI^ diverge from each point in the object before the mirror will diverge after reflection 
(by Prop. L.) less than before from the imaginary radiants M, E, I ; whence the image form- 
ed by them will (Prop. VI.) be farther from the mirror than the object ; and consequently 
(by Prop. CV.) it will be larger than the object. Because the object is nearer the mirror 
than its principal fccus» it is likewise nearer than the centre ; whence (by Prop. CIV.) the 
image will be erect. Lastly, the image will be seen distinctly, because the rays from it di'^ 
verge as from objects at a moderate distance* 

PROP. CIX. If an object touches a concave mirrori the image will 
touch it likewise, and they will be equal. 

For the real radiants being close to the mirror, the imaginary radiants arc so too ; whence 
(by Prop. CV.) their diameters will be equal. 

PROP. ex. If an object is placed in the focus of a concave mirror, 
the image is at an infinite distance behind the mirror, larger than the 
object, erect, and distinct. 

When the object AFB is in the principal focus of the concave mirror SGV, the image 
is at an infinite distance. It will (by Prop. CV) be larger than the object, on account of its 
remoteness. It will be seen erect (by Prop CIV.) because it is on the same side of the centre 
with the object. And since the rays of each beam are parallel, it will be seen as distinctly as 
the naked eye sees very remote objects. 

PROP. 
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PROP. CXI. If the object is farther from a concave mirror than its 
focus, and the eye is nearer than the place of the image, the object will ap- 
pear confused, behind the mirror, erect, and magnified. 

The rays which diverge from A, F, B, in an object more remote from the concave mirror ^^^^ " 
SGV than its focus, will (by Prop. L.) be collected, and on a surface of white paper form ''* " 
an inverted image. If the eye is any where between B and G, the rays from every radiant 
are converging when they come from the mirror to the eye, whence it will appear confused, 
because the eye is not accustomed to see rays in this state. The rays AH« AG, diverging 
from A, will, after reflection, converge towards I : but if the eye is nearer to the mirror 
than I, the reflected ray GI will not cross its perpendicular HI in any place before the eye, 
since they are in a state of convergcncy ; consequently, the apparent place of this, or any 
other point of the image, will be indeterminate. It will be seen erect, because MEI, the in- 
verted image of the object, will be drawn inverted on the retina. Lastly, because the rays of 
each beam converge after reflection, as HI, GI, they will appear to come, not from points, 
but from circular spots larger than the points of the object, the image will appear confused, 
and be larger than the object. 

PROP. CXIL If an object is farther from a concave mirror than its 
principal focus, and the eye is farther from the mirror than the place of the 
image, the image appears before the mirror, inverted, and distinct. 

Rays coming from M, E, I, an object at a greater distance than the principal focus from Flatt c. 
the mirror SGV, will (by Prop. L.) converge to AFB, and would paint an inverted image '**• **' 
upon a surface of white paper placed there. From thence they will diverge, (the paper being 
taken away i) whence to the eye placed any where beyond AFB, the image will appear in- 
verted. And it will be seen distinctly, because the rays come to the eye diverging, as from 
an object at a moderate distance. 

ScHOL. f • The inverted images of objects may be represented in a dark room by a con- 
cave mirror, which receives rays passing from external objects through a hole in a window- 
shutter, and collects them into a focus on a surface of white paper. 

ScHoL. a. A concave mirror, collecting the parallel rays of the sun into a focus, will act 
as a burning glass. 

PROP. CXIII. When an object is placed before a convex mirror, its 
image appears behind the mirror, nearer the mirror, and less than the ob- 
ject, distinct, and erect 

If AFB is an object placed before the convex mirror SGV, the rays which before reflec- pt^te 7. 
tion diverge from A, F« B, will (by Prop. L\ III.) after reflection diverge from as many ra- P>S« ^• 
diants I, E. M, behind the mirror, forming the image. And because the reflected nys (Sy 
Prop. LII.) diverge more than the incident ones, the image IM (by Prop. VI.) will be nearer 
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the mirror than the real radiants or object AFB; whence (by Prop. CV.) the image will be 
less than the object. And because the reilected rays come to the eye in a state oi divergen-* 
cy, the image will be seen as distinctly as any visijie object, seen by such diverging rays, at 
the same distance. Lastly, if the object AFii were at an inhnite distance from the mirror^ 
the rays proceeding from any point in it would fall parallel upon the mirror, and therefore 
would upon reflection form the image in the principal focus, that is, in the middle point be- 
tween G and C, or on the same side of C with the onject ; whence (by Prop. CIV.) it would 
be erect. At any finite distance of the object, the image, being still nearer the surface^ must 
therefore be erect. 

, PROP. CXIV. When either the eye or the object departs from a 
convex mirror, the apparent diameter of the image decreases. 

Phte 7. If the object AFB continues in its place, the image IM will (by Prop. LVI.) be always at 
I'ig 2'^- the same distance from the mirror j and (by Prop.CV.) the real diameter will be invariable: 
consequently (by Prop. LXiX.) the apparent diameter of the image will be inversely as the 
distance of the eye. 

If the object AFB departs from the mirror, the ratio of FG, the distance of the object, to 
GE, that of the image, (lil. V. 8 ) will increase j whence (by Prop CV.) the ratio of thcdi- 
ameter of the object to that of the image will likewise increase, that is, the image will be- 
come less with respect to the object : but, the eye remaining in the same place, the apparent 
diameter of the image will (by Prop. LXX.) be as its real diameter : consequently, the appa* 
rent diameter will decrease. 

£xp. The Propositions in this section may be confirmed, by placing an object before a 
Plane, Concave, or Convex Mirror^ according to the terms, of the re^pccuve Propositions* 

CHAP. V. 

0/ Colours. 

SECT. I. — 0/ tbe different Refrangibility £/* Light. 

Def. XXV. Rays of Tght are dfferently refrangible^ when at the same 
or equal angles of incidence, some are more turned out of the way than 
others. 

Def. XXVL Rays are differently reflexible^ when some are more easily 
reflected than others. 

Def. XXVII. Light is called homogeneous^ when all the rays are equally 
refrangible ; and heterogeneous^ when some rays are more reliangiblc than 
others. D£F. 



323 



Chap. V. OF COLOURS. 

Def. XX VIII. The Colours of homogeneous rays, are called primary 
or simple colours j those of heterogeneous, secondary or mixed. 

PROP. CXV. The rays of the sun are not all equally refrangible ; 
and those rays which have a different degree of refrangibility, have like- 
wise a different colour. 

If a beam of light SF from the sun passes into a dark room through F a round hole in a Wate 7. 
window shutter EG, and is received upon a white surface, a white lound image will be seen. ^'^' *^ 
If a glass prism ABC is so placed as to receive the beam of light, the rays of this beam, from 
their refraction in passing through the prism, will be turned upwards, and the refracted im- 
age P r will be oblong, having its breadth equal to the diameter of the circular picture O. 
If all the rays were equally refracted upwards, it is manifest that such a refraction would 
not change the form of the picture. Since therefore the refracted image is oblong, it must 
be formed by rays differently refrangible, which fall with equal angles of obliquity upon BC 
the first side of the prism, but are some of them, in refraction, turned more out of the way 
than others ; those rays which go to P, the upper part of the image, being most refrangible, 
and those which go to T, the lower part, being least r^-frangible. 

This oblong image is of different colours in different parts ; the whole image being made 
up of rays of seven different colours, in the following order, beginning with those which arc 
most refrangible ; violet, indigo, blue, green, yellow, orange, red. This refracted picture 
consists of several round pictures so near each other, that each higher circle mixes in part 
with that below it, whence the colours near the upper and lower edge of each circle are 
blended. The sides of these circles being very near to each other appear like right lines. 

Exp. I. Observe the prismatick image formed by the refraction of the rays in passing 
through a single prism. 

2. To separate the several colours as much as possible, make the hole F in the window- piate 7, 
shutter very small, and collect the rays which pass through it, into a focus L, by a convex ^'S* ^'^' 
lens MN. Let the rays which have passed through the lens be now received upon a prism 
pi iced near the lens ; the rays will be refracted upwards into an oblong image. 

3 To prove that the prismatick image is produced by the different refrangibility of the ^''^^* ^* 
raysi and by no other cause, let a second prism DH be placed beyond the first abc^ at right *^' 
angles to it. The rays passsing through this second prism are refracted sideways \ those 
which were most refracted upwards by the first prism, are most refracted sideways by the 
second \ but, the rays not being spread in breadth, the image remains of the same form. 

PROP. CXVI. Those rays of light which are most refrangible, are 
also most reflexible. 

If the beam of light passing through F falls upon a prism ABC, whose sides AC» AB, are Mur 
equal, and the angle at A a right angle; when the obliquity of these rays, ar|jkey ^Ktopaaa '^ 
out of the prism at its base BC, is less than 40 degrees (by Cor. 3. Prop. X 
part of the beam will pa^s throughj but some rays will be reflected at thiiji 
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rays which pass through the base (by Prop. CXV.) form an oblong coloured image at HG, 
between the most rcfrmglbte rjy MH, and the least refrangible rjy MG. If the rays which 
arc tcflv-cteil from M arc made to pass through another prism XYV, they will also form a 
faint oblong coloured image pt. Now, if the prism ACB is turned slowly round upon its 
,. ixis in the direction ACli, the obliquity of the rays FM to the base BC, will continually in- 
crease, till all the rays will be reflected at M. Consequently, the image />/ will become much 
' blighter than before- And thi^ total reflection will not be produced at once, but the most 

tefrangiblc rays MH will be first entirely reflected ; for the violet colour in HG will first 
disappear, and the same colour at p will first become brighter. In like manner, as the prism 
ABC is turned round, each dilfereni sort of ray will be refiected sooner, as it has a greater 
degree of refrangibility. Hence it appears, that the rays of the sun have different degrees 
of reflcsibility, and that those which are most refrangible are also most reflexible. 

PROP. CXVII. Homogeneous light is refracted regularly without any 
dilatation of the rays. 

Erp. When the rays of any colour in the oblong image, as green, are separated from the 
rest, in the manner described in Prop CXV. if some of these rays arc transmitted through a 
small hole in a thin board, and refracted by a prism placed in the othei side, the image fotm- 
ed by these rays after refraction will not be oblong, but circular. 

PROP. CXVIII. The confused appearance of objects seen through re- 
frarting bodies, is owing to the different refrangibility of fight, 

Exp. Small objects placed in a sun beam and viewed through a prism, will be seen con- 
fusedly -, but if ihey are placed m a beam of homogeneous light separated by a prism, they 
will appear as distinct through a prism, as when viewed by the naked eye. 

ScHOL. Although the 13th Propoiition (i& which it ms thewn that when a raj of the. 
■tin if pauing out of one medium into another, the ratio of the sine of incidence to the le- 
fracted sine will not be changed by changing the obliqoitj of the incidctit ray) proceeds npoR 
the suppoiition that all rays are equally refrangible, and therefore is not exactly true i the 
dcmoytration is strictly applicaUe to any one son of rays, u the red ones, which arc equally 
refrangible. 

ScHOL. 2. Since, all other circumstances being equal, the UOK canse, namely, the pasung 
of the rays out of one given medium into another, will turn the violet rays more out of the 
way than the red ray^i } the attracting force which acta upon bodi being the same, it is prob> 
able that any single ray of the least refrangible sort containa a greater quantity of matter 
than any single ray of the most refrangible sort. 

PROP. CXIX. The colours of honiogeneous light can oeither be 
changed by ce&actioa nor reflection. 
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Exp. I. Let a beam of homogeneous light pass through a round hole in a f^ast^MMird, and 
dien be refracted by a prism on the other side, the colour of the rays will remain the ^me.- 

2* Red lead, viewed in homogeneous red light, will be red, but if placed in green, or any 
Other homogeneous light, it will take the colour of the rays which fall upon it. 

« 

PROP. CXX. The whiteness of the sun's light arises from a due mix« 
ture of all the primary colours. 

Exp. If the oblong picture FF fall upon the convex lens MN, the rays, which were Plate 7. 
separated at PT, will, by passing through the lens, be collected into a focus at G. and form ^'^* ^''' 
a round image of the sun upon a piece of paper DE. This image formed of all the primary 
sorts of raysy is white. That the whiteness of the image is owing to the due mixture of all 
the sons of rays, appears from hence, that, if any of the colours he intercepted at the lens^ 
the image loses its whiteness. The paper being removed from DE to de^ the raySi having 
crossed at G, will^orm the prismatick image tpf inverted, but distinct i from whence it ap« 
pears^ that the colours are not ehanged by being mixed at the focus. 

PROP. CXXI. The colours of all bodies are either the simple colours 
of homogeneous light, or such compound colours as arise from a mixture 
of homogeneous lighu 

Each sort of light having a peculiar colour of its own, which no refraction or reflection can 
alter, since bodies appear coloured only by reflecied Ught, their colours can be no other thaa 
the colour of some single homogeneous tight, or of a mixture of different sorts of light* 

PROP. CXXIL Water, air, glass, or any other transparent substanc^ 
when drawn into thin plates, become coloured. 

Ezp. I' If a soap»bubble be blown upt and set under a glass that the motion of the air 
may not afiect it, as the water glidss down the sides and the top grows thinner, several 
colours will successively appear at the top, and spread themselves from thence in rings down 
the side of the bubble, till they vanish in the same order in which they appeared. At last a 
black spot appears at the top, and spreads till the bubble bursts. 

2* If a piece of plane polished glass is placed upon the object glass of a long telescope, 
and the interval between them is filled up with water, <is the glasses are pressed together the 
same colours arise at the point of contact, and spread themselves in circular rings round that 
point in the same order as the soap-bubble. 

3* A convex and concave lens, of nearly the same curvature, being pressed closely to- 
gether, exhibit rings of colours about the point where they touch. Between the colours 
there are dark rings, and when the glasses are very much compressed, the central spot is 
dark. Sir I. Newton found the thickness of the air between the glasses, where theS;oIours 
appeared; to be as 1,3^ 5, 7, &c. and the thickness where the dark rings appeared, to be as 
o, a, 4, 6, 8> 8cQ The coloured rings must have appeared from the reflection of the 
light ; and the dark nogs from tbe tfiasOMSMk ^$. the lays were trana-^ 
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Diitted when the tliickneBs of the air was, o, 2, 4. 6, 8, &c. and reflected at the tliiclcucssci 
I, 3, 5, 7, Sec. Sir 1. Newton, therefore, auppuscd, ihar evi-ry rjy of li^ht. in ii» pjs.s^ge 
lhroU);h any refracting surface, is put into a certjin state, which, in tlie progress of the rjy, 
returns at equal intervals, ami disposes the riy, at every return, to be easily ifansmilted 
through the next refracting surfice, and, between the returns, to ht- easily rr.-flccled by it. 
Tlieije he calls fits of easy transmission and reflfction. Sec Schol. Prop XLVI. 

4 Two pieces of plate glass wiped clean, and rubbed together, will soJii adhere with at 
considerable force, and eshibit various ranges of colours. One of the most remarkable cir- 
cumstances attending this experiment, is the facility with which the colours may be removed^ 
or even made to disappear, by heats too low to separate the glasses. A touch of the lingct 
immediately causes the irregular tings of colours to contract towards their centre, in th< 
part touched. 

Coh. |. From these experiments it appears plain, that the colours at bodies depend iu 
some degree, upon the thiclLiiess and dcnui')' uf ihe particles that compose them. 

Coi>. 2- Hence, if the density, 01 size of the particles in tlie sutfacc of a body be chang* 
ed, the coloar is likewise changed. 

ScHOL. !■ When the thickness of the particles of a body 13 such, that one sort of colour 
is rfflectcd, other colours will be transmitted, and ihcrcfore the body will appear of the first 
colour. And, in general, a less thickness is found to be necessary to rel?ect the most refran* 
gible rays, as violet and iniiigo, than those v/hicli arc least refrangible, as red and orange. 

Schol. a. Sir I. Newton, from a great raricty of caperiments on light and colours, con- 
tludcs that every substance in nature is transparent, provided it be made sulBcicntly thin. 
Gold, v/hcn reduced intu thin leaves, tr.msmits a bluiah-green light If we suppose any 
body, therefore, as gold, for instance, to be divided into a vast number of plates, so thin as 
to be almost perfectly transparent ; it is evident, that all, or the greatest part of the rays will 
pass through the upper plates, and v;hen they lo:e their force, will be reflected from the 
under ones. They will then have the same n'imbcr of plates to pass through, which ihey 
had penetrated before} and thus, according to the ni;ri;ber of those plates throu^jh which 
ihcj are obliged to pass, the object ::ppears one colour or another, just as the rings of 
colour appeared in Exp. 3. according to the distance of the glasses, or the thickness of the 
plates of air between them. 

The philosopher who tms of late years most distinguished himself sii the subject of light 
and colours, is Mr. Delaval, who, by a great variety of well conducted experiments, has 
shewn that colours are exhibited, not by reflected, but by transmitted light. This he proved 
by covering coloured glass, and other transparent coloured media, on the further surface 
with some substance perfectly opaque, when be found that they reflected no colour,''but ap* 
peared perfectly black. 

He concludes, therefore, that, as the fibres of mineral and animal substances are foundt 
vben cleared of heterogeneous matters, to be perfectly white, the rays of light are reflected 
from these white particles, through the coloured media with which they arc covered ^ that 
these media serve to intercept and impede certain rays in their passage through thea. while 
4 free passage being left to othfic^ they exhibit Mcoiding to ibesc BtrewmstanoBSi diflerea^ 
«g||iur|. Us* 
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Mr. Dclaval instituted other experiments with coloured fluids put into phials of flint glas8» 
in the form of a parallelopiped. The bottom, and three sides of each phial, were covered 
with a black varnish, the neck and the front being left uncovered. On exposing them to the 
incident light, he found, that, from the parts of the phials which were covered, no light was 
reflected, but it was perfectly black, while the light transmitted through the uncoated parts 
of the phials was of difi^rent colours. The same fluids spread thinly on a white ground^ 
exhibited their proper colours ; the light, indeed, being, in this case, reflected from a white 
ground, and transmitted through a coloured medium. 

From these, and many other experiments, Mr. Delaval concludes, (i.) That the colouring 
particles do not reflect any light* (2.) That a medium, such as Sir I. Newton described, is 
ditFused over the anterior and further surfaces of the platesi whereby objects are reflected 
equally and regularly, as in a mirror. 

Our author next considers the colouring particles tliemselves, unmixed with other media» 
For this purposet he reduced several transparent coloured liquors to a solid consistence by 
evaporation with a gentle heat, which does not injure tlw colouring matter ; and in this state 
also the colouring particles reflect no light, but are perfectly black. 

To determine the principle on which opaque bodies appear coloured, it must be recollect- 
cd, first, that all the coloured liquors appeared such only by transmitted light ; and, second- 
ly, that these liquors spread thinly upon white ground, exhibited their respective colours i 
he therefore concludes, that all coloured bodies, which are not transparent, consist of a sub- 
stratum of some white substance, which is thinly covered with the colouring particles. 

On extracting, by means of spirits of wine, the colouring matter from the leaves, wood, 
and other parts of vegetables, he found that the basis was a substance perfectly white. He 
also extracted the colouring matter from diflFerent animal substances, as flesh, feathers, &c. 
when the same conclusion was obtained. Flesh consists of fibrous vessels, containing blood, 
and is perfectly white when divested of blood by ablution, and the red colour proceeds from 
the light which is reflected from the white fibrous substance, through the red transparent 
covering formed by the blood. The result was the same from an examination of the mineral 
kingdom. 

Some portions of light are reflected from every surface of a body, or from every diflfcrent 
medium into which it enters. Thus transparent bodies reduced to powder, and water in the 
shape of froth, appear white, which is no other than a copious reflection of light from all 
the surfaces of the minute parts, and from the air interposed between them. 

For a full investigation of this curious and interesting subject, the reader must be referred 
to the Memoirs of the Manchester Society, Vol. IL 



SECT. II.-— 0/ the Rainbow. 

PROP, CXXIII. When the rays of the sun fall upon a drop of rain 
itnd enter into it, some of them, after one reflection and two refractions^ 
may come to the eye of a spectator, whose back is towards the sun, and 
bis hicc towards the drop. 



points of reflection for the rest, which do not pass out. Therefore in respect of those rays 
which are reflected, we may call GP the ate of reSeciion, and mjy say that this arc of reflec- 
tion increases, as the distance of the incident ray from the axis SA increases, till we come to 
the r-iy St) ; the arc of reflection is GN for the ray SB, it is G J for the r.iy SC. and GP for 
the ray SD. But after ihis, as the distance of the incident ray from the axis SA increases, 
the arc of reflection decreases ■, for OG. less than PG, is the arc of reflection, for the raySE, 
and NG is the arc of reflection for the ray SF. 

From hence it is obvious, that some one ray, which fjlls above SD may be reflected 
from tbe same point with loiiw otberrif,whidi-fdUbdowS0M l^tus^forinataiice, tbenf 
SB will be reflecud fipai th? point N, ind the ny SP wilt be nfleetod fram ths lune poiat %. 
and coaaeqaeotly, ^■^''eii thei^ected njt NR, N(^, jiie nmxted h thcf put oat of thft 
drop St R and (^i thejr will be parallel, by wlut bu been ahewn in the former prrt of 
this Prop. But unce the intermediate rays which enterthe drc^ beiw«en SF and SB, are not, 
reflected Erora the same point N* these two rays done will be parallel to one asotber when 
they cone oorof the drop, atwl the intermediate raysrwill not be parallel to them. And con- 
sequently, thoe rays RV,QT, ihonghthey are parallel, after tht^cmeiice atR bmI Q^ will 
not be contiguous, and for that reason will not be effectual, by Prop. CXXIV. The ray SD 
is Tcflectcil from P, which has been shewn to be the limit of the arc of reflection } snch rays* 
as fall just above SD and just below SD, will be reflected from nearly the Same pMnt P. as 
appears from what h^s been already shewn. These rays therefore wijl be panllcl, becansc 
they are reflected ''rom the same point P ; and they will likewise be COntigaottS, bconse aU- 
of them enter the drop at one and the same place, very near to D. Coosrqnently such rayv 
as enter the drop at D and axe reflected from P the limit of the arc of reflection, will be 
efiectuj), by Prop CXKIV. since when they emerge at the part of the drop between A and 
T, they will be both parallel and contiguous. 

PROP. CXXVT. When nys which are e&ctual emei^ from a drop 
of mn after one reflection and two refractions, those which are most re- 
frangible will, at their emersion, make a less angle with the incident rays 
than those do which are least refrangible ; by which means, the rays of 
different colours will be separated from one another. 

Mate s. Let FH, GI| be effectual violet rayt cmei^ng from the drop at F, H t and FN, GP, 
P'S- * eflectaal red rays emerjtin^ from the same drop at the same points. The violet rays (by 
Prop. CXXIV.) are parallel among themselres. beciiuse they are effifctual : for the same 
reatton the red rays are parallel among themselves : but on account of the difference of re- 
frangibility of the violet and red rays, the violet ray Gl is not parallel to the red ray GP, 
but they diverge from the point G i and so of the rest. Both the violet ray GI and the red 
ray GP are refracted from the pcrpendicnlar LO. but (by Prop. CXV.) Gl more than GP ( 
whence the angle IGO is greater than the angle PGO- If the incident ray AB be continued 
in the direction AI;K, and if IG and PG be continued backward till they meet AB in K and 
W, the ai^le IK A is that which the violet or most refrangible ray makes at its emeruon with 
the incident ray, and P W A that which the red or least refrangible ray makes with the same. 
And the angle IKA (£1. L 16.] is less than the cktcrtor angle PWA. The same may be 

proved 
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proved concerning the nys FH, FN, or any other rays which emerge reapecttvely parallel to 
GI and GP. But (by Prop. CXXIV.) all the effectual violet rays are parallel to GI, and all 
the effectual red rays are parallel to GP. Therefore the effectual violet rays at their emersion 
make a less angle with the incident rays than the effectual red rays. And universally the more 
refrangible rays, at their emersion, make a less angle with the incident rays than chose which 
are less refrangible. And since the effectual rays GI, GP, of difi^crent colours make different 
angles with the incident ray AK at their emersion, they will be separated from one another r 
so that if the eye was placed in the beam FGHI, it would receive only rays of one colour 
from the drop XY, and in FGNP only rays of another colour. 

ScHOL. The angle which the effectual red rays make with the incident rays is found to 
be 42**. ^o'. that of the violet rays 40*. 17'. 

Exp. Let a glass globe filled with water be exposed to the rays of the sun : let the eye of 
the spectator be so situated, that the least refracted ray from the drop, coming to the eye, shall 
make an angle of about 42*. with the line passing through the eye and the sun, the red rays 
only will be seen : if the place of the eye be changed, so as to enlarge this angle, the red will 
disappear ; but if the angle be lessened, the colours of the more refrangible rays will appear. 

PROP. CXXVII. If a line is supposed to be drawn from the centre 
of the sun through the eye of the spectator, the angle which any effectual 
ray after two refractions and one reflection makes with the incident ray, 
will be equal to the angle which it makes with that line. 

Let I be the place of the eye of the spectator 5 QJ" a line drawn from the centre of the Plate s. 
tun through the eye 9 and AB a ray coming from the centre of the sun. These two lines ^^* ^' 
AB, QT, on account of the great distance of the sun, mny be looked upon as paralleL 
Therefore (£1. L 29 ) the alternate angles AKl, KI F, or GIT, are equal. 

PROP. CXX VIII. When the sun shines upon the 'drops of rain as 
they are falling, the rays which come from tho<;e drops to the eye of the 
spectator, after one reflection and two refractions, produce the innermost 
or primary rainbow. 

Let TFY be the innermost or primary rainbow, the outer part of which TFY is red, the pi,^^ ^ 
inner pari VDX violet, and the intcrmeiiiate parts reckoning from the red to the violet, orange, Fig. 8. 
yellow, green, blue, indigo. Suppose the spectator's eye at A ; and let Al be an imaginary 
line from the centre of the sun to the eye of the spectator. If a beam of light S coming from 
the sun falls upon any drop F, and the effectual rays which emerge at F make an angle F I 
of 42*. a', with the line Al, these rays (by Prop. CXKVII ) make the same angle with the 
incident rays, and consequently are red. Hence the drop F will appear red ; for all 
the other rays which emerge from F, and would be effLCtual if they fell upon the eye^ 
beitig refracted more than the red r-iys, will pass above the eye. If another beam of li^^ht 
S fali« upon the drop D^ aad the effectual rays emerging at U make an angle of 40** 1 7^ 

with 



with die iiicidail''ffeyt» die drop D will be of a Tiolee eolMr : for al'tito odvei^ wf^ 
which emerge from H, and would be effiwtoal if they came Hi the eye* beiiq{ refracted leatf 
than the videc rayvi wiU pass below the eye. The intennediate drops betwecv? and D' 
will for the same reasons be of the intermediate colours. And that which- haa been 
proved concerning the drops in the line FD» may be shewn of any other set of 'dipps sb 
which the angles made by the emerging and incident rays are equal. ThuSi wheseveaa 
drop of rain is placed, if the angle which the effectual rays make with AI is equal to the 
angle FAI» of is 42^ a^ any such drop will appear ted. lf£M was turned loond upon: 
the line A I, so that one end of this line should always be at thcjl^ and thn othet at I opposite 
to the sun, in this revolution the drop F would describe a circle, of which I would be the 
centre, and TFT an arc. And since in this revolution the an^e FAI continues tfae-ftsimey if, 
the sun was to shine upon this drop as it revolves, the eflectual rays (by Prop. CXXVII.) 
would make the same angle with the incident rays in whatever part of the aro TFT the drop 
may happen to be 1 and consequently in whatever part of the arc the drop F is, it will ap^Nair 
red. Now as innumerable drops are falling at once in right lines from die cloud, whilst one 
drop b at F, there will be others at T» Ty and every other part of the are, which will appear 
red in the same manner that F would have done in the supposed ciroular revolution. Therefore 
when the sun shines upon the rain, there will be a red arc TFT produced opjposite to the sun* 
In like manner a violet arc VDX will he produced, and other intermediate arcs of the several 
intermediate colours, which will together make up the primary rainbow. * 



•'» 



. ScHOL. Cascades a^ fountuns, whose waters* in thrir fall^ .^ra divided into drops, wiU 
eihibit Tain1>ows to a spectator, properly sirua'ted* during the time of tlw sun's shining. This 
appearance is also seen by moon light, though seldom sufficiently vivid ro render die. ecdours 
distinguishable. Dr. Gregory, in his excellent Economy of Nature, says, that be once saw a 
lunar bow, it was in autumn, the night was uncommonly light but showery, and the coloura' 
much more vivid than he could have conceived. There were not so many colours distinguislw 
able as in the solar bow. Coloured bows have been seen on grass formed by the refraction of 
the sun's rays in the morning dew. 

Artificial rainbows may be produced by candle light on the drops of water ejected by a 
small fountain, or jet d'eau, or from the stream emitted from an oeoiipile. But the most 
natural and pleasing is by means of the air fountain, the jet of which is perforated with a 
great number of very fine holes from which the water spouts so as to form a kind of fluted 
column. The rainbow is formed by the sun's rays, for the spectator has only to place the 
spouting streams directly in the sun's beams, with his own back to the sun, and being in a 
direct line with the sun and centre of the jet, by stooping his head to a certain degree, he 
will discover the beautiful appearance of the natural prismatick colours, and a small rainboWf 
on the same principle as those which are seen in the time of rain and sun shine. 

PROP. CXXIX. The primary rainbow is never a greater arc than a 
semicircle. 

Phte 8. Since the line AI is drawn from the sun through the eye of the spectator, and through I 

^* * the centre of the rainbow, this centre is always opposite to the sun. -nd since the angl^ 

FAI is an angle of 42^ a'. F the highest part of the bow is.42^ 2^. from I its centre. If 

therefore 
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therefore the sun is more than 42^* 2'. abore the horizon, I, which is opposite to it^ must 
be more than 42^. 2'. below the horizon, and no primary rainbow will be seen As much 
as the altitude of the sun is less than 42^ 2^ so much will the highest point F of the rainbow 
be above the horizon: and when the sun is in the horizon, I the ce^ntre of the bow will also 
be in the horizon on the opposite side, and half the circle will be visible \ but when the sun 
is set| no bow can be seen. 

PROP. CXXX. When the rays of the sun fall upon a drop of rain, some 
of them after two reflections and two refractions may come to the eye of a 
spectator, who has his back towards the sun and his face towards the drop. 

If parallel rays from the sun, ZV, YW, fall upon the lower part of the drop of rain BGW, pj*'^,;" 
they will be refracted towards the perpendicular VL, WL, in entering the drop, and proceed 
in the direction VHy WI. At HI some part of these rays will (by Prop. XLIII.) be reflected 
into the directions HF, IG. And some of these rays will be again reflected at F, G, into the 
directions FD, GB i which rays, when they emerge out of the drop at B and D, will be re* 
fracted from the perpendiculars, and may come to the eye of a spectator whose back is to* 
wards the sun and his face towards the drop. 

* PROP. CXXXL Those rays which are parallel to one another after 
they have been once refracted and once reflected in a drop of rain, will be 
eflfectuai when they emerge after two refractions and two reflections* 

The contiguous rays ZV, YW, being refracted towards the perpendiculars VL, WL, ^^^ 9'- 
when they enter the drop, will (by Prop. XVIII.) become convergent ; and because these rays '^' 
fall upon the drop very obliquely, their focus will not be far from the surface V\V. If this 
focus is at K, the rays after they have passed the focus, will diverge from thence in the direc- 
tions KH, Kl : and, if KI is the focal distance of the concave reflecting surface HI, the re« 
fleeted rays HF, IG, (by Prop. L.) will be parallel. These rays are reflected again from the 
concave surface FG| and will meet in a focus at E, so that GE will be the focal distance of 
this reflecting surface : and because HI, EG, are parts of the same sphere, the focal distances 
GE9 KI, are equal. When the rays have passed the focus E, they will diverge in the lines 
EB, ED. Now, if the rays VR, WK, when they have met at K, were to be turned back in 
the directions KV, KW, on emerging at V and W, they would (by Prop. XX.) be refracted 
into the lines of incidence, and become parallel. But since GE is equal to IK, the rays ED, 
EB, which diverge from E, fall in the same manner upon the drop at I) and B, as the rays KV, 
KWy would fall upon it at V and W, and ED, EB, have the same inclination to the refracting 
surface DB, as KV, KW, would have to VW : whence the rays ED, EB, emerging at D and 
B, will be refracte- in the same manner, and will have the same situation with respect to one 
another, as KV, KW, would have, that is, will be parallel to one another : having been eontig- 
votts before their entrance into the drop, they will therefore (by Prop. CXXIV.) be efiectuaL 

PROF. 
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When cflSittlwl iMyt' idMuy^Awft' tf >Awp 



ifter.two reflecdons and twor ki^^^ inok itfrafigible 

wiU at their emeraoa n»W.a.grn|ter^^^ hr^s |ban the 

kart ^refiai^ble wiU make mdi tb«m $ hy wtich Aeaoa the laya of ^|^« 
rat dolours will be 8e[>^urated 

Plate 8. Xct BM, BA» a vMct wi a It^rny^ cn;i|e fam 9l^ A|.iai%l« wMc^^ ny 

V* ^ BM makes with the incideat iiy TW is TrM i and tluc wflBi tie red ray B A nakea with 
the same ia T$A. And once BST, the eiternal angle of the triangle B#S, is (£|. I. f&> 
gitater than the internal angle Br8 or B>T* ; TrM, the eadipicmau <if BrA^ itr^rtate tfam 
ITS A the compknient of BST. Conicqiieiitryi since the emerging rays make diflRerent angles 
with the same inddcnt nji the lefinclioil wlueh chej sufler at emersion wiU separate tbtm 

from one aisother. 

• • ■ . . ■■■ . - 

ScHoL. The MifEle'^IM'che iMcf < mya iwdbe' with Ae kicidMt oacs h fisaad to be 
54*. /• and that of theredrajs 50^5/. 

PROP. GXXXIIL If a Kne n sqypeMd to be dn«m fioB the centic of 
the sua through the eje of the .qpi^etitory^tfae angle wfatch^ after two 
refractiona and two rt^tsixoe^ makes Whl 

ray, will be espial to the angle which it nukes iBtim that line. 

Flate s. If YW be an incident raj. and BA an effectual raT^ u^i AO a Fine drawn* {rom the 
"^ ^ centre of the sun through A the eye cf the sjjiectMor^ TW and .AO niay bfe clpniidctrt ae 
parallel } whence the akemate angles iTSAj SAO^ (EL L aj^) will be equal. 

PROP. CXXXIV. When the sun shines upon the drops of rain as 
they are falling, the r^ys which come from those drops to the eye of the 
spectator after two reflections and two refractions, produce the outermost 
or secondary rainbow. 

Plate 8. When the sun shines upon a drop of rain £ in the outer edge of the secondary rainbow 
^'^- ^- CBD, the effectual viokt ray EA (by Prop. CXXKII. Schol.) inaltes an angk EAI of 
54*^. Y- with AI a line drawn from the sun through the eye of roe spectator, and therefore 
(by Prop. CXXXIII.) makes the same angle with the incident ray SB. Therefore if the 
spectator's eye is at A, all the rays except the violet, will (by Prop. X.) make a less angle 
with AI than EA, and fall above the spectator's eye. In like manner it maybe shewn, that 
from the drop F only red rays will come to the spect.itor s eye, the rest falling below it f 
and that the rays emerging from the intermediate drops between E. and F, and coming to A, 
will emerge at intermediate angles, and present to the eye the intermediate colours. If EAl 
be conceived to turn round upon the line AI, in such a revolution of the drop E, the angle 
£AI would remain the same^ and consequently the emerging rays would make the same angle 

with 
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with the incident rayv. But in such a revolution the drop E would describe a circle, of which 
I would be the centre, and CBD an arc. Contequentlyi since the emerging rays make the 
same angle with the incident ones when the drop is at any other part of the arc as at £, the 
colour of the drop will be violet to an eye placed at A, in whatever part of the arc the drop 
is placed. Now, since there are innumerable drops of rain falling at once, whilst one drop 
is at £» there will be others in all parts of the arc» which will all appear violet-coloured, for 
the same reason that £ would have appeared of this colour in any other part of the arc. In 
like manner, as the drop F appears red at ¥, and at any part of the arc FD, so will any other 
falling drop When it comes to any part of that arc. The intermediate arcs are formed in the 
same manner with the violet arc CBD| and the red arc FD \ and thus the whole secondary 
rainbow is produced. 



PROP. CXXXV. The colours of the secondary rainbow are fainter 
than those of the primary, and are ranged in the contrary order* 

At every reflection many rays pass out of the drop without being reflected ; consequently, 
'the secondary rainbow which is produced after two reflections* is formed by fewer rays than 
the first, which is produced after one reflection. 

Again, in the primary bow, the violet rays, when they emerge eflectually, make a kss an- plate 8. 
gle with the incident rays (by Prop. CXXVI.) and theiefore (by Prop. CXXVIl.) with the ^'S* *' 
line AI, than the red rays. But the rays are here only once reflected, and the angle which 
the effectual rays make with AI is the distance of the coloured drop from I the centre of the 
bow. Therefore the violet arc in the primary bow will be nearer to the centre of the bow 
than the red arc, that is, the innermost colour will be violet, and the outermost red. But 
in the secondary rainbow, the rays are twice reflected \ and (by Prop. CXXXII.) the violet 
rays, which emerge so as to be eflnectual after two reflections, make a greater angle with the 
incident rays, that is, with the line AI than the red ones ; which angle is the distance of 
the violet arc from I the centre of the bow. therefore the violet arc in the secondary bow 
will be farther from the centre of the bow than the red arc j tliat is, the outermost colour is 
violet, and the innermost red. 



PROP. CXXXVL The secondary rainbow is never a greater arc thaa 
a semicircle. 

This is proved in the same manner as Prop. CXXIX. with this difference, thaf , since the 
rays of the highest colour in the secondary bow mike an angle of 54^. Y ^'^h Al. this bow 
will begin to appear when the altitude of the sun is less thun 5 «° 7^ and when the sun is 
in the horizon on one side, this bow w':il h^ivc: its centre in the horizon on tbe other side at 
the dibt^uce of 54^. Y* from iis higUc^i puiut* 

CHAP. 
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SECT. I.— (^ TtLBScOPSs. 

Def. XXX. An AstTMomical TeUsc6pe conMg» ;ofi two convex lenM§i 
whose distance from each other b equal to the stam of dietr principal foci : 
that liens which is towards the object, is called the oJ^ct-^gkffs s t)ut which 
is next the eye, is called the eye-glass. 

If NL is one convex lens^. whose focal .disunee is !||IFt ai^^^D ^ipS^e^m}Mlt fSpcif dis» 
tantie it^CP) and if these ^re so placed that the 'dilUiitee bSfireen tfafan^U-aitel toliit'i^d- 
ed to CF, that isi 'Me* thcf ism sn aseroDomicsl tirhiciffe ^ ?^^sxz^ . ,^. . , ^ :««. 

PROP. CXXXVIL Very remote object Meathipug^ aa wtrononu- 
cal tdescope, appear (tistinct and inverted 



^ 
^ 
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lj» PM» jPlf, PN> he n^s ooaiing (by Prop. vii(if«9^ fow the |iitddi/||«pt fa 
very^jlittattt^hjeet: let AM, AM, AU osai|| fitoitiiAe lM|rf^^ Q£r» QM, Q^ 

9opefR»i the lowest point. These :panM nye^ii^l <hf JPl^- X9l!|f-) be colkcted inli 
the focos, and diere fonn an image of the cibject« wUch (bjr PrPfr.UtXXlU/ fiq^ins^th^ oh* 
ject of rrfracted vision. But, by die eoostimti^i^f tbft.ldqw^ 
ej»f lass. Conseqoentlf , the rays which diveige^ Inm aay pDiac G ia this ipiage will, (by 
Prop. XX ) after they have passed throngh the eyepglasit heoome; psraUe). Therdore if the 
eye is at any point on the other side of the eye-glass* the object of refracted vision may be 
seen as distinctly as any very remote object can be seen. by the naked eye \ and because the 
image is the object of vision (by Prop. XXV.) it will be seen inverted. 

4 

PROP. CX XXVIII. The apparent diameter of an object seen through 
an astronomical telescope, is to the apparent diameter of the same object 
seen by the naked eye at the station of the object-glass, as the distance of 
the image from the object-glass is to its distance from the eye-glass. 

Plate 8. If the iraajye, formed by the object-ghss NL, were received upon a paper at EFG, the 
^'^' ^' apparent diameter of the object seen by the raked eye at M, the station of the object glassi 
would be (by Prop. LXXXIV.) equal to the apparent diameter of the image seen from the 
same station. Now the real diameter of the image is given, because its distance MF from 
the lens is given. Consequently^ the apparent diameter of the image (by Prop LXIX) will 
be inversely as the distance of the eye from it. If the eye is placed at C the station of the 
eye-glass, and consequently its distance from the image is FC, the image will appear to the 

eye 
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eye in that station bigger than at the station M (by Prop. LXKXIX.) in the inverse ratio of 
the distances FC, MF ; that isj the apparent magnitude of the image at C will be to that at 
M, as MF to FC. But the apparent magnitude of the image seen from M is equal to that 
of the object seen by the naked eye. Therefore the iniage seen from C appears bijjger than 
the object, in the ratio of MF to FC. This would still be the case (by Prop LXXXIV ) if 
the eye-glass were placed between the eye and the image* touching the eye. And since the 
image is in the focus of the eye-glass> the apparent magnitude (by Prop. XC ) is the same, 
whether the eye is close to the lens^ or at any distance from it. Therefore wherever the 
eye is, the apparent diameter of the object seen with the telescope, is to the apparent diam* 
cter of the same object seen by the naked eye at the station of the object- glass, as MF to 
FCv or as the distance of the distinct image from the object-glass» to its distance from the 
eye-glass that b, as the focal distance of the object-glass, is to the focal distance of the eye- 
glass, consequently if the former be divided by the latter, the quotient will express the mag- 
nifying power, thus if MF : FC : : lo : i, the telescope will magnify lo times, in diameter. 

PROP. CXXXIX. A telescope will not magnify an object, unless the 
focal distance of the object-glass is greater than the focal distance of the eye- 
glass. 

The rays which come from distant objects being nearly parallel, the image GFE (by Def. Plate i. 
XVIII.) will be in the focus of the object*glass, which, by the construction of the telescopei ^'^' ^' 
is also the focus of the eye-glass. But the apparent diameter of an object seen through a 
telescope, is to its apparent diameter when seen by the naked eye (by Prop. CXXXVIK.) as 
the distance of the image from the object-glass, to its distance from the eye-glass ; that is, 
by what has been just proved, as the focal distance of the object-glass, to the focal distance 
of the eye-glass. Consequently, if MF, the focal distance of the object-glass, is greater than 
FC, the focal distance of the eye-glass, the object will be magnified : if MF be equal to FC, 
die object will appear as to the naked eye \ if MF be less than FC| the object will appear 
diminished. 

CoE. I. Hence the object-glass of a telescope should be less convex than the eye-glass. 

CoR. 2. An object will be equally magnified by two telescopes of very difierent lengthsj 
if the ratio of the focal distances of the object-glass and eye-glass be the same in each. 

Coft. 3* If a telescope is inverted, objects seen through it will be diminished : for the 
Qbject-glass which has the greater focal distance then becomes the eye-^lass. 

PROP. CXL. The visible area, or space which may be seen at one 
'View through a telescope, is as the area of the eye-glass. 

If GFE is any image, its distance from the object-glass being equal to the focal distance ^»tc s. 
of the lens, the area of the image (by Prop. XXXVI.) is given ^ but the quantity of this ^*f'7* 
image which can be seen at one view must be greater or less, adrording to the magnitude of 
the hole through which it is seen i that is^ must be as the area of the eye-glass. 

60 PROP. 



' PROP. GXLii . The brightnest of m object seea thio*^ 
defends upoa 'the area of the 'object-^as8> bat not ^he v'uible a^ ' ' 

The brightneu of the imige* that is, of the object of nfncted risioa, is (br Prop. ' 
XXXVIII.) M the area of the leiwwfiich forma it, that is, of the object-ghss. But (by 
Prop. XKXVI. Schol. a.) the magoitiuk of the image is the same, wliethcr chc area of the 
olject-giasa !■ great or smaltt tnd coniequentljr, if we look at it througli an eytf.gljss of « 
giwil arcat the quantitf to be Ken it once will not be altered b^ any change in tlie area of 
the object^lass. ' '' 

PROP. CXLII. The distance of the eye from the eye-glass, should be 
eqtul to the {mncip^ focal distance of the eye-glass. 

piitfl s. aiirtig th e image" GFE i«in die focus of the lens DCB, whererer the eye fir plibed ofi Ae' 
^' '* other aide of the glass, the image will appear equally magni6ed. But when the eye n just 
M-^r iram the efc^asfr u its focal distance, the Tisible area will be the g re ate s i ! for, lo 
that eUAw(bf >De& I^QIt) noae bat rays parallel, before the refncttoo, to MC the aiis of 
the teleacope, and therefore to the sides of the crlindrical tube in which the lenses are.plao. 
ed, can reach the eje^ and ooosequently, no rays can come from the inner surface ot thi» 
tabCit* the eye 1p make it TiaiUe : whereas in any other station of the eye, oUi^enysfton 
tJMai w foc x rohld.m^ thesidei of the tube Tirible i whence the area of riiioo,' wtaidi fW 
M)j^fcdh»)WS f bens; ffay Pnpt CXJL), always as the area of the cye-glaaa, will be in put' 
uu(i^lri'll^rtlft>id— itf tlw nrt>*i ax' tbe object will be seen only through the remainiiig patti 

X>sw. XXXL' A tdle«eqie consisting (^four convex lenses i» ^ duiiif 
Astrommeal TeUte^- 

Pbie n. Jrft the two lenses NML, and B, placed at the distance MB, equal to the sum of their 
'^'^' ^' focal distances, farm one telescope, and the two knsss C, 1), placed at the distance CD, equal 
to the sum of their focal distances, form another. If these two telescopes arc fixed at the 
distance CB from each other, so as to be both used together, they form a double telescopie : 
the kiiB LMN next to the object, is called the object-glass, and the lens B nett the object* 
j;Ias3 is called the lirst eye-glass, C the second, and D next to the eye the third. 

PROP. CXLIII. An object seen through a double telescope appears 

distinct and erect. 

i*bie 8. The parallel rays which fall upon the object-glass NML (by Prop. CXXXVII.) form a 
^'s- B' distinct inverted image at GFE the focus of the object-glass. This image being ilsb i» die 
focus of the first eye-gljss B, the rays of each beam from the several points of ibis image 
will become parallel by passing through B : whence, falling parallel on the second eyeglass 
C, they will form a distinct inverted image at KIH the focus of this second eye-glass : im 
because KIH is also the focus of the third eye-glass D, (he rays from this image, after piss- 
ing through this tbtrd-glass, will come to the eye parallel to each other. Consequently, 

tbtt 



Chap. YL OF OPTICAL INSTRUMENTS. aj^ 

the object will be seen distinctly : and because the second image is inverted with respect to 
the first, which is inverted with respect to the object, the second image, or object of refract- 
ed vision, is in the same situation as the object itself. 

PROP. CXLIV, A double telescope magnifies an object in the ratio 
of the focal distance of the object-glass, to the focal distance of the firs t 
eye-glass. 

The first telescope MB magnifies the object in the ratio of MF to FB : and the second ^|*^« ^ 
telescope CD is commonly made up of two lenses of equal, convexities, which will not alter '^' 
the apparent magnitude of the objects. Therefore, when both are used tofrethcr, the object 
is only magnified by the first in the ratio of MF the focal distance of the object-glass, to 
FB the focal distance of the first eye-glass ; consequently, the magnifying power is found by 
dividing MF by FB. 

ScHOL. I. The diflTerent refrangibility of the rays of light makes refracting telescopes 
imperfect : for those rays which are most refracted by passing through the lens, will be 
brought to a focus, and form an image nearer to the object-glass than those which are less 
refracted ; and consequently the several sorts of rays are not properly collected in one focus 
to produce a perfectly white image, but each has its own focus, producing a confused and 
coloured image. 

Of two refracting telescopes which magnify equally, the shorter will give a more imperfect 
image than the longer. For the image appearing equal in both, but being fartlier from the 
object-glass in the longer than the shorter, must be in reality larger or more magni.'led : 
whence the defect arising from the different refrangibility of the rays will be more visible in 
the longer than in the shorter telescope. Hence, reflecting telescopes are more perfect than 
refracting ones } for when all the rays are reflected, their angles of incidence and reflection 
being equal, they will all meet in a focus at the same distance. 

ScHOL. 2. To remedy the defect of refracting telescopes, arising from the different re- 
frangibility of rays of light, a compound object-glass was invented by Mr. Dollond, consisting 
partly of white flint glass, and partly of crown glass, which have different refracting powers. 
These refract contrary ways i and the excess of refraction in the crown glass is made suchy 
as to destroy the colour caused by the flint glass. A telescope thus formed is called achro- 
matick. Let ABED represent a double concave lens of white flint glass, and AGDF a double pi.^(« ;2. 
convex of crown glass ; then the part of the lenses which are on the same side of the common ^'*^' ^^^ 
axis, viz AEB and AFG may be conceived to act like two prisms which refract contrary 
ways ; and if the excess of refraction in the crown glass, be such as precisely to destroy the 
divergency of colour caused by the flint glass, the incident ray SH will be refracted to X 
without any production of colour : the same is true of the ray sb, and of all the other incident 
rays ; and consequently the whole focal image formed by this compound object gliKS, will 
be achromatick, or free from colour which might arise from refraction. It will therefore bear 
a larger aperture, and greater magnifying power, and of course enlarge objects much more 
than a common refracting telescope of the same length. The great impediment to the con- 
struction of large achromatick telescopes, is the want of a flint glass of an uniform density. 

.Dr. 
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Dr. BInir haj, within these few yesrs, discovc rert that certain fluids, particularly those wliich 
Goni.iin [he muri.itk'k acid, may be foimed into lenses. With tlic^sc he has pr>)Lluced di~hm> 
niittii,-!t telescopes, which seem v.* perfect as the thing will admif of. See PrdnBactions of the 
Ediiibuigh Koyal Society. Also, Encyc. Brit. Art. Telescope, Vol. XVlil. Part i. 

PROP. CXLV. To explain the constnictioa and use of several Idods 
of telescopes. 

I. Of Galileo's Telescope. 

Galileo's tekscope coiiAistts of i convex object-glass and a concave eye-glass, so pl.iccd thai 

the <l ■ ance between them ii the difference of [heir focal distunces. 

Mste 9. f n this telescope ZY X. a convcK lens, is placed at the distance from B \ a concave lens 

^e 0. of YC, the difference between YF the focal distjnce of ZX. and CF the foc^I distance of B.\. 

From a disrani object let r lys f.iil upon the convex lens YZ, from which they will protv-rd 

towards the fo.us of this lens at FG. But the concave lena AB, the focus of which is .ii FG, 

renders the conver^iing rayh parallel when they reach the ^ye , whence an imaf^ will be 

formed upon the reiina. And the pencils of rays being made more diverging by passing 

through the concjve lens, the visible image is seen under a larger angle than the object, and 

appears inagnified. Also, because the pencils which form the image only cross one another 

once, the image appears ctcci. 

II. Of Sir Isaac Newton's Telescope. 

pisie 8. '" 3 'ubc ABCD, towards the end BC, let the concave mirror GH be placed perpendicnlu 
Rg. 10. to DC the lower side of the tube. If an object, which is at such a distance [hai rays coming 
from the same point may be considered as parallel to one another, be placed before the open 
end of the tube AD, these paralkl rays will be reBected from the concave mirror GH, and 
becoming convergent, would (by Prop. CXII.) form an inverted picture of the object upon a 
paper held at the focus of the mirror. But if the converging rays, before they reach the focu!, 
fall upon a pUne mirror K, placed at ;in angle of 4; degrees with DC the side of the tube, or 
with the axis of the telescope, they will be r<:|]<;cted from thence, and meet before it at L, 
formijig an image perpendicular to the object, or parallel to the axis of the telescope. If this 
image be pl.tced in the focus of the convex lens L, hxcd in the aide of the telescope, the eye 
will «ec it distinctly through the lens. 

The image seen from the station of the eye-glass L, either with or without the glass, will 
(as in the refracting telescope, see Prop. CXXXVill,} appear as much larger than when seen 
from the concave mirror, that is as much larger than to the naked ejrc, as the distance of the 
image from the eye-glass, is less than its distance from tbe mirror, or as its distance from the 
mirror is greater than its disUnce from the l^s. 

IIL Of Gregory's Telescope. 

Plate •. lo the Yabe TTYT, let a concave mirror EV be placet). Any pinBetrii^ ffOkPP, 
ris- ■!• fona aa object A* bUing npoo thit Bi»iorf will> after w8cction> (by Proy- y . ^^ fe^? an 



\ 
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inTcrted image at C its focus. Let C be more remote firom a second smaller eoneave nurror 
PO (placed parallel and opposite to the first mirror £A in such manner that their axes shall 
be in the same straight line) than its focus* The rays which diverge fron) the several points 
of the image at C| and fall upon the mirror PO» will (by Prop. L.) converge after reflection ; 
and consequently, if they pass through a hole NM in the first mirror EA, they will form a 
tecond image which will be inverted in respect of the first, and in the same portion with the 
object. If, whilst these rays are converging, they pass through a plano-convei lens S^ 
(placed in a smaller tube joined to the larger) they will be brought to a focus, sooner than 
diey would otherwise have beent forming the second image F. This erect image is seen by 
the eye at O, through a meniscal eye-glass LL, whose convexity is greater than its concavity. 
For the magnifying power of this telescope, see Muschenbroek. Intro, ad Phil. Nat. or 
Priestley's Opticks, page 736. 

ScHOL. I. In the telescopes made by Dr. Herschel, the object is reflected by a mirror, as 
in the Gregorian telescope, and the rays are intercepted by a lens at a proper distance, so that 
the observer has his back to the object, and looks through the lens at the mirror. The mag« 
nifying power will be the same as in the Newtonian telescope ; but there being no second 
reflector, the brightness of the object viewed in the Herschel telescopci is greater than that in 
the Newtonian telescope. 

The tube of Or. Herschel's grand telescope, is 39 feet 4 inches in length, 4 feet 10 inches 
in diameter, every part of which is made of iron The concave surface of the great mirror 
is 48 ^inches of polished surface in diameter, its thickness is 3— inches, and its weight is 
upwards of aooolb. This noble instrument was, in all its parts, constructed under the sole 
direction of Dr. Herschel j it was begun in the year 1785, and completed August 28, 1789^ 
\ on which day was discovered the sixth satellite of Saturn. It magnifies 6000 times. 

ScHOL. 2. Dr. Priestley observes, that the easiest method of finding the magnifying power 
of any telescope, by experiment«is to measure the diameter of the aperture of the object-glassy 
and that- of the little image of it which is formed at the place of the eye. For the proportion 
between these gives the ratio of the magnifying power^ provided no part of the original pencil 
be intercepted by the bad construction of the telescope. For, in all cases, the magnifying 
power of telescopes or microscopes, is measured by the proportion of the original pencil, to 
that of the pencil which enters the eye. Another method, is to observe at what distance you 
can read any book with the naked eye ; and then removing the book to the farthest distance 
at which you can distinctly read it by the help of the telescope. The book chosen for this 
purpose should be such, that the connexion of the subject should not assist the observer i as 
tables of logarithmSi &c* Much depends on the steadiness with which the instrument is fixed. 

SECT. II.— (y Microscopes. 

Def. XXXII. A singk Microscope is one convex lens placed between ^«<* ^ 
a small object and the eye. 

Def. XXXIIL A double Microscope consists of two convex lenses, of 
which the object-glass b more convex than the eye-glass ; and the distance 

6 1 between 
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tlMol^ wfU (bjr Prop. X^IV.) be fomU hftini 4e t^mi Utiii 
kota the o^ect-f^ bf ID, w4 let itidiHaaes fem Ui« ey»i|l«ii4w a|feaLto riwr^bi 
dittano; of the cye-glui i Uh: di(n«ce oi-tfae tw» cl««c»jFnai.c^«t{wi!«MB h> JEUeD^ 
wl^that ifc the di»aoceof riie iawge ftwa t|w ■oljflBt'gUw, iAik4 laifca ftwl JiWMiut af 
the cfc-glxH. '■..(, 

SoqK covp(mi)d,aicrgK9Dpe«iiTwide vitbthreiigtaaeti wtbttApn^ftefuii^ 

through AB the object-glaM, tnd £F the eye glaw, are again lOnde. c«|vn|^>]f a Mmit 
eycglufi tnd iberefore brought Boon^ to a fbcuti thapbj the &^ ani thAfi«.jJ£jukp. 
Will be mucli greater than if only one leni was uied. 

Cor. Hence it appearfi that the difference between tlie microscope and telescope is, tloc 
in the tdesoope the Tajabf'each pencil fall upon the object-glass ne-irly parallel, and are united 
in its focnb [ bnt io the micnMCC^ they fill npon It very much diverging from one another. 
and therefore form the image in a pia^ beyond the focus, and consequently larger than ihc 
object. 

V%GP. CXLVI, ' An object seen through a do))i^ miq)^^ 
distina aod inverted. .-., <t;..:, ■, . ., 

«it« &, xiie pencils of rays issuing from the objwti KU, b^ng ttinvnitted thcpog^ the object^^ 
''' AB, thur foci will be in MN ; where there will be an inVerted imwe of thp object, whtdliiJl 

viewed through another lens, or eye glass EF, the focus of which is at MN^ hence a distinct 
and direct image is formed upon the ntltia, and it is seeii inverted. 

PROP. CXLVII. The apparent diameter of an object seen through a 
double microscope is to that of the same object seen by the naked eye from 
the station of the object-glass, in the compound ratio of the distance of the 
image from the object-glass, to its distance from the eye-glass, and of the 
limit of distinct vision to the distance of the object-glass fiom the object. 

The first pan of this Proposition is demonstrated as Prop. CSXXVIII. And it is manifest, 
from Prop. LXIX. that If AB the distance of the object-glass from the object is less than the 
limit of distinct vision, the apparent diameter of the object will be as much greater than that 
of the object at the distance at which the naked eye can see it distinctly, as IC ii less than that 
distance. Therefore the object is magnified, because the distance of the image ftom the ob^ 
ject-glass is greater than its distance from the eyc-gtass, and also because the distance from ,the 
object is less than the limit of distinct vision- The magnifying power of the tmcroscope is 
then ill the ratii) compounded of tbeKtir9.nitioi. finppofc LParAlCi Mid.tbee]M-£UMEF- 
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to be one inch fociu* aod the limit of distinct rision to be seven incbeSy then the diameter of 
the object KL| will be magnified 6 x 7 =s 42 i consequently 1764 times in surface. 

PROP. CXLVIII. When the same eye-glass is used, the magaifying 
power of the microscope will be increased by increasing the convexity of 
the object-glass. 

For in order to keep the image in the focus of the eye-glass, when the convexity of the ob- 
ject-glass is increased, the object-glass must be brought nearer to the object: the consequence 
of which will be that the ratio of the limit of distinct vision to the distance of the object-glass 
from the object will (El. V. 8.) be increased ; whence (by Prop CXLVII.) the ratio of the 
apparent diameter of the object of refracted vision to that of the object seen by the naked eye 
will also be increased. 

ScHOL. The aperture of the object-glass in a microscope must be small, else the outermost 
rays, diverging too muchi will hinder the distinctness of vision : but, on account of the sniall- 
ness of the aperture, the object will appear faint, and it will appear necessary, in. order to 
remedy thisi to illuminate the object as much as possible. 

PROP. CXLIX* To describe the construction and use of the Solar 
Microscope. 

In a dark room, let a round hole be made in a window- shutter about three inches in 
diameter, through which the sun may cast a cylinder of rays into the room. In this hole let 
a tube be fixed, containing a convex lens of about two inches in diameter, and three i.iches 
focal distance ; the object, placed between two concave glasses, at the distance of about two 
inches and a half from the first convex lens ; and a second convex lens, whose focal distance 
is a quarter of an inch, placed at this distance Trom the object. Let a plane mirror, connected 
with the tube, and moveable by means of a wheel, receive the sun's rays on the outside of the 
shutter, and convey them into the tube. The rays, passing through the first lens, will strong- 
ly illuminate the object, from which they will pass through the second lens, and form an 
inverted image of the object, magnified in the ratio of the distance of the object from the 
lens to that of the image from the lens, that is, in this case, supposing the distance of the dis- 
tinct picture to be twelve feet or 144 inches, in the ratio of -^ : 144, Consequently, the di- 
ameter of the object will be magnified 576 times. 

SECT. 111.^0/ the Magick Lantern. 
PROP. CL. To describe the construction of the Magick Lantern. 

In the side of a lantern let a tube be insertedj consisting of two partSy one moveable upon putt a. 
the other. In the moveable part let a convex lens GG be fixed ; in the immoveable part let ^»^- '^ ^^ 
an object EE^ painted with transparent colouis upon a piece of thin glass^ be placed j and in 

tlie 



i44 t^tihmik' ... iftb«ticvt 

iIiefisBdpBttoftbeMb^ienMtlffMDB. Thh liiiii «■ iii |riflil||ltfhi liamli 
cudle Qpon the ob}ect ^ And when dw iiTt «l^ rnqsmpr iWIw im I pomti nf 
the object ire, by the lens GG, nudetocoantgcdief will{bf Pnp> XXV.) rorm an invert- 
' td ittage of the object u KL, ■poa .uy wUle MT&oe i y wriJad ^t the object is farther 
ftbiii the Um than tt> fbcM. tad that Al iriwle ^^mtw-ii fhcMd in a dark room. '[~he 
iffl^ KL will be larger than die object EE, in propoitiaB m Oc distance of the image 
fromdie lena U Kteater than die otjcct. A coBcarc leflMlar AB auy be pUccd within the 
lanten),behiiKldiecaulle,lo tacreaae theiUimfaulineflhepicaHeSE. Ififaeabfcttbe 
placed in aa imrened portion, ita iBii|C «iU appcv cietfc 

SECT. IV.'^Of the Cambka Obicoka. 

PROP. CLL To detcribe die coostructioQ and qm of die Guuen 
Obacun. 

Let CD be a coenes leiNt nd.K a ptaoe aitrar iacftwd at an nrie tt 45 degieea. 
An fancrted image of the object AB wo^ be foimed it Ep, when ne foci of tlx faja 
, from the object are found after Tefricdoa I tat the njibeit^ interested bytlie plane mimr 

f. fta* 8. HK, ate reflected (hj Prop. C.) to NM , dw local diftance belbre it, mak^ an an^' with 
* ' Kg. i«. iheniirMror45 dyewj WJWMO Af J wag r^ r M haifca poriliaa peipaadiealar to AeAjee^ 
..$ at die top of die boa, where, if die raya be lecofcd 00 a iheet Of oiM pver,<or • phtp if 

^\ glaHiinpoliibeilaooDGBde,it wiUbediKiactljwftla. 



BOOK 



BOOK VII. 

OF ASTRONOMY. 

PART L 

Of the Motions of the Heavenly Bodies. 

CHAP. I. 

Of the Solar System in General. 

Def. I. ^ I ^HE Solar System consists of the Sun, which is a luminous 

X body ; seven primary planets, Mercury, Venus, the Earth, 
Mars, Jupiter, Saturn, and the Herschel ; eighteen secondary planets, the 
Earth's Moon, Jupiter's four Satellites, Saturn's seven, and six belonging to 
the Herschel ; and an uncertain number of comets : all v^hich are opaque. 

ScHOL. Upon entering the subject of Astronomy, it will be proper briefly to describe 
the different systems which have been invented, in order to solve the natural appearances of 
the heavenly motions. 

Ptolemy supposed the earth to be perfectly at rest) and the sun, moon, planets, comets, 
and fixed stars to revolve about it every day -, but that besides this diurnal motion, the sun, 
moon, planets, and comets, had a motion in respect to the fixed stars, and were situated in 
respect to the earth, in the following order : the Moon, Mercury, Venus, the Sun, Mars, 
Jupiter, Saturn. The revolutions of these bodies he supposed to be made in circles about the 
earth placed a little out of the centre. This system will not solve the phases of Venus and 
Mercury, and therefore cannot be true. 

The system received by the Egyptians was this : the earth was supposed immoveable in 
the centre, about which revolved, in order* the Moon, Sun, Mars, Jupiter and Saturn ; and 
about the Sun revolved Mercury and Venus* This disposition will account for the phases of 
Mercury and Venus, but not for the apparent motions of Mars. Jupiter, and S.iturn. 

Another system was that of Tycho Brahe, a Danish nobleman, who w?s anxious to recon- 
cile the appearances of nature with some passages of the Scriptures, taken in their literal in- 
terpretation. In his system, the earth is placed immoveable in the centre of the orbits of the 
sun and moon, without any rotation about its axis ; but he made the sun the centre of the 
orbits of the other planets which, therefore, revolved with the sun about the earth. Objec- 
tions to this system are, the want of that simplicity by which all the apparent motions may 
be solved \ and the necessity of supposing that all the heavenly bodies revolve about the earth 
every day : also to suppose that a body should revolve in a circle about its centre without any 
central body is physically impossible. Some 
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Some of lyiwrt f a il p yni, a^^ the A l |p Jii y M..«;4lOT» ji i J| |p UMi!i .- rf *e Imvoilf 

belies about the etftii».,0^ ^.MpV 'fI^ii|P.%iM^%4.dS)W»o«!f4-«i* 
Tychonick tystenie 

The system which. U now onrramny recdTcd. it ^ Ued dtt Copeniom. tt yru fipnBcrlf 

taught by Pythagoras, 500 yeait befbte Chrfst t and after#a^ lejected, dh revived by 

Copernicus in the sixteenth oentary; ftntf dbelMib is placed ia die oentte of die aystem^ 

about which the planets revolve frDm wot tQ easL in 1;^ foll»wing order : Bleraity» Venns» 

the Earth» Man, Jupiter, Saturn, and Ibe £feni»d[ pttnet : beyond which, at immense dis» 

tances, are placed the fixed stars. The moon renJlvei round dK eardi 1' and the earth toma 

about an axis. The othdr seeondihy ^lincu ttiove roliad dittr tc sj Wri d i t prmaaries from 

west to east at difieretit distances, and in diflferent periodical timea* 

Plate 9. According to this doctrine, the Sun S is die tcliMt of the system 1 lUlercury «» Venus h^ 

the Earth /, Mars #, Jupiter fi and Saturn £, revolve in elliptical oriuta nwnd die sun 1 the 

moon i revolves about the earth, and the tmHHitea of Ji^mUsTv jSatus^ and the Hersdiel, v^ 

volve about their primaries ; and the planea of their oiUts are inclined to one another * 

This doctrinle, being admitted aa trte, vriil uoCMat IfkiSak if^aitnt miAions^ aad tfth^ 

phdiomena, of the hetvenlj bodies aa wiU be aeea in the fUkming Cl^^ 

CHAP. IL 

j» ■».•■• ' 

r 

Of the Eaut^. ' 

SECT. L— -(y* tbc OLOBULAE Form of the Earth, and Us diurnal 
Motion aioi^ its Axib^ amJofthe AppearoMces wUcb arfse-Jromthu^ 

PROPOSITION L 

The earth is of a globular form. 

For, I. The shadow of the earth projected on the moon in an eclipse is always circular ; 
which appearance could only be produced by a spherical body. 2. The convexity of the 
surface of the sea is visible \ the mast of au approaching ship being seen before its hull. 
3. The north pole becomes more elevated by travelling northward, in proportion to the 
space passed over. 4. Navigators have sailed round the earth, and by steering their course 
continually westward, arrived, at length, at the place from whence they departed. 

D£F. 

* Dr. Herschel, on the ISthof March, 1781, whil« pursuing a plan which he had formed of ohterving, with 
telescopes, of his own construction, every part of the heavens, discovered, in the neighbourhmid of H Geminortmit 
a planet far beyond the orbit of Saturn, which had never before been visible to mortal eyes. He has since disomrercd 
six secondaries belonging to this new planet, which planet is called either the Hbrschxi,,. from the name of iia. 
indefatigable and tru'y great discoverer ; or the GeorgittmSidiia,or Georgian Pi^net, in honour of the pretent king, 
who has distinguished himself as the patron of Dr. Hertchel. The planet is denoted by this character M; ■* H, 
as the initial of the name, the horizontal bar being crossed by a perpendicular line, forming a kind of cMb the em» 
blorn i>t Christianity, denoting, perhaps, tlut its discovcrj was made in the Christian era, at all the ioclMr planet* 
were knowA long before that period* 



Chap. IL OF THE EARTH. 247 

D£F. IL The Axis of the earth is an imagmar)r line passing through 
the centre^ about which its diurnal revolution is performed. 

Def. III. The Poles of the earth are the extremities of this axis. 

Def. IV. The Equator is the circumference of an imaginary great 
circle passing through the centre of the earth, perpendicular to the axis, 
and at equal distances from the poles. 

Def. V. If the axis of the earth be produced both ways, as far as the 
concave surface of the heavens, in which all the heavenly bodies appear to 
be placed, it is then called the Axis of the Heavens ; its extremities are 
called the Po/es of the Heavens ; and the circumference produced by ex- 
tending the plane of the equator to the same concave surface, is called the 
Equator in the Heavens. 

Def. VI. Circles drawn through the poles of the earth or heavens 
perpendicular to the plane of the equator, are called Secondaries of the 
equator. 

Def. VIL The sensible Hori%on is an imaginary circle, which, touching 
the surface of the earth, separates the visible part of the heavens froin the 
invisible. The rational Horizon is a circle parallel to the former, the plane 
of which passes through the centre of the earth. 

ScHOL. Since (by Book VI. Prop. LXIX.) the apparent diameter of an object is in- 
versely as its distance^ if the distance be increased in such manner that it may be looked 
upon as infinite, the apparent magnitude becomes a point. Hence AF, the semidiameter of pj^^^^ ^ 
the earth, viewed at the different distances o^ O, R, diminishes, till at the distance of O, a Fig. 4. 
fixed star, it becomes a point, and the star appears in the same place in the heavens^ whether 
viewed from the visible horizon SET, or rational horizon HBR. 

Def. VIII. The Poles of the Horizon are two points, the one of 
which, over the head of the spectator, is called the Zenith; the other, 
which is under his feet, is called the Nadir. 

Def. IX. Circles drawn through the zenith and nadir of any place, 
cutting the horizon at right angles, are called Vertical Circles. 

Def. X. A vertical circle passing through the poles of the heavens, is 
a Meridian^ and is said to be the meridian of any place through which it 
passes. Def. 
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Def. XL The meridian of any place passing through the poles, and 
falling perpendicularly upon the horizon, cuts it in two opposite cardinal 
points, called North and South. 

Def. XIL A Meridian Unc^ is the common intersection of the plane 
of the meridian and the plane of the horizon. 

Cor. Hence any line which lies due north and south in an horizontal plane, may be 
considered as part of the meridian line. 

ScHOL. I. To draw a meridian line/ perpendicular to an horizontal plane, erect a wirCf 
or stile, seven or eight inches long, and as it is not easy to determine precisely the extremity 
of the shadow, it will be best to make the stile flat at top, and to drill a small hole through 
it, noting the lucid point projected by it, mark, at several difl^erent times before noon, these 
lucid points, and through them draw concentrick circles about the midcfle point of the wire's 
station ; observe in the afternoon when the lucid points again touch these circles ; and find 
the middle point of each arc between the points already taken : a line drawn through these 
middle points, and the common centre, will be the meridian line ; for, since at equal dis- 
tances from noon, the sun is at the same height, or in verticals equally distant from the me- 
ridian, the circle drawn through the zenith at equal distances from these verticals is the 
meridian. This should be done about the summer solstice, between the hours of 9 and 1 1 
in the morning, and 1 and 3 in the afternoon. 

ScHOL. 2. To observe the transit of any heavenly body over the plane of the meridian ; 
place, in this plane, a telescope, having two cross hairs before its object-glass, one vertical, 
the other horizontal, and observe when the vertical hair passes through the centre of the 
heavenly body : or, hanging two plumb-lines exactly over the meridian line, place your eye 
close to one of the threads in such manner, as that it shall cover the other thread, and ob- 
serve when the body is behind the threads. 

Def. XIII. The Altitude or Depression of any heavenly body above or 
below the horizon, is the arc of a vertical circle intercepted between the 
body and the horizon, or the angle at the centre measured by that arc. 

ScHOL. The altitude of any heavenly body is found by the help of a quadrant thus : 
brin^ the quadrant into such a situation that the star may be seen through the sights; then 
the aHirle, co?it lined between the string of the plummet and the side of the quadrant on 
which the sights are not placed, is the altitude of the star. 

Def. XIV. The Prime Vertical^ is that which crosses the meridian at 
right angles in the zenith and nadir, cutting the horizon in the cardinal 
points ^ast and West. 

D£F. 
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Def. XV. The jfzimutb of a heavenly bodf, is the arc of the horizon 
intercepted between the meridian and a vertical circle passing through that 
body ; it is eastern or western as the body is east or west of the meridian. 

ScHOL. The azimuth of any star may be thus found. Let AC be a given meridian P]**f 9. 
line. Above any point A in this line, let a cord with a plummet be hung : let another cord *^*" 
with a plummet be hung at E, so that the star and the two cords shall lie in one and the 
tame right line, l^er the perpendiculars AD» BE, represent the cords, and draw AB. 
From the point B« to any point C, in the meridian line AC, taken at pleasure, draw the 
right line BC « then with a scale of equal parts measure the three lines AB, AC, BC. In 
the triangle, therefore, ABC, there will be given all the sideSi from whence will be tound 
the angle BAC. equil to the azimuth required. 

For if the meridian line be supposed to be continued to F, and the line BA to G, the an* 
gle F \G will be the azimuth of the star ; but the angle FaG will be equal to the angle at 
the vertex B AC y therefore the angle BAC will be equal to the azimuth. 

Def. XVL The Amplitude of a heavenly body at its rising, is the arc 
of the horizon intercepted between the point where the body rises, and the 
east ; its amplitude at setting, is the arc of the horizon intercepted betweeti 
the point where the body sets, and the west : it is northern, or southern^ 
as the body rises, or sets, to the north or south of east or west. 

Def. XVIL If a heavenly body rises, or sets, when the sun rises, it is 
S2ud to rise or set cosmlcally ; if it rises, or sets, when the sun sets, it is said to 
rise or set otbronically ; it is said to set or rise beliacally^ when it approaches 
so near the sun as to become invisible, or recedes so far from him as to be« 
come visible. 

Def. XVII L The Latitude of a place upon the surface of the earth, is 
its distance from the earth's equator ; it is measured by the arc of the geo- 
graphical meridian of the place intercepted between the place and the equa- 
tor ; latitude is either nonhern or southeni. 

Def. XIX. Parallels of Latitude^ are ciix:le5 on the surface of the earth 
drawn parallel to the equator. 

PROP. II. A degree in the equator is to a degree in any parallel of 
latitude, as radius to the cosine of latitude. 

I«et F.PQ^be a geographical meridian, EQ^the eqoator, and FB a parallel of latitude pute9. 
iTbe curcttoiference EC^k to the circumfcraice VB^ and any part of EQ^, to any similar ^'S- ^ 
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part of FB, as CQ^, or CB, the railius of EQ^, to AB the radius of FB ; and AB is the 
cosine of the arc IIQ^, which is the latitude of the parallel FB. Therefore a degree in 
EQ_is to a degree in FQ, as radius lo the cosine of latitude. 

Def. XX. The Longitude of a place, is the distance between the meri- 
dian of that place, and the meridian of some other place, taken at pleasure, 
and called the first meridian ; it is measured by the arc in the equator in- 
tercepted between these two meridians. Longitude is either eastern or 
western, and is measured 180 degrees each way. 

PROP. III. The altitude of one pole, and the depression of the other, 
at any place on the earth's surface, is equal to the latitude of that place. 

Plait H. Let R be 3 pUce upon the earth's surface i Z, N, its zenith and nadir; P, S, the poIc» 

%■ ^- of the heavens, and F, /, the poles of ihetarth; EE, the celealinl cquitor, et, the terrestri- 
al, and HO the horizon. The larirudc of the place is eK, or the equal arc EZ ; and Pi) is 
the elevation of one pole, and HS the depression of the other. Because ZO is the distance 
of the ztnith from the hori2on, it is an arc of 90 degrees ; and because El' is the distance 
of the pole from the equator, it is also an arc of 9a degrees ; ZO and EP are therefore equal. 
Take from each of these the common arc ZP, and the remainders EZ and PC are equal. 
Dut HS and PO are equil, because they subtend the equal angles H IS. PTO: therefore 
the elevation of one pole PO, and the depression of the other HS, are equal to the latitude 
of the place EZ. 

Coa. Hence the clrcuTnference of the earth may be measured, by measuring the length 
on the surface of the earth passed over in a line which lies north and south, while the pole 
gains one degree of elevation, and multiplying this length by 360. A degree of latitude 
contains 69-^ English miles, whence 24930 miies is the measure of the circumference of the 
earth, and the radius 3985 ; but, as will be shewn hereafter, the earth is a spheroid, whose 
polar diameter, is to the equatorial as 229 to 230. 

PROP. IV. The elevation of the equator at any place is equal to the 

complement of its latitude, 
plate f. Because ZO is equal to EP (each being an arc of 90 degrees) EZ is equal to PO, that is* 
*'e- ^- (by Prop. 111.) to the latitude of the place. Bot EH, the elevation of the equator, is the 

complement of EZ, it is therefore equal to the complenicnt of the latitude of the place. 

PROP. V. The earth revolving daily round its axis from west to east, 
the heavenly bodies will appear to a spectator on the eanh to revolve in the 
same time from east to west. 

Let RCBF be the earth, T its centre, HTO Ae rational horizon to a spectator at R whose 
acDiih is Z i let a Mar appear m the botiaoa at H. The eaitb revolving from *cu to east« 

that 
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that ist in the order of the letters R, C, B, F| in a fourth part of one rerolution, the spectator 
will be carried from R to C : consequently, his horizon will become ZN, and the star which 
appeared in his horizon at H when he was at R, will now appear nearly in the zenith. Wheft 
another fourth part of the revolution is completed, the spectator will be at B, and N being 
now his zenith, and HO his horizG^, the star will be set with respect to him, and will not 
rise till he is again in the station R, that is, till the earth has completed one revolution. Thus 
whilst the earth has turned once round upon its axis from west to east, all the heavenly bo- 
dies in the concave sphere of the heavens will appear to have turned round from east to west. 

PROP. VI. The alternate succession of day and night is the effect of 
the revolution of the earth round its axis. 

For, all the heavenly bodies appearing (Prop. V.) to move from east to west, while the 
earth revolves from west to east, the sun will appear, in each revolution, to rise above the 
horizon in the east, and after describing a portion of a circle, to set in the west, and will 
continue below the horizon, till by the revolution of the earth it again appears in the east ; 
and thus day and night will be alternately produced. 

ScHOL. The time of noon is found, by observing the instant when the centre of the sun 
is cut by the perpendicular hair in a meridian telescope, as described Def. XII. Schol. z, or 
by a sun-diaL 

SECT. II. — Of the annual Motion of the Earth round the Sun, 

PROP. VII. The earth revolving round the sun in 365 days, 6 hours, 
56 minutes, 4 seconds, the sun appears to revolve round the earth in the 
same time, but i& the contrary direction. 

Let S represent the sun, BAC the orbit of the earth, and FGHE the starry concave. Pf*»« % 
Whilst the earth is moving from A through B to C, it is manifest that, to a spectator on the '^' 
earth, the sun must appear to move in the contrary direction from £ through F to G, in the 
great circle of the heavens formed by the plane of the earth's orbit. In like manner^ while 
the earth is passing from C to A, the sun will appear to pass from G to £• 

ScHOL. I. It is manifest that the circle in which the sun appears to move, is the same, 
in which the earth would appear to move to a spectator in the sun. Hence the apparent 
place of the sun being found, the true place of the earth in its orbit is known. 

Schol. 2. The orbit in which the earth revolves round the sun is not a circle but an 
ellipse, having the sun in one of its foci. For the computations of the sun's place, upon this 
supposition, allowing for the disturbing forces of the planets^ are found to agree with obser- 
vations. See Prop. XXXUI. 
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Def. XXL The circle which the sun appears to describe annually ia 
the concave sphere of the heavens, is called the Ecliptick. 

Def. XXII. A portion of the heavens, about i6 degrees in breadth, 
through the middle of which passes the ecliptick, is talltd the Zod'tack. 

ScHOL. Within this zone lie the orbits of all the planets. 

Pep. XXni. The stars in the Zodiack are divided into 12 ^tgm z 
Aries, Taurus, Gemini, Cancer, I.eo, Virgo, Librii, Scorpio, Sagittarius, 
'9. Capricorn, Aquarius, Pisces. Figures, representing these sii^ns, are drjivn 
upon the celestial globe, in that portion of its spherical surface, which cor- 
responds to the portion of the concave sphere of tlie heavens, in which the 
stars belonging to each sign are respectively placed. 

PROW. VIII. The axis of the earth in every part of ihe earth's revo- 
lution about the sun, makes, with the plane of its orbit, that is, of the 
ecliptick, an angle of 66y degrees. 

* Let BA represent the plane of the ecliptick or earth's orbit, seen edgeways ; S the Run | 
and Vp produced the axis of tlie equator. If the e.irth be at S, its aiis is not pcrptfndiL-u1.tr 
to the pkne of the ecliptick, but makes an angle with it, PSA, about 66°. 30'. In ^IX'J 
other p?ri of its oibii, as at M, or X, the alia of the earth u still inclined to the plane of the 
ecliptick in the s»me angle. 

I ». Cor. t. The axis, in any one part of the orbit, is in a position panllel to that in which 

^' it was at any other part of the orbit. Supposing the line FG to represent the situation of 

the axis of the earth when at DFG, and to be piirjllel to the line HI ; then when the earth 

is at dfg, or any other part of its oibit, its axis fg will still be parallel to the same line HI, 

therefore, _^ is parallel to FG. 

Cos. 2. The planes of the equator and ecliptick, make with each other an angle of 334- 
degrees nearly. 

RcHOL. The obliquity of the ecliptick is not permanent, but is continually diminishing, 
by the ecliptick approaching ne:irer to -i parallelism with the equaror, at the rate of about 7 
a Recnnd in a year, or from ;n" to J5" in 100 years. Thr inclination at this time is ij* 
28' 5" nearly. The diminurion of the obliquity of the ecliptick to the equator is owing M 
the action of the planets upon the earth, especially the planets Venus and Jupiter. The 
whole variation, it is said, can never exceed one degree, when it will again increase. 

The obliquity of the ecliptick maybe thus found. Observe with a good instrument^ very 
accurately divided, the meriHian altitude of the sun's centre, on the days of the summer and 
winter soNtire. then the ''ifrTence of the two, will be the distance between tbctropicksi the 
half of which will be the obliquity wught. Bj 
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By the same nethodi the declination of the sun for erery day in the year may be founds 
and a table constructed. See Prop. XVIII. 

Def. XXI V« The ecliptick being divided into twelve equal parts, each 
of theae parts is called a Sign ; and the names of the signs in the ecliptick are 
the same with those in the zodiack, but do not exactly correspond with them. 

Def. XXV, The two points in which the ecliptick cuts the equator 
are called the Equinoctial Points : the vernal equinox is at the first degree of 
in the ecliptick ; the autumnal, at the first of Libra. 
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ScHOL. The moment of time in which the sun enters the equator, may be found by 
observation, the latitude of the place of the observer bein^r known For in the equinoctial 
day, or near it, with an instrument exactly divided into degrees, minutes, and parts of min- 
utes, take the meridian altitude of the sun : if it be equal to the altitude of the equator, or 
to the complement of the latitude, the sun is then in the equator *, but if it is not equals 
mark the difference, which will be the d^cli nation of the sun. The next day, again observe 
the meridian altitude of the sun, and gather from thence his doclin^tion. If these two de- 
clinations be of difierent kinds, as the one south and the orhcr north, the ^'quiuox h.tppens 
some time between the two observations \ if they be both of the same sort, the sun has 
either not entered the equinoctial, or has pissed it. And from these two observations of the 
sun*s declination, the moment of the equinox is thus investigated. 

Let CAB be a portion of the ecliptick, EAC^an arc of the equator, and let their inter- Pl^te ^. 
section be in A. Let CE be the declination of the sun at the time of the first observation, *^' ' 
OD his declination in the second observation \ the arc CO will be the motion of the sun in 
the ecliptick for one day* In the spherical triangle AEC| right-angled at £, we have the 
angle A which the equator and the ecliptick make, as also CE the declination of the sun, 
known by observation, by which may be found the arc CA. And in the same manner in the 
triangle AOD the side AO is found } and thence the arc CO, which is the sum or difference 
of the arcs CA, AO. Therefore as CO is to CA, so is 24 hours to the time between the 
first observation, and the moment of the ingress of the sun to the equinox. 

Def. XX VL The points of the ecliptick which are at the greatest dis^ 
tance from the equator, are called the Solstices ; and the circles which pass 
through these points parallel to the equator, are called the Tropicks : the sum- 
mer solstice is at the first of Cancer, the winter solstice at the first of Capri- 
corn : the northern tropick is called the tropick of Cancer, the southern, of 
Capricorn. 

CoR. The sun is once in the year at each of the tropicks, and twice at the equator. 

Def. XXVIL Circles which pass through the poles at right angles to 
the equator, or any other great circles, are called Secondaries to that circle : 
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Dbv. X^CyitL That pdleivlKtcib b. M^tlie^opid^IdrCiiioeeSn 
called die Stmib Pole, . . . ; > 
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Dbp. XXIX. An imag^ary ^De paMi^g t^^ 
edipdck, and peipeiidicuUr to the plim 
extremities are the Poles (f dus EeUpiici^ mAwlkmr^^ |if|^ng tj^rpygft 

these poles, and perpendiaiUr to dietdiptick, are ks secondtfie«r , 



Cor. The sxit of the eclipttck makes sn ingle of t^x ^^S^'^et nesilf withtbst of the 
equator. Compare Prop* VIIL Cor. 2. and SchoL 

Def. XXX. The Pdar Cs/bks are described by the rcrolutiba of the 
poles of the ecfiptick about the poles of the equator j that which is next to 
the north pole, isr'callcdthe.^lrvCiei cinle'^ the^opposke, thei£«AmrJli^ circle. 

Dbf. XXXL The JifcUtuam of luqy hjeatMJr. J^ is its <|g|tance 
from the equator; this is either aodtheito or «souti|KQi»^/^ of 

declination of any body are reckoned upon a secondary df tke - ^j^iittor 
passing through that body. 

Def. XXXII. The Right jiscensitm of any heavenly body, is its dis- 
tance from the first of Aries reckoned upon the equator : this is measured, 
by observing the arc which is intercepted between Aries and a secondary 
to the equator passing through the sun or star. 

Def. XXXIIL The Latitude of any heavenly body is its distance 
from the ediptick ; and the degrees of latitude are reckoned on a secondary 
of the ediptick passing through the body. 

Def. XX XIV. l^t Longitude of any heif^eJlfy body is its distance 
from the first of Aries ; and is measured on the ediptick by the arc inter- 
cepted between the first of Aries and the secondary of the ediptick which 
passes through the body : the longitude increases, as the body recedes from 
Aries, through the whole revolution, till it reaches 560% or comes again 
to Aries. 

Dbf. 
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Dbf". XXXV. Two bodies are said to be in Conjunction with each 
other^ when they have the same longitude, or are in the same secondary 
of the ecliptick on the same side of the heavens, though their latitude be 
different : they are said to be in Opposition^ when their longitudes differ half 
a circle, or they are on opposite sides of the heavens. 

PROP. IX. The axis of the heavens is perpendicular to the planes of 
all the circles which the heavenly bodies describe in their apparent diurnal 
motions. 

For the heavenly bodies, from the revolutions of the earth round its axis, appear to move 
from east to west in circles perpendicular to the axis. 

CoR. f. The planes of all these circles are parallel to the equator. 
Cor. 2. The axis passes through the centres of the circles* 

Dbf. XXXVI. The celestial sphere is called r/^i&/, oblique^ or parallel 
as the celestial equator is at right angles, oblique, or parallel to the horizon^. 

PROP. X. In all places on the equator, the poles lie in the horizon, 
and all the circles of daily motion make right angles with the horizon. 

For these places (by Def. XVIII.) having no latitude, the poles (by Prop. III.) are neither 
elevated above nor depressed below the horizon ; and since the equator is 90 degrees from 
the polesj it is at right angles to the horizon, and also all circlet parallel to k. 

PROP. XI. Those who live at the equator are in a right sphere; and, 
consequently, their days and nights are always equal. 

The great circle of the celestial equator and its parallels (by last Prop.) make right angles JJ***,^ 
with, the horizons of all places in the earth's equator ; therefore (by Def. XXXVI ) the 
inhabitants of those places live in a right sphere. Hence, because the celestial axis P fS is in 
the plane of their horizon, and that this axis is at right angles to the plane of the equator, 
and (by Prop. X.) passes through its centre and through that of all circles parallel to the 
equator, the plane of the horizon also passes through the centres of these circles ; and con- 
sequently divides the equator and its parallels into two equal parts. One half of these circles 
will therefore always be above the horizon, and the other half below it. But each of the 
heavenly bodies in their daily motion describes some one of those circles, and the diurnal 
motion of the earth is uniform ; therefore any heavenly body will, in this situation, be just 
•s long above the horizon as below it. And because this will be the case with respect to the 
sun, as well as any other body, in whatever part of the heavens he is seen^ the days and 
nights at the equator will always be of equal length* 

PROP. 
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PROP. XIL At the poles of the earth, one celesdal pole is in the 
zenith, and the other in the nadir ; the equator coincides with the horizoiu 
and all the circles of daily modon are parallel to the horizon. 

For the latitude of the poles is 90 degrees from theequatoTjand the circles of daily motiom 
are parallel to the equator. 

PROP. XIII. Those who live at either pole are in a parallel sp here 
they see the heavenly bodies carried round them in circles parallel to the 
horizon, and their day and their night continues each half year. 

Plate 9. An inhabitant at P has the ecfuator EQ^in the horizon, ax^d all its parallel circles also 

Fig. 10. parallel to the horizon. Therefore each of the heavenly bodies, in its apparent daily motion, 
being in some one of these circles, must describe a path parallel to the horizon : so that those 
which are above the horizon will never set by this motion, and those which are below it 
will never rise. The sun« therefore, in this situation, will not rise or set by the diurnal 
moti n of he earth. Bui from the annual motion of the earth, the sun daily changes its 
apparent place in the heavens> till it has described the circle of the ecliptick CL ; one half 
of which is above the horizon, and the other half below it, because these circles have a 
common centre T, the centre of the earth. Therefore, for one half of the year the sun 
will be in some part of CT, that half of the ecliptick which is above the horizon, and will 
daily revolve in circles above the horizon *, and for the other half, it will be in some part of 
XL, and will perform its daily revolutions in circles below the horizon. 

PROF. XIV. In any place between the poles and the equator, one 
celestial pole will be elevated, and the other depressed, at an angle less than 
a right angle ; and the celestial equator will make an angle less than a 
right angle with the horizon. 

For, since the place is not in the equator, it has some latitude ; and since it is not at either 
of the poles, its latituvle is less than 90 degrees : whence (by Prop. HI.) the poles are elevated, 
or depressed, in an angle less than a right angle ; and consequently the equator, which is 
perpendicular to the axis, makes an angle less than 90 degrees with the horizon. 

PROP. XV. Those who live on any part of the surface of the earth 
between the equator and either pole, are in an oblique sphere, and have all 
the circles of daily motion oblique to their horizon. 

Plate 9. Let HO be the horizon of a place which lies between the earth's equator and either of its 
Fig. 10. poles ; the celestial equator EQ^, and all its parallel circles, will be oblique to the horizon 

and therefore each of the heavenly bodies, being in some one of these circles, will appear 

to move in a path oblique to the horizon. 

PROP. 
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PROP. XVL When the sun, in his annual apparent course, is in the 
plaints in which the ecliptick cuts the equator, the day and night will be of 
the same length at all places on the surface of the earth ; but when the sun 
is in any other part of the ecliptick, the days will be longer as the sun's de- 
clination towards the elevated pole increases, and shorter as its declination 
towards the depressed pole increases. 

The plane of the horizon HO, of anj place, passing through T» the centre of the sphere Mate f». 
and also through the centre of the equator, divides the equator CL into two equal parts» one ^ff* ^^ 
half above, and the other half below the horizon. When therefore the sun has no decli- 
nation, or is in the equator, it will appear in its daily revolution to describe the equator CL, 
and, thereforCi during one half of the revolution, it will be above the horizon, and, during 
the other half, below it. 

But suppose the sun to have its declination towards P, the elevated pole, equal to E m ! 
its diurnal apparent revolution will be in the circle muf, the centre of which is in a part of 
the axis above the horizon ; whence the plane of the horizon does not pass through the 
centre, and consequently the circle mm is divided iflio two unequal parts, the greater above 
the horizon, and the less below it. Therefore the sun, describing the circle mm, with an 
uniform velocity, in its apparent diurnal revolution, will be longer in describing the part 
above the horizon, than the part below it. And this difiirrence manifestly increases, as the 
circle of the sun's apparent diurnal motion recedes from the equator, that is, as the sun's 
declination towards P increases. In like manner, it may be shewn, that the days will be 
shorter, as the sun's declination towards the depressed pole increases. 

Or thus : Let AB represent the plane of the ecliptick seen edgeways ; S the jinn in the focus Plate 9. 
of the orbit \ MO, KL, XY, the earth in different parts of its orbit. If FI^ tKe^ axis of the ^'K* ^' 
ecliptick B A, were also the axis of the earth, that b, if the phnes of the equator and ecliptick 
were coincident, it is manifest that the sun, the apparent annual motion of which is in the 
plane of the ecliptick, would at all times of the year appear to move m the circle of the 
equator, and to be equally distant from the poles, and consequently could produce, by its 
apparent morion, no varieties in the length of days and nights. But the earth's axis being 
inclined to the plane of its orbit, as P^, when the earth is at MO, the pole P will be towards 
the sun, and the pole p turned from it, and the reverse when the earth is arrived at XV. 
When the earth is in the middle station between B and A, in either part of its orbit, both 
the poles will be in the circle illuminated as at KL. 

In the position MO, since the sun must always illuminate one half of the globe, the 
light will pass beyond the pole P as far as F, and will extend towards the pole^ no farther 
than I. Consequently, in the diurnal revolution of the earth round its axis, while the 
earth renuins in this position, all the parts of the globe between F and G will be illuminat- 
ed, and all the parts between I and H will be dark. Farther, in this position greater portions 
of those parallels which lie between the equator and the circle FG, will at any instant be in 
the illuminated, than in the dark, hemisphere ; and, on the contrary, i^reater portions of 
those which lie between the circle HI and the equator, will at any instant be in the darkj 
tkan in the enlightened^ hemisphere* Couscc|[ueatlyy any given place on the side of the 
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equator towards P, will, in one diurnal revolution, be longer in the light than in the dark, 
ami the reverse on the side towards/'. The difference between the iSigth of day-light aud 
night, will decrease on either side of the equator, as we approach towards it j and at the 
equator, the illuminated and dirk portions of the circle being always etjual, the days and 
nights will be of cqu.il length. The contrary to all this will take place in the situation XY. 
Continual variations will take pl.icc, while the earth passes from MO to liL, and from 
KL to XY. But in the situation KL, the illumination extending CKacily to both poles, all 
the parallel circles are half illuminated, and half dark : consequently, any place upon the 
globe will, in a diurnal revolution, have equal portions of light and darkness ; that is, day and 
night will be every whereof equal length. This must happen twice in eycry annual revolution. 
Cor. I. All bodies which are on the same aide of the equator with the spectator, con- 
tinue longer above the horizon than below it, and vice versa. 

Cor, a. Aa the orbits of the moon and piancis arc inclined to the equator, a variation 
of the times of their continuance above and below the horizon will take place. 

ScHOL. I. When the sun is very near either of the tropicks, the days do not appear of 
different lengths, for the circles of apparent diurnal motion are so near to each other, that 
they cannot be sensibly distinguished. 

ScHoL- 2, The different degrees of heat at different seasons of the year arc owing partly 
to the diffetem lengths of the days, and partly to the different degrees of obliquity with 
which the rays fall upon the atmosphere at different altitudes of the sun. 

PROP. XVII. When the sun, or any other heavenly body, is in the 
equator, it rises in the east, and sets in the west. 

For it then rises and sets in the points In which the equator cuts the horizon ; that is, 
because the equator is at right angles to the meridian, which passes through the north and 
south pcMnts, in the points of east and west. 

Cor. In north latitude, those bodies which hare north declination, rise between the eift 
and north ; those which have south declination, rise between the east and south. 

PROP. XVIII. When the declination of the sun is towards the elevated 
pole, its meridian altitude is equal to its declination added to the elevation 
of the celestial equator : when its declination is towards the depressed pole 
its meridian altitude is equal to its declination subtracted from the.eleva^ 
tion of the equator. 
ic 9. Let HO be the horizon, T the earth, P and S the celestial poles, D the zenith, N the 
■ lo- nadir, EQ^thc equator. If the sun be at C, having its declination toward* the elevated 
pole P, when it arrives at the meridian PS, its meridian altitude CH is equal tothc sum of 
C£ its declination, and EH the elevation of the equator. If the sun be at I, hamg its 
declination towards the depressed pole S ^ when it arrives at the meridian, its altitude IH 
is eqU'il to the difference of £H the elevation of the equator, and £1 the sun's dedinatioDi 
as appears froai the figure. PROP. 
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PROP. XIX. jyhen the declination of a heavenly body towards the 
elevated pole, is ^al to the latitude of any place, the body will pass 
throtigh the zenith of that place : and when its declination towards the 
depressed pole is equal to the latitude, it will pass through the nadir. 

Any star or planet which passes through D, the zenith, in its apparent diurnal revolution Plate 9, 
must describe the circle DO ; whence its distance from the equator or declination will be *^* 
ED. But ED is the distance of the zenith from the equator, which, because the elevation 
of the equator is equal to the complement of latitude, (Prop. IV.) is equal to the latitude. 
In like manner the reverse may be proved. 

PROP. XX. A heavenly body seen from any place, will never set 
from the diurnal motion of the earth, if the complement of its declination 
towards the elevated pole be equal to, or less than, the latitude of the place : 
and it will never rise, if the complement of its declination towards the de- 
pressed pole be equal to, or less than, the latitude. 

Let PD, which is the complement of declination of a body at D, and also the distance of Plate 9. 
the body at D froii the pole, be equal to PO, the elevution of the pole, or (by Prop. Ill ) ^'8»* ^^' 
the latitude ; it is manifest, that the body at its lowest depression will be no farther from the 
pole than the horizon is ; that is, will never be below it. In like manner the reverse may 
be shewn. A parallel of latitude, as DO. at a distance from the elevated pole equal to the 
latitude of the place, is called the circle of perpetual apparition ; and a parallel, as HN, at the 
same distance from the other pole, the circle of perpetual occultatiotu 

• 

ScHOL. The latitude of a place may be found, by observing the greatest and least alti- 
tude of a fixed star that never sets. . 

Let A be a star near the north pole, which in its daily motion describes the circle AB Pj^te 9. 
without setting. A quadrant being placed in the plane of the meridian, or along the '^' 
meridian line, observe its altitude when it is at A, and afterwards when at B \ the difference 
of these altitudes is AB. And since the star, in its revolution about the pole, is always 
at equal distances from it, if A B be bisected in P, this point will be the pole, and consequent- 
ly PO will be the elevation of the pole. But since the lengths of the arcs AO, BO, have 
been found by observation, their difference AB, and the half of this difference, AP, or BP, 
is known: and PO is equal to BP-f 'iO, or to AO-^PA. Whence the elevation of the 
pole, that is, the latitude, is equal to the sum of the least altitude added to half the difference 
of the greatest and least altitude, or it is equvil to the remainder arising from subtracting 
half the difference of the greatest and least altitudes from the greatest altitude. 

Or, the latitude may be found from the sun's meridian altitude and declination. If the sun's 
meridian altitude, found by a quadrant, be CH, this altitude is equal to the aun's declination 
CE, added to the elevation of the equator KH Therefore, if CE, the decliriation towards the 
elevated pol^j^be taken from the meridian altitude, the remainder EH will be the elevation of 
the equator, But since the elevation of the equator is the complement of latitude, the lat-* 
itude is the complement of the elevation of the equator. This elevation, therefore, being 
found, the latitude of the place is known. Or, 
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Or, ilic htituiie of a place is eqtwl to the sun's mcriUian zenith ttUlancc, added to Jiis dc- 
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ctiiMtiDii, when he passes the meridian between the zenith and the 

Ex- I. To find the latiiuJe from an obaervation of the sun's altitude, Aug. 7, 1776, at 
<h» Observatory at Cambridge. 

Apparent meridian altitude of the sun's lower Htnb 
Sun'a apparent semi- diameter, from the £p hem ens 

Apparent attitude of the sun's centre 

Qeduct for refractien .... 



Si" 


46' 


8" 
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16 


13 
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Xliitudc ol the sun's centre _ - - 

Zenith distance of ilie sun's centre is found by sub ', 
tractiiig the last altitude from 90" - - ' 

Add the sun's declination ... 

Latitude of the place - . 52 12 40 

Ex 2. Dec. I, 1793- The observed meridian altitude of Sirius was 59' 50' ; rcquireit 
the latitude. 

Observed latitude . . - - j^* jq' g. 

Therefore, Zenith distance - - - - 30 m N. 

Declination of Sirius - - - 16 27 5. 

Consequcntly, the latitude required - - - 13 13 N. 

Def. XXXVIL The two tropicks and two polar circles upon the sur- 
face of the earth, divide it into five parts, called Zones : the torrid zone lies 
between the two tropicks ; the temperate zones between the tropicks and po- 
lar circles ; and the frigid zones between the polar circles and the poles. 

PROP. XXI. At any place in the torrid zone the gun is vertical twictf 
every year. 

The sun in passing from the equator to the tropiclc of Cancer, aj-f degrees from the equator, 
has evcrjr northern declination from • to 237 : and every place between the equator and the 
tropick of Cancer has some northern kititude between e and 33-^: therefore, iti some part of 
its course from the equator to the tropick of Cancer, the sun must h^ve a declination equal te 
the latitude of every place between the equator and the tropiclc : whence it must be once in the 
zenith o(every such place in its course towards the tropick of Cancer. For the same reason it 
must be once in the zenith of every such place in its course from the tropick to the equator. 
The like may be shewn on the southern side of the equator. 

PROP. XXII. The 8un is vertical dnce every year at the places vrhick 
lie in the tropicks. * 

For the tan't declination ia then 237 degrees^ equal to the latitude of the tr op M a. 

I>ROP. 
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PROP. XXim At the polar circles, the longest day, and the longest 
night, is 24 hours. 

When the sun is in the tropick of Cancer, the complement of its declination towards the 
elevated pole is 66|- degreesi equal to the latitude of the arctick polar circle : on this day, 
therefore, (by Prop. XX.) the sun will not set. When the sun is in the tropick of Capricorn, 
th(r complement of its declination towards the depressed pole will be 66^ degrees, equal to 
the latitude of the arctick pole ; whence the sun will not rise during that day. The same 
may be shewn with respect to the antarctick circle. 

PROP. XXIV. The longest day, and the longest night, are each of 
them more than 24 hours within the frigid zone. 

For, while the sun's complement of declination towards the elevated pole is less than the 
latitude of the place, the sun will not set ; while the complement of declination towards the 
depressed pole is less than the latitude of the place, it will not rise : but this must be the case 
with respect to every place within the frigid zones, in some part of the sun's course towards 
the tropicks. 

^ PROP. XXV, The sun is never vertical to any place in either of the 
temperate zones. 

For the latitude of all places in the temperate zone, is greater than any declination of the 
sun. 

PROP. XXVI. The longest day, and the longest night, in any part 
of the temperate zones, are less than 24 hours ; and the days and nights 
will be longer, the nearer the place is to the polar circles. 

For the complement of the sun's declination can never be less than, or equal to, the 
latitude of any place in the temperate zones ; whence the sun will rise and set every day 
within these zones. But the farther any place is removed from the equator, the nearer the 
latitude approaches to an equality with the complement of the sun's greatest declination, 
when the day is 24 hours ; that is, at the polar circles. 

PROP. XXVII. At different places, the hour of the day differs in 
proportion to the difference of longitude ; 1 5 degrees of longitude making 
the difference of one hour in time ; 15' one minute of time, 15" one 
second of time : and it is seen at any given place sooner than at places 
\vhich lie to the west of it, and later than at places which lie to the east 
of it. 
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TksniB itt daBf appneot notiaa* iriiidi itfioaieait In ■i^iiliirt ■iiim nilii 
meridiin ci waj grren place, as Londoiit toouer thaa it will mnive at thip Aeridian of afiy 
place vfaidi fies to tlie west of London, and later dian at the meridian of any place to the 
eatt of London: that is, nnce it is noon at anyplace when the snn is in ita nieiidiani it 
will be noon at London sooner than at phecs west, and later than at places east, of it. 

For example, if any place lies 15 d^gmes east of London, that is, has 15 dqp«es of 
eastern lonptode from London taken as the first meridian, <hc snn will be one honr sooner 
at its meridian than at the meridian of Loiiflon t far, since the snn eierj day appears to 
make a complete rerolaiion from any maidhai to the same, in 24 honis, it will in every 
honr describe a 24th part of the ctrde^ that is, 15*. And rince a minate of a circle is a 60th 
part of a degree, and a second of a circle a 60th part of a minate, and 15^ the 60^1 part of 
15^, and 15'' the 6oth part of 15^, the son will move at the rate of 15' in every 60A. part 
of an hour, and 15^ in every 6eth part of a minntCi that U| in eveiy nunnte or second of 
time. Conseqnendy, it will he noon one minute or one second %ioncr at a place which is 
i^ or 15^' east of Londooy than at London. ^ ' ^ 

PROP. XXVIIL The diflference of longitude at two places may be 
fbund hj observing, at the. same time from both places, some instantaneous 
appearance in the heavens. 

If the ccKpse of Jnpitn^s innermost satellite, on the instant of its immersion into the 
shadow of Jnpiter, he observed by two persons at diflerent places, il will be seen by both at 
the same instant Bnt if tins instant be half an honri for ezamfde, sooner at one pbce than 
at the other, because the places diflfar half an honr in their reckoning of tim^ dicir difeencc 
of longitude (by Prop XZVIL) is f 30^ 

ScHOL. From tables of eclipses correctly calculated for any place, the longitude of any 
place may be found by one observer. But such observations can only be made with certainty 
by land, on account of the motion of a ship at sea. In order to determine accurately the 
longitude at sea> it is necessary to have a clock which shall not be sensibly affected by differ- 
ence of climate, difference of gravity at different places, or the motion of the ship. Such a 
clock set for the meridian of London would constantly shew the hour of the day at London, 
which it is easy to compare with the hour of the day where the ship is, found by observa- 
tions on the sun or stars. 

PROP. XXIX. Those who liva in opposite semicircles of the same 
meridian, but in the same circle of latitude, have opposite hours of the day, 
but the same seasons. 

Being both on the same side of the equator and at the same distance from it, when the 
sun's declination makes it summer or winter in one of the places, it will be the same at the 
other : but because they are distant from each 1 80 degrees of longitude^ when it is noon at 
one place it will be midnight at the other : these are called PerUci. 

PROP. 
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PROP. XX3^ Those who live in opposite circles of latitude, but in 
the same semicircle of the meridian, have opposite seasons of the year, but 
the same hour of the day. 

When the sun has declination towards the north pole, it will be summer to those who 
live in the northern circle of latitude, and winter to those who live in the southern circle of 
latitude. But, having the same longitude, their hours of the day will be the same : these 
are called AntoecL 

PROP. XXXI. Those who live in opposite circles of latitude and 
opposite semicircles of the meridian, have both opposite seasons of the year, 
and opposite hours of the day. 

Because they are in opposite latitudes, they will have opposite seasons ; and because they 
are in opposite semicircles of the meridian, they will have noon when it is midnight at the 
other : these are called Antipodes, 

Def. XXX VIII. Twelve secondaries to the celestial equator being 
conceived to be drawn at equal distances from each other, that is, dividing 
the equator into 24 equal parts, and the meridian of any place being made 
one of these secondaries, they are called Hour-Circles of that place. 
Compare Prop. XXVII. 

PROP. XXXII. If the celestial sphere had an opaque axis, the shadow 
of the axis would always be opposite to the sun ; and when the sun was 
on one side of any hour-circle, the shadow of the axis would fall upon the 
opposite side of the same hour-circle. 

For all the hour-circles being secondaries to the equator, pass through the poles, and the 
celestial axis is in the plane of every hour-circle. And the shadow of any opaque body, being 
opposite to the sun, is in the plane with the sun. Therefore in whatever hour-circle the sun 
isy the shadow of the supposed opaque axis would be in the plane of that circle and opposite 
to the sun, that is, while the sun is in one semicircle of any hour-circle^ the shadow of the 
axis would fall upon the opposite semicircle. 

Cor. Hence as the sun performs its apparent course from east to west, the shadow of 
the supposed axis would move from west to east. 

ScHOL. The gnomon of a sun-dial represents the supposed axis, and hence its shadow 
is a measure of time. ti 

To construct an Horizontal Dial. 

In every sun-dial the gnomon, when fixed, is parallel to the earth^s axis. Now when the 
8iin is in the meridian of any place^ the 1 2 o'clock hour-circle is perpendicular to the plane of 
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Let ABCD be the 0iit of the earth, S the sun, and EFGH the ecliptick. While the Plate 9. 
irth moves in its orbit from B through C to D, the sun appears to move in the ecliptick ^'^' * 
n F through G to H, passing through the six northern signs ; and while the earth passes 
D through A to B, the sun appears to move from H to F| through the six southern 
is. Now the line HF bisects the circle EFGH, but divides the ellipse ABCD unequally. 
. nd, while the sun appears to pass through the northern signs, the earth passes through more 
than half of its orbit i and while the sun appears to pass through the southern signs* the earth 
passes through less then half of its orbit. Therefore, if the velocity of the motion of the 
earth were uniform, the sun must appear tobe longer in passing through the six northern than 
the six southern signs. But whilst the earth is passing through the greater part of its orbit 
BCD, it is farther from the sun, and consequently moves slower than in the lesser part DAB. 
On both these accounts, the sun's apparent motion is slower in the northern signs than the 
southern : the difference is found by observation to be about eight days. 

PROP. XXXV. The apparent diameter of the sun is greater in 
winter than summer. 

It is found by observation, that the diameter of the sun in winter is 32 minutes, 47 
seconds ; in summer, 31' 40^^ And his- mean apparent diameter is 3a' la'^ according to 
Sir I. Newton, in his theory of the Moon. \ 

Cor. Hence it appears, that the earthy at the winter solstice, or Capricorn, is in its 
perihelion. 

ScHOL. !• The difference between summer and winter in the degrees of heat, is owing 
chiefly to the different heights to which the sun rises above the horizon, and the different 
lengths of the days. When the sun rises highest, in summer, its rays fall less obliquely, 
and consequently, more of them fall on the earth's surface than in winter i and when the 
days are long, and the nights short, the earth and air are more heated in the day than they 
are cooled in the night, and the reverse. 

ScHOL. a. The doctrine of the Sphere having been explained in the preceding propo- 
sitions, some of the more useful Problems to be performed on the Terrestrial and Celestial 
Globes are here subjoined. 

Problem L Tojlnd the latitude of any place* Bring the place to the graduated side of the 
fixed brass meridian ; the degree under which it is found, is its latitude. All places under 
the same degree are in the same latitude. Thus the latitude of London is 5 1^ 7 north, that 
of the Cape of Good Hope 34^ south. 

Prob. II. 70 find the longitude of any place. Bring the place to the fixed meridian ; 
the distance of this meridian from the first meridian, measured on the equator, is the longi- 
tude of the place. The longitude of Boston in New England is 70^ \ west, or 4 hours, 42 
minutes in time. That of Rome la^ 7 ^^^^> ^^ 5^ minutes in time. 



PlOB. m. TV rec^ ekber gkke to thi latitude of anyplace^ the zenith^ and the nt^s place. 
If tfaft place be in the northern hemispberci raiac the north pok above the borixoo 1 but if the 
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place be in tliO southern Iiciilisphere, raise the &outh pole. Then mouf tlic meridian np and 
down in the notches, till the degree of the place's latitude, counted U|ion the meridian, below 
the pole, cuts the horizon ; and then the globe is adjusted to the l.nJtudc of the place. 

Huving elevated the globe according to the Utitude of the place, count the same number of 
degrees upon the meridian, from the equator towards the elevated pole, and that point will be 
the zenith or vertex of the place- To this point of the nieridiaii screw the quAdtani of altitude 
80 that ita gr^dudCL-d edge maji be joined to the said point ■ then is the globe rectified for the 
zenith. 

Bring the sun's phcein the ecliptickto the meridian, and set the hour-index to I3 at noon; 
;iT]d then the globe will be rectified for the sun's place. 

pROB IV. To determine the difference of time %n diff:-reiit plnees. Find the longitude of each 
place, and reduce the difference into time, allowing an hour for every 1 5 degrecs.and propor- 
lion.llly for lesser parts ; the difFerence of time will be found : if the place lic^ westward of 
another, it has ita noon later than that other ; if eastward, sooner. Tlie longitude of Rome 
ts ii" y ^^**' '''^^ "^ Constantino pi I- sy", the difference is 17° 4-> consequently the difference 
of time bciwecu Rome and Conatantiaopie is i hour 10 minutes. 

pROB. V. The Utitude and longitude of any place being tnowt, ta find the plaet on the globe. 
Bring the degree of the ctjuator which expresses the given longitude to the fixed meridian, 
(hen Gnd the given latitude on the meridian -, under this point is the place sought. 

PftOB. VI. Ta find the distance bitiveen any lw9 placet, and their Staring, er relative situation 
with respect to the points of the compass- Rectify the globe to the latitude of one of the places, 
and bring that pbce to the fixed meridian : Then fix the quadrant of allitude to the 
uppermost point of the meridian, and putting its lower end between the horizon and the 
globe, slide it along, till it passes through the other place : The number of degrees on the 
quadrant between the two places, will give their dislani.e, allowing ftpi English miles for 
each degree ; and the number of degrees upon the horizon between the meridian and the 
quadrant, will give the bearing of the second place with respect to the first. Thus the 
bearing of ths Lizard point from the island of Bermudas is ne.irly E. N. E. 

Prob. VII, To find the right ascension and declination of the lun^ or any star. On the 
celestial globe find the day of the month under the ecliptick, against which is the sun's place, 
or find his place by an epheme is ,- bring that point under the meridian, and the degree which 
is over the point is the sun's declination, and the degree of the equator then under the 
meridian will be the sun's right ascension. A star's declination and right ascension a're 
found, by bringing the star on the globe to the meridian, and proceeding as with respect to 
chc.iun The sun's declination, .'^pril 19, is tl'' iV north, and his right ascension 27° 
30' —The right ascension of Sirius is 99° its declination 16"= jo' south. 

Pkob Vilt. Tafnd what stars pan over, or near, the zenith tfany place. Having found 
the. l.iiitude of the place on the terrtstri al globe, all those stars on the celestial globe, which 
patis under the same degree of the meridian with the given latitude, become vertical at that 
pfave. 

Pkob. IX. To find -what stars never rise, nor never set, in any pven place. The gl^^bc 
being rectified for the given place, those stars which do not pass imder the wooden honzoa 
never set ; those which do not come above it, never rige. - -■ ' ' "' '" " PaoB. 
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Prob. X. To repii^int the appearance of the heavens at any time. Rectify the globe to 
the latitude ; bring the sun's place in the ecliptick to the meridian, snd set the horary index 
to the upper 12th hour 5 then turn the globe till the index points to the given hour. The 
north pole of the globe must be set to the north in the heavens, then will all the stars upon 
the globe correspond to their places in the heavens, so th it an eye at the centre of the globe 
would refer every star upon its surface to the place of the stars in the heavens. By com- 
paring, therefore, the stars in the heavens with their places on the globe) a person will easily 
get acquainted with all the stars. 

Example. The situation of the stars at London on the 9th of February, at nine o'clock 
in the evening, is as follows : Slrius, or the dog-star, is on the meridian, its altitude 22^ 1 
Procyon, the little dog-star, 16® towards the east, its altitude 43 : about 24^ above this 
last, and a little more towards the east, are Castor and Pollux : S. 65^ E. and 35^ in height 
is Rcgulus, or Cor Leonis : exactly in the east, and 22^ high, is Deneb in the LionVtail : 
30* from the east towards the north, A returns is about 3^ above the horizon : directly over 
Arcturus and 31' above the horizon, is Cor Caroli : in the north east are the stars in the 
extremity of the Great Bear*s-tall. 

Reckoning westward, we see the constellation Orion \ the middle star of the three in his 
belt isS. 20® W. its altitude 35® j nine degrees below the belt, and a little more to the west 
is Rigel, the bright star in his heel : above his belt in a straight line drawn from Rigel, be- 
tween the middle and most northward in his belt, and 9^ above it, is the bright star in his 
shoulder : S, 49^ W. and 25^4* ^bove the horizou is Aldebaran, the southern eye of the 
Bull ; a little to the west of Aldebaran, are the Hyades : the same altitude, and about S. 
70^ W. are the Pleiades : in the W. by S. is Capella in Auriga, its altitude 73® ; in the 
north-west, and 42^ high, is the constellation Cassiopeia : and almost in the north, near 
the horizon is the constellation Cygnus. 

Prob. XI. The latitude of a place being given, to find the time of the swfs rising and settings 
on any given day^ at that place. Having rectitied the globe according to the latitude, bring 
the sun's place in the ecliptick to the graduated edge of the meridian, and set the horary index 
to the upper 12* Then turn the globe to bring the sun's place to the eastern part of the 
horizon, the index will point to the hour at which the sun rises \ on the western side, to the 
time of its setting. On the 5th of June the sun rises at jh. 4omin. and sets at 8h. 2omin. 
The length of the day is i6h. 4omin. that of the night 7h. 2omin» 

Prob XJI. To find all them places on the globe to which the sun ivili be vertical on a gi%*en 
day. Bring the sun's place to the fixed meridian, and observe the point of the sun's decli- 
nation ; all the places which, in turning the globe round, pass under that point, have the 
aun vertical on the given diy. 

When the sun's declination is equal to the latitude of any place, then the sun will be 
vertical to the inhabitants of that place. 

Prob XIII. To find the surts amplitude. The globe being rectified for the latitude of 
the place* brintr the sun's place to the eastern side of the horizon \ the arc of the horizon 
intercepted between that point and the eastern pointy is the sun's iunplitude at rising. Thus 

oa 
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on llie :4[]i of Miiy, the suii'd amplitude at ming is 36° east, ami he |etB with ■^6'' western 
amplitude.— T be anipIUude increases with the Utitudc of the place. 

Prod. XIV. To /«rf l/;t sun's meriJian alfitudc. The globe being reciificd for the lati- 
tude, zenith, and sun's pl.ice, the number of degrees contained betivccii the sun's pbce >nd 
the zenith, is the distance of the sun from the vertex at noon ; the complement »f which 
to 90 degrees, is the sun's altitude. The meridian altitude of the sun on the i7ih of May, 
at London, is 57" 55'. — 'fhcallitudc being given, bring the quadrant of ahitude to meet 
the sun's place and the intersection of the quadrant and liorizon will shew the azimuth. 
Thus, on the 21st of August, at London, when the sun'a altitude is 36" in the forenoon, 
the azimuth is 60° from the south. 

Prob. SV. To find ikt plact of any heavenly tody upon the g/ett, its hngliude and latitude 
being given. Place the first degree of the qu.iHrant of" allitiule upon ihnt degree of the 
ccliptick which expresses the given longitude, and the 90th dcgtce on ilic pole of the 
ecliptick ; the point of the globe which is under th:it degree of the quadrant which expresses 
the given latitude, is the place of the body : For the quadrant represents a secondary of the 
ecliptick, an arc of which between the bi«iy and the ecliptick is its latitude, and the arc of 
thi; ecliptick between the secondary and the first degree of Aries its longitude. 

Frob. XVL Te find the place ef any heavenly hmly upon the gltibr, its right ascension and 
decliiidlioii being given. Bring that point of the equator which expresses the given right 
ascension to the meridian ; the place sought is under that degree in the meridian, north or 
south, which expresses the given declination. 

PuoB. XVII. To find all ihoie places where it is noon, at any given hour of the d<iy, at any 
given place. Bring the given place to the brass meridian, and set the index to the uppermost 
12 J then turn the globe till the index points to the given hour, and it will be noon to all 
the places under the meridian. When it is 4h. 50m. in the afternoon at Paris, it is 
noon at New Briiain, St. Domingo, Terra Fitma, Peru, Chili, and Terra del Fuego. As 
the diurnal motion of the earth is from west to east, it is plain that all places which are to 
the cast of any meridian, must necessarily pass by the sun before a meridian which is to the 
west can arrive at it. 

Pkob. XVin. The hour hting given at any platt, to tell what hour it it in any »ther part 
of the world- firing the place where the time is given, under the meridian \ set the hour 
index to the given time, and turn the globe till the other place comcB under the meridian, 
and the horary index will point to the hour required. Thus, when it is nine in the 
morning at London, it is half past four in the afternoon at Canton, in China ; when it is 
three in the afternoon at London, it is 1 8 minutes past ten in the forenoon at Boston, in 
Ametiea. 

Pkob. XIX. To find the anteea, the periaei, and the antipodes of any place. Bring the 
given ^ce to the meridian, then, in the opposite hemisphere, and in the same degrek of 
latitttde with the given place will be the atOaei. The given place remaining wiifer the 
meridiatii tet Uk index to iXf aod turn the globe till the other la is under die iatti i then 

the 
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the perimci wiU be under the same degree of latitude with the giren plaee» und the tititipodes 
of the giren place will now be under the same point of the bra2en meridian where the 
&ntmci stood before. 

Prob. XX. To find tht two days on which the sun is in the zinith of amy given place between 
the trepicis. That parallel of declination which passes through the given place, will cut the 
ecliptick line upon the globe in two pointSi which denote the sun*s place ; against which, on 
the horizon, will be found the days required. The sun is vertical at BarbadoeSf April 241 
and August 18. 

Prob. XXI. The time and place being given^ to find all those places where the sun is rising, 
settings culminating ; and also where it is day-light^ twilight, or darh^night. Find the place 
where the sun is vertical at the given hour, rectify for the latitude of that place, and bring 
it to the meridian. Then all the places that are in the west semicircle of the horizon, have 
the sun rising ; those in the east semicircle, have it setting ; those under the meridian above 
the horizon, have it culminating 1 and all places above the horizon, have the sun so many 
degrees above the horizon as the places themselves are. Those places that are below the 
horizon, but within 18^ of it, have twilight ; those lower than 18^ have dark-nighty and 
to those under the meridian, it is midnight. 

Prob. XXII. To find the place of the moon, or any planet, fir any given time. Take the 
nautical almanack, or White's Ephemeris, and against the given day of the month, will be 
found the degree and minute of the sign which the moon or planet possesses at noon. The 
degree thus found, and marked in the ecliptick on the globe, you may proceed to find the 
declination, right ascension, latitudCi longitude, altitude, amplitudCf azimuth^ risings 
setting, &c. 

Prob. XXIII. To find the planets which are above the horizon at sunset, upon any given 
day and latitude. Find the sun's place for the given day, bring it to the meridian, set the 
index hour to 1 2, and elevate the pole for the given latitude, then bring the sun's place to 
the western semicircle of the horizon, and observe what signs are in that part of the eclip- 
tick above the horizon, then look to the ephemeris for the day, and it will be seen what 
planets are in those signs, for such will be visible on the evening of that day. 

Prob. XXIV. To find whether Venus be a morning or an evening star. Rectify the globe 
for the latitude and sun's place ; find the situation of Venus by an ephemeris, and stick 
there a small black patch ; bring the sun's place to the edge of the eastern horizon. If 
Venus be in antecedentia, that is, for instancCi in Taurus when the sun is in Gemini, she 
will be a morning star. 

But, if Venus be in eonsequentia, that is, for example, in Gemini when the sun is in 
Taurus, she will set after the sun, and be an evening star. 

Prob. XXV. To find all the places to which a lunar eclipse will be visible at any instant. 
Find the place to which the sun is vertical at the given time, and bring that place to the 
zenith, and the eclipse will be visible to all the hemisphere below the horizon, because the 
moon is opposite to the sua. 

68 ScHOL. 
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Sb— . I. ffawt IWMf 4tfpiM OMihiW, fa gawnl, for a contidcnW time rrn,ulid| 
tmf WKf b« fBM ia mam pbect Ihitt fa Wi* hnriq^? re of the canh ; for. by the c*rN« 
Wtitioo about its axii» duriof tU tune of the edipK, ihe moon wtU liie to several placet 

ScBOb t. We cnnat kf • i^lk oalf, JiW i w hi c the phc«« to which a •olar eclipse it 
viiUlll^ bicwiB tint oelipw dK» aot faippcn «o dw whole ben)iT.plierc nnt the sun. nor 
doet it bsjipvi It Ihf ••■• loam to thoM pfasM vrhere it n «i«itile. Ctknbuons are 
dietdbce iKceH«7> , ' " 

SECT. m. — Q^TwiuOHT. 

PROP. XXXVL The abno^here abon ttie'ljo^abnii J^i^glitiB^ 
by the n^of Uie,«ia,wjieadie sua itsdf ubdonrdwborixQa. 

Pbu t. tM. ADI4 be the rar&ce of tbe emb i CB&1, the surface of the atmoephere ; A, any place 
ttf. 11. ypon tb* caitb % PABNi tbe Motible borizon. When the »ua ia at G, mj point bciow the 
borixbn, h eumot be directly eeea by a ipectator at A. Out, because rjys from the sun at G 
can paM to tbe put of tbe atmosphere above the sensible horizon of the place A, this p^rt 
•f'tbe lanenihtrt vill be JUa mhiaw d before the sun rises, or after tt sets, and will become 
viM» by niectfaB to the ^ O Ct ato r tkh.% that i», twiliglit will be produced. 

:p(^ ' TV itqmphcre U ^ came of th* apparcnc elcTatisn of the beaTColy bodies aboro 
tbdt trae placet. 

PROP, XXXVIL Tfrhen die evening twilight ende, or the morning 
twilight begins, a ray of the sua reflected from the higjteat put of the 
atmosphere describes, after reflection, a line whkh is the pUne of the 
sensible horizon. 



As the sun is depressed, the extreinc ray of light from the sun padnally recedes from 
C towards fi, till at last it touches the horizon at B, from whence it is reflected in the di- 
rection BA, the plane of the horizon. 

PROP. XXXVIII. When the evening twilight ends, or the mornnig 
twilight begins, a line drawn from the sun to the top of tlw atmo^>here la 
a tangent to the surface of the earth. 

From E, the common centre of the earth and atmosphere, draw a straiicht line to B. the 
point in the top of the atmosphere, from which (by last Prop ) the sun's ray is reflected to K 
when the evening twilight ends, or the morning twilight b^ins. Becamic tins line EB is 
perpendiculir to the reflecting surface of the atmosphere, ABE is the an^le of 1 ' 
And AB, the tpHecced ray, being in the plane of the aenuUc horizol^ deaciibca a fi 
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to the surface of the earth. At the same time, the sun must be at some pc\nt S» such that 
the incident ray SB shall make the angle of incidence SBE, equal to ABE the angle of 
reflection. Draw A£ i and from £, the centre to the incident ray SB, draw £D| making 
the angle DEB equal to the angle AEB. Hence (El. I. 26.) the side ED is equal to the 
side AE, that is, ED, is a semidiameter of the earth i also, the angle EDB is rqual to the 
angle EAB, or is a right angle : whence (El. III. 16. Cor.) SB is a tangent to the circle ; 
that is, when the reflected ray describes a line in the plane of the sensible horizon, the line 
described by the incident ray falling upon the top of the atmosphere^ is a tangent to the 
surface of the earth. 

PROP. XXXIX. If the time of the beginning of the morning, or end 
of the evening twilight is known, the height of the atmosphere may be 
determined. 

It is found, that at the beginning of the morning, or the end of the evening twilight* 
the sun is 1 8 degrees below the horizon. If, therefore, S is the place of the sun at that 
time, and ABN the horizon, the angle SBN is iS^. But at that time (by Prop. XXXVIII.) 
if B is the top of the atmosphere, the incident ray SB, and the reflected ray BA, touch 
the earth at D and A. And, because (El. III. 18.) in the quadrilateral figure ABDE, 
the angles ABD, AED, are together equal to the two right angles, or ABD is the supple- 
fiient to two right angles of AED, and that ABD is also (El. I. 13.} the supplement to 
two right angles of SBN, AED, the angle contained by the semi-diameters AE, DE, is 
equal to SBN, the angle of the sun's depression : whence AED at the time supposed, is an 
angle of i 8^. But on account of the refraction of the sun*s rays in coming into the 
atmosphere, his apparent place is, at the supposed time, 30^ higher than its true place. 
Allowance must therefore be made for this refraction in measuring the angle SBN, made by 
SB the line of direction in which the sun's ray appears to come, and BN a line in the plane 
of the sensible horizon. Consequently, the angle SBN, and its equal AED, is only 17^ 30^ 
and its half AEB is 8^ 45'. 

Now, in the triangle AEB, HB, the height of the atmosphere, is the diflTereiice between 
HE the radius, and BE the secant. Therefore as HE is to HB, the difference between the 
radius and secant of an angle of 8^ 45^ so is the number of miles in HE, a semi-diameter 
of the earth, to the number of miles in HB, the height of the atmosphere. That is, as 
(Radius) lo'oooo : (Sec.) 8^ 45' : : 3970 (Sem. Dia. of the earth) : EB ; or by log. 
1000006 : 1000508 : : 3*59879 : 3*6038824016 miles ;. consequently BH 24016—* 
3970 = 46 miles* 

ScHOL. 1. The atmosphere refracts the sun's rays in such a manner as to bring him 
into sight, every clear day, before he rises in the horizon, and to keep him in view for some 
minutes, after he is really set below it. The eficct 6f this refraction is about six minutes 
every day at a mean rate. 

From the same cause, the heavenly bodies appear higher than they really are, so that to 
bring the apparent altitudes to the true ones, the quantity of refraction must be subtracted. 
The higher thej rise the less are the rays refractedi and when the heavenly bodies are in the 
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Scrim*, i* Dr. KeiD, in his Lectures on Astronomy, obserfts» thst tt is entirely owing 
to the atmosphere thit the hesfcns sppeir bright in the daytime. For without itf only that 
part of the heatens would be lominons in wUdi the sml is placed: and if weoonld Ure 
widKmt air, and should turn our badcs to Ae sun, die whcde heavens woo!ld i^pear as daik 
as in the nij^. Iki this case' also ire should have no twili|^ but a^ sudden transidon firom 
die brightest sun-shine to daric night immediately upon the setting of the suii» which would 
be extremely inconrenient, if not fatal to the eyes of mortals. See Keill's Astron. Lect. 



PROP. XL. The twilight is longest in a parallel sphere, and shortest 
in a right sphere : and in an oblique sphere, the nearer the sphere ap- 
proaches to a parallel, the longer is the twilight 

In a parallel sphere, the twilight will continue till the sunU declination towards the depress- 
ed pole is 18^, but in this sphere his declination is never more than 234- degrees *, whence the 
twilight will only cease, whilst the sun's declination is increasing from 18^ to 234* degrees, 
and decreasing again till in its decrease it becomes i8^. The twilight is here caused by the 
annual motion of the earth. In a right sphere, the sun appears to be carried, by the daily 
motion of the earth, in circles perpendicular to the horizon ; whence it is carried direcdy 
downwards by the whole daily motion, and will arrive at 18^ below the horizon, the soonest 
possible : whereas, in an oblique sphere, its path is oblique to the plane of the horizon, and 
therefore will be longer before it is descended 18 degrees below the horizon : and the difier- 
ence of the time of twilight will increase with the degree of obliquity. As the sun sets more 
obliquely at some parts of the year than others, the twilight varies in its duration. 

SECT. 
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SECT. IV. — Of the Equation of Time. 

PROP. XLL The time in which the sun completes one apparent diurnal 
revolution, is greater than that in which the earth revolves round its axis. 

If the earth turns round its centre T in the direction RCB, and at the beginning of one. '^^^^ 9* 
revolution the sun was seen at Z, in the meridian ; from its apparent annual motion it will, ^' ^' 
after the diurnal revolution of the earth is completed, be seen advanced in its orbit towards 
E. The earth, therefore, must perform more than one revolution, and the spectator at R, 
after returning to the station from which he set out, must advance forwards to e^ before the 
iun will be again in the meridian. 

PROP. XLII. The obliquity of the ecliptick to the equator would 
cause the daily increments of the sun's right ascension to be unequal 
although the sun's motion in the ecliptick were uniform. 

Let E be the first degree of Aries, EC^an arc of 90^ of the equator, EC the same of the P|^« sl 
ecliptick, and CQ^an arc of the solstitial colure, between Cancer and the equator. At E the '^' ^^' 
•un has neither longitude nor right ascension : these may therefore be considered as equal, 
when the sun sets out from Aries. At C, the longitude is equal to the right ascension \ for 
both EC and EQ^are by supposition 90 degrees of great circles of the same sphere. But if 
the sun be any where between the first of Aries and the first of Cancer, as at S, the longitude 
will be greater than the right ascension £R. For SR being an arc to the secondary of the 
equator passing through the sun, ES is the longitude, and ER the right ascension : but ES is 
greater than ER, because the angle at R is a right angle, but the angle at S an acute angle. 
NoW| if the sun be supposed to move uniformly in the ecliptick, or to describe equal arcs in 
equal times, the daily iucrements of longitude will be equal to one another ; and consequent- 
ly, since at the two extremes E and C the longitude and right ascension are equal, and the 
longitude is supposed to increase uniformly, if the right ascension also increased uniformly, 
they would at all times be equal. But at S, R, or any other points in the same secondary, be- 
tween the first of Aries and Cancer, the longitude is greater than the right ascension ; the 
daily increments of right ascension are therefore unequal. 

The longitude and right ascension are equal when the sun is at C and at E, the former ^iixt 9. 
being 90^ the latter 1 80^ from Aries both on the ecliptick and equator. But between C and Pig* i^* 
£, the longitude is less than the right ascension \ because ES, opposite to the right angle R, 
is greater than ER opposite to the acute angle S, and consequently the point S is nearer 
Aries than the point R. But, the sun being supposed to move uniformly, or to increase its 
longitude equally every day, if the right ascension also increased equally every day, since the 
longitude and right ascension are equal at C and E, they would be always equal. Bur at S, 
or any where between Cancer and Libra, the longitude is less than the right ascension : con^ 
tequently, the daily increments of right ascension are not equal. In like manner it may be 
shewn, that in the third quarter the ^un's longitude is greater than its right ascension, and 
iQ the fourth, less. 

69 PROP. 
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TKOC. XLin. tf *« P*""* of the ediptick coincided witli that of the 
m^mk; ike dnlj mcxTments of the sun*s right ascension would neverthe- 

^Pro^ XOTV.l the apparent annual motion of the sun is not uniform, it 
one i*j% dcscritx a longer arc than in others : that is, since its right ascension and 
wo^i ia this ciK be the same, the daily increments of its right ascension would 



DsF. XLL A Natural Day is the time the sun takes in passing 
from the meridian of any place, till it comes round to the same meridian 
again. 

PROP. XLIV. Any place upon the earth's surface describes more 
than a circle round the earth's axis in a natural day : and the arc which 
it describes more than a circle in any day, is the sun's increment of right 
ascension for that day. 

While the earth revolves round its axis, any place upon the earth's surface describes a cir- 
cle ; but (by Prop. XLUI-) while the sun completes its apparent diurnal revolution, any pljcc 
on the earth's surface will move through one circle and an arc of a second} therefore any 
such place describes more than a circle (Dcf. XI, I.) in a natural day. 

And since both a meridian, and a secondary of the equator, passing through the poles, are 
perpendicular to the equator, (Def. VI and X) if the sun at S be in SR the meridian of any 
given place, it is also in a secondary of the equator passing through that place. In lifce man- 
ner, if the sun be at T, and TV be after a natural day the situation of the meridian of the 
given place, the snn will be in TV, which will be both the meridian of the pUce, and a sec- 
otKlary of the equator. Whence, R V being part of the equator, since £R was the sun's right 
ascension when it was at S, and EV is its right ascension when it is arrived at T, RV must 
be the increment of the sun's right ascension for the natural d^y in which ic is advanced from 
S to T. And, because SR, TV, are both perpendicular to the equator, and any place, in one 
diurnal levolution of the earth describes a circle parallel to the equator, RV taken in this cir- 
cle will always be the same arc with RV in the equatOTi and therefore will be equal to the 
Hin's daily increment of right ascension. 

PROP. XLV. The natural days are not equal to one another. 

For any natural day is the time in which the earth performs one revolution round its ucii, 
and such a portion of a second as is equal to the sun's increment of right asceosion for that 
day i but the sun's daily increments of right ascension arc unequal ; (by Prop. XUI. and 
XLIII ] therefore the additional portion of thf:, second revolution will sometimes he greater 
and sometimes ies9, and consequently the times in which the natural days are complsted will 
be une^wl. 

Com. 
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Cor. Henoe^rises the difierence between a sun-dial and a dock, aft measttres of time : the 
former measuring the length of the natural day, the latter dividing time into equal portions, 
of 1 2 hours each, the clock will be before the dial, when the natural day is more th^ 24 
hours, (the mean length of the natural day) and after it, when the natural day is less thab 24 
hours f and they will be together^ only when the natural day is exactly 24 hours. 

Def. XLIL The Equation^ is the difierence between the mean length 
of the natural day (or 24 hours) and the length of any single day measured 
by the sun's motion, or between mean time and apparent time. 

Cor. The hour of the day by apparent time being known, in order to determine what 
is then the true mean time, the equation is to be added to the apparent time, when the day 
by the clock is shorter than the day by the sun dial, that is, when mean time precedes 
apparent time ; and the equation is to be tubtracted from the apparent time when the day by 
the clock is longer than the day by the sun dial, that is, when mean time fallows apparent 
time. Iff for example, the natural day is 24 hoursy 1 minute, the day by the clock being 24 
hours in length, it will be 12 by the clock, one minute before it is 12 by the dial, or mean 
time precedes apparent time one minute ; therefore it will be i minute past 12 by the clock, 
when it is exactly 1 2 by the sun ; whence one minute, which is the equation, must be added 
to the apparent time, to give the true mean time, that is, the clock must be set at i minute 
past 12. The reverse of this, when mean time follows apparent time, ot the day by the clock 
is longer than the day by the sun, is obvious. 

PROP. XLVL If the sun were to move uniformly round the equator 
in the same time in which it appears to describe the ecliptick^ its apparent 
d^ly motion would be a measure of mean time. 

For the natural days in that case being liable to no variation, either from the declivity of 
the sun's orbit, or the irregularity of its motion, must be equaL 

PROP. XL VII. The portion of time which passes between the arrival 
of the sun in the ecliptick to the meridian of any place, and its supposed ar- 
rival at the same meridian, if it were to move uniformly in the equator, ia 
die equation. 

For (by the last Prop.) it would be noon by mean time at any place, when the sun, if it 
moved uniformly in the equator, was arrived at the meridian of that place ; and it is noon at 
the same place by apparent time, when the sun in the ecliptick arrives at the same meridian : 
therefore the diftrence between these two anivabi is the diffincence between mean time and 
apparent tiaie, or tlie equation. 

PROP. 



^ 
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PROP. XLVIII. In the time which passes between the arrival of the 
sun in the ecliptick to the meridian of any place, and its supposed arrival at 
the same meridian, if it were to move uniformly in the equator, an arc of 
the equator passes under the meridian, which is equal to the difference be- 
tween the right ascension of the sun, as it moves in the ecliptick, and the 
right ascension which the sun would have, if it moved uniformly in the 
equator. 

I1»w a. I-et the sun be at Si and let EC be the ecliptick, EQ^ the equator, and E the first of 
Bf. 13. ^^icj ; tiiL-n if a seL-onilary of the cqu.itor pisscs through the sun. SR, bciiig at right anglei 
to EQ^, is an arc of that secondary, and (by Def, XKXll.) ER is the sun's right ascension, 
and the point R is the point in which the right ascension ends ; which being in the secondary 
of which SR is a part, that is, the secondary passing through the sun, arrives at the meridian 
at the same time with the sun. If the sun were to move uniformly in the equator, and were 
arrived at P, EP would be its right ascension, and consequently P would be the point in 
which its right ascension would end, which point P must arrive at the meridian at the same 
time with the sun, because the sun is supposed to be in that point. Therefore RP, the dis- 
tance of the two points R and P, is an arc of the cquutor (passing under the meridian in the 
lime specilied in the Proposition) which is equal to the difference between the real and sup- 
posed right ascensions of the sun, when he arrives at the meridian by his real motion in the 
ecliptick, and when he arrives at the same meridijn by an uniform motion in the equator. 

PROP. XLIX. The right ascension of the sun, if it were to move uni- 
formly in the equator, would at any time he equal to the longitude which 
it would have at that time if it were to naove uniformly in the ecliptick, or 
to its mean longitude. 

For, on thb supposition, the sun, describing the equator with an uniform velocity in the 
same time in which it actually describes the ecliptick, its velocity would be the same with 
the mean velocity in the ecliptick. Consequently, the distance of the sun from the first of 
Aries in the equator would at any time be the same with its distance from the same point in 
the ecliptick, if it were to more uniformly therein with its mean velocity : that is, its right 
ascension in the equator would always Jjc equal to its mean longitude in the ecliptick. 

PROP. L. An arc of the equator, equal to thp difference between the 
sun's right ascension and its middle longitude, at any given time and place, 
converted into time, is the equation. 

It ha* been shewn (Prop. XLVIII.) that in the portion of time which passes between the 
arrival of the sun in the ecliptick to the meridun of any place, and its supposed airjval at the 
same meridian if it were to more untformtjr in the equator, an arc of the equator pswes un- 
der 
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der the nBcridiaiii which is equal to the difFsrence of the right ascension of the son as it mores 
in the ecliptick» and the right ascension which it would haTe if it mored uniformly in the 
equator. And it has been proved^ (Prop XLVII) that this portion of time is the equation, 
and (Prop. XLIX.) that the right ascension which the sun, at any giTcn time and place, 
would have if it moved uniformly in the equator, is equal to its mean longitude in the eclipcick. 
Therefore, in the equation, an arc of the equator passes under the meridian, equal to the dif* 
feience of the right ascension of the sun in the ecliptick, and its mean longitude. Consequent- 
ly, if this arc bcconvrrtpd into time, that is, if for 15 degrees betaken an hour, for 15' one 
minute of time, for 1 5'' one second of time, the equation of time will be found. 

PROP. LI. If the sun's mean longitude be greater than its right ascen- 
sion, mean ^m^ follows apparent time ; if its mean longitude be less than 
its right ascension, mean time precedes apparent. 

If the right ascension of the sun, as before supposed in the equator, EP, that is, (by Prop, pi^te ^ 
XLIX.) its mean longitude, be greater than the sun's real right ascension ER, the supposed ^*ff* i^* 
place of the sun in the equator P, will be to the east of the point R, where the sun's real 
right ascension ends. Therefore wlien this point R, at apparent noon, is come to the meri- 
di4n, the point P will not be arrived at the meridian ; and mean noon will be later than appa- 
rent noon. Therefore, when the sun's middle longitude is greater than its right ascension, 
mean time/o/bwi apparent. In like manner the reverse may be proved. 

Cor. Hence in this former case the equation is to be subtracted from the apparent time 
found by tKe dial, and in the latter^ to be addeJ to it, in order to obtain the mean time. 

ScHOL. It appears from the foregoing Propositions, that the difference between mean and 
apparent time, depends upon two c<iuses : (i) the obliquity of the ecliptick with respect to the 
equator : and (a) the unequal motion of the earth in an elliptical orbit. The obliquity of the 
ecliptick to the equator would make the sun and clocks agree on four days of the year, viz. 
when the sun enters Aries, Cancer, Libra, and Capricorn. But the other cause which arises 
from his unequal motion in his orbit would make the sun and clocks agree only twice a year^ 
that is, when he is in perigee, and apogee ; consequently, when these two points fall in the 
beginnings of Cancer and Capricorn, or of Aries and Libra, they will concur in making 
the sun and clocks agree, in those points. But the apogee, at present, is in the ninth degree 
of Cancer, and the perigee in the ninth degree of Capricorn ; and, therefore, the sun and 
clocks cannot be equal at the beginnings of these signs, nor indeed, at any time of the year, 
except when the swiftness and slowness of the equation resulting from one of the causeSi 
just balances the slowness or swiftness Hrising from the other, which happens about the 15th 
of April, the. 15th of June, the 31st of August, and the 24th of December ( at all other 
times the sun is too fast or too slow for equal time by a certain number of minutes and sec- 
onds, which at the greatest is i& 14'^ and happens about the first of November: every 
other day throughout the year having a certain quantity of this difference belonging to it, 
whicby howevec, .is not exactly the same every year, but only every" fourth year,* for whfch 
reason, it is necessary, where great accuracy is required, to have four tables of this equation, 

viz. 
70 
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VIZ aiK ioc CAcli ot' ihc lour yfjrs in the p;rioJ of le^p years. The fullawing canciie tabic, 
fldipied to th: st^coml yc-)r afier Icip yc-ir, will always b^ found within about % nlnutcof dia 
truth, and therefore suiH^ieully accaratc for coinmou clocka and watches. 
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CHAP. in. 

Of the INFERIOR PLANETS, MERCURY M</ VENU& 

Dep. XLIII. The Eloggation of any pUaet is its apparent diiunce 
from the sun. 

. Def. XLIV. The Nodest of the (»bit of a planet, are the two points 
ia which the orbit cuts the plane c^ the ecliptick : and a right line drailta 
flom one node to the other, is the Une of the Nodes, . ' 

Dip. XLV. The Limitt of the orbit of a planet, are twoj^)^ in 
Ike middle between the two nodes. ^ - ■ - - ■ «« • 

Def. 
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Dep. XLVL An inferior planet is in its inferior conjunction, when 
it is nearer the earth than the sun is, and in its superior conjunction, 
when it is farther than the sun is from the earth, and both in the same 
secondary. 

Let A be the place of the earth in its orbit ABO, E the place of Venus in its orbit ^'*^*.^ 
EHG, S the sun, and FD an arc of a circle in the heavens. Venus will be in its inferior 
conjunction when it is at E^ and at its superior when it is at G| and both are in the same 
secondary. 

PROP. LII. An inferior planet is at its greatest elongation, when a 
line drawn from the earth through the planet, is a tangent to the orbit of 
the planet. 

When the planet is at E, being in conjunction with the sun, it has no elongation. As ^''<« ^ 
it moves from E towards X its elongation increases, till at X, when AF is a tangent to the '^' 
orbit of Venus, its apparent place is F, and its elongation FQ^, which is the greatest elon- 
gation it can have ; for in passing from X to G its elongation decreaseSi till at G it becomes 
nothing. This will be true in elliptical as well as circular orbits* 

Cor. If the orbits of these planets were circular, the distance of each, from the sun, 
would be to the earth's distance, as the sine of its greatest elongation to the radius 

The orbits are not circles, but ellipses, having the sun in one focus \ for on this supposi- 
tion their computed places are always found to agree with their observed places. 

PROP. LIIL The inferior planets are never in opposition to the sun. 

li 

« 

For in opposition the earth is between the sun and the planets, which can never happen 
when the orbit of the planet is nearer to the sun than that of the earth. 

Def. XLVIL a planet is in S(uadrature^ when it is 90 degrees in the 
celestial sphere distant from the sun. 

PROP. LIV. The inferior planets are never in quadrature. 

The greatest angle of elongation is that contained by AQ^, drawn from the earth through ^*|*,^ 
the sun, and AF a tangent to the orbit of the planet. Now if QAF were a right angle, 
AF would be (£1. III. 18.) a tangent to the earth's orbit \ but AF is a tangent to an orbit 
less than that of the earth \ it therefore makes an angle with AQJess^tluui arightai^e^ 
that is, QF the greatest elongation is less than 90 degrees. 



CoR. Hence the inferior planets serer appear far from tbe sun. 

PROP. 



* 
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PROP. LV, While Venus is moving from the superior conjunciion 
to the inferior, it sets after the sun ; while it is moving from the iDteriur 
conjunction to the superior, it rises before the sun. 

Whilst Venus is moving from G, its superior conjunction, through P, to E Irs inffrior 
conjunction, being in the enstern part of its orbit, the sun will be westward of Venus; 
therefore Venus, if f,ir enough from the sun, wilt be sei;ii in the west after the the sun is gore 
down, whence it is then called the evening star. But on the western side of its orbit, the 
sun being eastward of it, Venus will set before the sun, and consequently rise before it, 
whence it is then called the tnoming star. 

PROP. LVI. The greatest elongation of an infetior planet on one side 
of the sun is not always equal to that on the other. 

For since the pUnet moves in an ellipiic.il orbic, at the time of iC5 greatest elongJiion on 
r~ one KiHe it may be in its aphelion ; and at its greatest elongation on the other side, it mny 
' be in some part nearer the sun : hence its real distaucc from the sun at lis elongations being 
oaequal, its apparent distances will be so likewise. 

Cor. The greatest elongation of Venue being found greater than that of Mercury, the 
latter mu!;t be nearer the sua than the former. 

PROP. LVn. The apparent velocity of the inferior planets is greatest 
at the conjunctions. 

Since the plane of the orbit of Venus is oblique to that of the earth, those parts of this 
orbit which arc viewed by a spectator on the earth directly, would appear longer than other 
equal parts viewed obliquely ; whence its motions, if uniform, must appear unequjl. If the 
■ orbit EPGH of Venus be seen obliquely by an eye placed at A, (lie parts about E aril G, or 
near the conjunctions, will be seen directly, for i\E is perpendicular to a tangent at £ ; but 
the parts about X and P will be seen obliquely : whence the Proposilion is manifest. 

ScHOL. The time when an inferior planet will come again into a given situation with 
respect to the sun and the earth, may be thus found. "Whilst Venus performs one revolution, 
the earth, whose periodical time is longer than that of Venus, will not huve completed its 
revolution. Before Venus and the earth can be again in the inferior conjunction, Venus 
must, therefore, besides its entire revolution, describe an arc equal to that which the earth 
has passed over : consequently, the number of degrees passed over by each, or their angular 
(notions, in the same time, will be reciprocally as their periodical times ; that is. as the peri- 
odica) lime of the earth is to the periodical time of Venus, so is the angular motion of Venus 
(which is equal to four right angles added to the angular motion of the earth between two 
inferior conjunctions) to the angular motion of the earth in the same time: whence (EI. 
V. 17.) as the difference betweai the periodical times of the earth and Venus, is 10 the 
periodical time of Venuf, so are four right angles, or 360° to the number ef degrees over 
■" ' ' which 
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which die earth panes in her ovbit from one inferior conjunctiitai to another, niia li tndf 
true upon the aupposition that .the planets moved in drcuhr orbits, in which case the fol- 
lowing general rule would apply to the finding the time from conjunction to conjunction, 
or from opposition to opposition of any two planets, ** Multiply their periodick times together, 
and divide the product by their difierence, and you have the time sought." For let P s the 
periodick time of the eanh, p s that of the planet (suppose an inferior) / = time required i. 

then P : i day : : 360^ : h^ , the angle described by the earth in 1 day : for the same 

reasou sL2. is the angle described by the planet in i day : hence 1^ — 2^ is the daily 
angular velocity of the planet from the earth. Now if they set out from conjunction, they 

will return into conjunction again, after the planet has gained 36o<* } hence -^-^ — 1^2. t 

/ P 

360® : : I day : / = p^. For a superior planet / = -^— , 

Def. XL VIII. The apparent motion of a planet, if seen from the 
earth, is called its Geocentrick Motion ; if seen from the sun, its Heliocentrick 
Motion. 

PROP. LVIII. When the inferior planets are passing from their great- 
est elongation, through their superior conjunction, to their greatest elonga- 
tion on the other side, their geocentrick motion is direct, or the7 appear to 
move from west to east. 

When Venus is at X, it appears to a spectator at A to be in the point F of the concave pute 9. 
sphere of the heavens : when it has moved forwards in its orbit to H, G, N, P, it will appear ^is- 1^- 
successively in the several points F, Q^, R, D. But the motion from F to D is from west 
to east \ for whilst the sun and earth are on the same side of the planet, it must appear to 
move in the same direction, whether it be viewed from the earth or the sun, because the spec- 
tator at either station views the concave side of the planet's orbit : but from the sun it is al« 
ways seen to move from west to east } therefore its apparent geocentrick motion in this situ- 
ation is direct, or in consequtfUia% 

PROP. LIX. While the inferior planets arc moving from the greatest 
elongation on one side, to the greatest elongation on the other, through 
their interior conjunction, their geocentrick motion is retrograde, or from 
east to west 

While the planet is in this situation, the convex side of its orbit is towards a spectator on 
the e«irth, but its concave side towards a spectator at the sun : hence the former will sec the 
planet move in a direction contrary to that in which it will appear to the latter to move. 

Thus, 

7x 
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I Thus, when the f>hi«et it at P, it wilt nppear in the Itearcnt at Dj and as it phases thi«u|;h 

E to X| it appan to move from D tlirouj'h R, <^, P, to F-: but the (mtioii frooi D lo F" 
ts from cast to west ( therefore the apparent motion of the planet in this part of its oibit is 
reiTOgmde, or h ohUeedtntia. 

PROP. LK. When t!ie inferior planets are at their greatest elongation^ 
they appear stationary. 

At either of the greatest elongations P, of the planet Venus, AD is a tangent to the orbit i 
which so nearly coincides with a small arc of the curve, that a spectritor's eye placed -.li the 
earth could not distinguish the t.iiigent from this part of the curve : consequently, a pUiietf 
while it is in this part of the curve, will appe» to lie in the tangent AD, that is, to be ata* 
tionary in the point U. 

ScHOL- f. In the precedinj; Propositions, the earth's motion in its orbit is not regarded, be- 
cause the only cfiirct of tliis motion on the appeaiancea above described, is, that they take place 
in ditferen) parts of the heavens } whereas, without this motion the inferior planets would 
always be direct or retrograde in their motion, or be stationjry, in the same parts of the heavens. 
1«» »■ If ABO be the orbit of the ejrih, and EHG that of Venus; when the earth is at A, 

the sun's geoccntrick place is Q^, and Venus, in order to be in conjunction, must be in the 
line AQ__;it E or G. If the earth stood still at A, and Venus were in her inferior con* 
junction at E, the superior conjunction would always be at G, and her greatest elongations 
M X and P. But if the earth be advanced in her orbit from A to a, the sun's geoccntrick 
place is now at m, and Venus, in order to be in conjunction, must now be in one of the 
points in which her orbit cuts the line am. Thus the places of the conjunctions, and con- 
sequently of the greatest elongations »^ ad, arc continually carried round ilie ecliptick in the 
' - order of the signs. 

Schoim 2. ' As ««n fimtn iltie ton tficmotion of tkcRi and indeed of atf tlie- (danett, 
Appears to be constanrly direct : tfie appearance of the itations and retrogradationr ti en- 
tirely owing to the Mtuaiion and motion of the eanh- And from these causes the apparent- 
motion of Mercury and Venus appears to us to be id looped curves. In order to represent 
the apparent paths of then planets, Ferguson removed from an Orrery the balls representing 
the Sun, Mercury, and Venus, and put in their places black- lead pencHs, with the pointS' , 
upward, and 6sed a circuUr piece of paste-board, so that it remained constantly in the same 
position, during the jnoaian «f the : machine, with its centre resting on the terrcsinill balk 
Then, the pasteboard being gently pressed on the pencils, and the pencils representing 
Mercury and Venus, together with the terrestrial ball being made to revolve about the 
pencil in the sun's phce, by turning the winch of the machine, the three pencils described 

tUte H. on the paste-board a diagram, of which Plate 14. Fig I. is a copy, reduced to a le^s size. 

''K- '■ The solar pencil marked the dotted circle of months, which represents the sun*s apparent 
motion in the ecliptick. and is the same every year. The pencil in Men.ury's place traced 
the curve, h*ving 23 loiips and crossing itself the same number of times, wiiich represents 
thjt planet's app.rent motion for 7 ye.irs. The pencil in the pUce of Venus described 
the curve, having 5 loops, which represents tlie apparent path of Veuus for % years; 

after 
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after which time this planet moves again veiy nearlf in the same apparent path. The 
tdiptick encloses these curves, in the 6gure, and dotted lines are drawn from the earth to 
die eclipdcki to shew the apparent or geocentrick motion of Mercury for one jeari which is 
easiljr traced from A, where it commences, through B^ C, &c. At B Mercurjr is stationary, 
and the dotted line, drawn through B, shews its place in the ecliptick ; from B to C it is 
vetrograde; at C stationary ; fromC it proceeds directly. And, universally, on each side 
of the loops the planets appear to be stationary i in the part of the loops nearest to the 
earth, retrograde i and in the rest of the path, direct. 

PROP. LXL The heliocentrick latitude of aa inferior planet is the: 
greatest when the planet is in one of it& limits. 

For the planet is then (Def. XLV.) at its greatest distance from the ecliptick, and there^ 
fore will have the greatest latitude, as seen from the sun^ 

PROP. LXII. The geocentrick latitude of an inferior planet is directly 
as its heliocentrick latitude^ and inversely as its distance fronv the earth.. 

The apparent length of a line drawn from the planet to the plane of the ecliptick, that is, 
its geocentrick latitude, is (by Book VL Prop. LXIX. LXX«) directly as its real length, and 
inversely as the distance of the spectator's eye. But the real length of a line drawn from 
the planet to the plane of the ecliptick, is its heliocentrick latitude i and the spectator's eye 
is at the earth i whence the proposition is manifest. 

0)R. When Venus is in its inferior conjunction, its heliocentrick latitude is^^ less than 
its geocentrick f for it is then farther from the sun than from the earth. The contrary takes 
place with respect to Mercury. 

PROP.. LXIIL '^The sun enlightens only one half of a planet,, and onl}f 
ene half of a planet is visible, at once. 

This is sufficiently manifest from the spherical form^ of the planets, and the rectilinear 
motion of light. 

ScHOL. Venus and Mercury, in passing from the inferior to the superior conjunction,, 
are observed to have all the phases of the moon from new to full. 

Def. XLIX. The hemisphere of a planet which is towards the earths 
is called its Disij because it appears like a plane circle. 

PRUP. LXIV. The inferior planets are invisible in* dieir inferior 
conjunction ;. their whole disk is illuminated^ when they are in their 
superior conjunction ^ and they are more or less iUuminated^as they are 
nearer or farther from their superior conjunction*^ 

When 
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When, Venus, or Mercury, it in its superior conjunction, the whole of itB enlighicned 
Iiemi^phcrc is tuw^irds the earth, aod its cnilrc disk is visible ; as it passes towards iis in- 
frtior conjunction, Us enlightened hemisphere tunis, by degrees, from the earth, till, at the 
inferiar canjuiKiiuu, it is wholly turned from the earth, and the planet becomes inmible. 

PROP. LXV. If an inferior planet is in one of its nodes at the time 
of itsinferior coDJunction, it will appear as a spot in the disk of the sun. 

When the phmei is in the nodes, it will be in the phne of tlii ecliptick ; and if at the 
umc time it be in its inferior conjunction, it will neither appear above nor below tbc sun, 
as it docs when in conjunction in other parts of its orbit, but on the sun's di&L 

CHAP. IV. 

Of the SUPERIOR PLANETS, MARS, JUPITER, SATURN, aad the 
HERSCHLL. 

Dep. L. The superior planets, are Mars, Jupiter, Saturn, and the 
Herschel. 

PROP. LXVI. The superior planets are sometimes in conjunction 
with the Gun, sometimes in opposition, and sometimes in quadrature. 

This is known from obseTvalion. 
3. Let S be the sun j QPO a part of the orbit of Jupiter ; P the planet ; adg, or nig, the 
earth's orbit. When the ejnh is at J, the sun at S, and the planet at P. the planet is 
in conjunction: when the earth is at Us, the sun at S, and the planet at P, the planet is 
in opposition : when the earth is at « or _g, and the planet at P, the planet will be in 
quadrature. 

CoK- Therefore the superior planets moTC in orbits farther distant from the sun, than 
the orbit of the earth. 

PROP. LXVIl. The apparent diameter of a superior planet is greatest 
when the planet is in opposition. 

Tor, when the planLi is in conjunction, its distance from the earth is greater than when 
it is in opposition, by the diameter of the earth's orbit. 

PROP. LXVIU. If a superior planet were at rest, its apparent gencen- 
trick motion in any piven time wr,ul(i be proportional to the angle subtend- 
ed by the arc described by the earth in that time, and seen from the planet. 

—it* ' ^"^ * 
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When die earth it ir «, the planet P appears in the right line aP A| and among the ttan Ptite la 
in the heaTens at A : when the earth is at i^ the planet appears at B. Therefore while the ^^* ^' 
earth moTea from a to t^ the planet appears to more from A to B. But this are AB is pro- 
portional to the angle APfi, that is. to the opposite angle aPi. which is the angle which the 
arc at would subtend to an ejre placed at the planet ?• 

PROP. LXIX. The geocentrick velocity of a auperior planet is greatest 
at its conjunction and opposition. 

Arcs of a given length near the points d and I, when the planet ii seen from the earth 
in conjunction or opposition, would appear greater than arcs in any other part of the earth's 
orbit, viewed from the planet P, because the former are seen directly, the latter obliquely : 
consequently, these arcs would subtend greater angles ; whence the apparent velocity of 
the planet, as viewed from the earth, is greater at the conjunction or opposition, than at any 
other time. 

PROP. LXX. When a line drawn from a superior planet to the earth 
IS a tangent to the earth's orbit, the planet appears stationary. 

While the earth is near a or ;, points in its orbit lying in a line which, drawn from the 
planet, is a tangent to that orbit, the arc which it then describes so nearly coincides with 
the tangent line, that the earth for some time seems to move directly from or towards the 
planet in the line of the tangent i whence the planet must, during that time, appear to be 
in that line, or to be stationary. 

PROP. LXXI. When a superior planet is passing from one of its sta- 
tionary situations to the other through the conjunction, its geocentrick 
motion is direct ; when through the opposition, retrograde. 

While the earth is moving from a through d to ;, the sun and planet being both on the piste le^ 
same side of the earth, the motion of the earth will produce an apparent mtition in the suu ^S- i* 
and planet the same way, and both will appear to move from A towards G^ But while 
the earth moves from g to n through i^ the sun and planet being on contrary sides of the 
earth, the motion of the earth in its orbit will produce an apparent motion of the sun and 
planet in contrary directions, that is, whilst the sun appears to move from west to east, the 
planet will appear to move from east to west in the direction G, H, I, &c. 

ScHOL. The progress, regress, and stations of the superior planets, must take place not* 
withstanding the motion of the earth, since this only changes the plvice of the conjunctions 
and oppositions, on whidi these dependf as was sheWQi.Prop. LX. Scbol. " 

PROP. LXXII. Mars sometimes appears round, sometimes gibbous ; 

Jupiter^ Saturop and the Jderschel, always appear, round 

7a ' When 



1 OF ASTRONOMT. Book VII. Past I 

When Man U cither in cp;tosition or conjunciioni his whole iUiniiiRatEd hemttphcre 'u 
towards the einh, but when tt i» in quadratare, come pxrt oF his tUuntionizd disk is lurned 
from the earrh. The same must happen in the rernlationi of Jopitcr, Saturn, atiil tlie Hcr- 
jchcl, aSout the sun ; hut their great distance renders the difference between the perfect and 
imperfect illumination of ihcir disk imperceptible. 

SCH«L> The following pariicuUn ffeapeCEtng Mara arc gives by Dr. Uencbclj after k>ng 
4iid accurate observalionj. 

The axis of Mars is inclined to llic eclipticlt 59' 42'. 

The node of (he axis is in 1 7' 47' of I'isccs. 

The Qbliquitf of the eciipcick on the globe of Mars is iS" 4a'. 

The point i^ries on thi; martial eclipcicli answers to our 19* }$' of .'iagitarius. 

The figure of Mars is that of an obUie spheriod, wlioec equatorial diameter is to the polar 
iMie aa 1355 to ayz, or as 16 to 15 ncatljr. 

The equatorial diameter of Mars, reduci:d to the mean distance of the earth from the sun 
is f 8"'. 

And that planet has a considerable, but moderate atmosphere, so that its inhabinntSf 
probably, enjoy a siluatton, in many respects^ similar to ours. 

Phil. Trams. Vol. lxxit. Part 2. 

CHAP. V. 

Of the Moon. 

SECT. I. — 0/the Vabiations ia the Appearanci 0/ tbt MooH. 

Def. LT. When the moon is at its greatest distance from the earth in 
Its orbit, which is elliptical, or at its higher apsis, it is said to be in its 
Apogee ; when at its least distance, or lower apsis, in its Perigee. 

Def. Lll. When the moon is in conjunction with the sun, it ia Neio 
Moon ; when in oppo^iion, it is Full Moon : its conjunction and opposi- 
tion are called by the common name of its Syzygies. 

Def. LIII. A Periodical Month is the time in which the moon de- 
scribes its orbit ; a Synodical Month is the time which passes between one 
new moon and the next 

PROP. LXXIII. A synodical month is longer than a periodical 
month. 

Because the moon moves in the same direction with the son, while the moon perfbrma 
SQC tevolutioQ in its oi1)tt| the £ud, bj its apparent aanuftl motion, is advanced iii the ecl^ 
Pi... . ' 4 ti(^ J 
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rick ) coMeqsntIf » the wmm «iiue.ptM beyond die pobt io which it has oompkted its rero- 
iMfcm befaffc it comes again into conjunction with the snn. 

Let 8 be the aim, B A a pan of the earth's orbic* mult MD, the diameter of the moon's or- Plate la 
bit when the earth is at B. or A. While the earth is at A, if the mqpn be at D, iiwiU be ^'^- '* 
in conjunction, and if the earth continued in the same place* after one revolution in its orbits 
It would be again in conjunction : but if» during the rerolution of the moon, the earth is re- 
naoved to B, the moon at the end of the revolution will be at i/, a point which is not bet iye eu 
Ae earth and sun i it must therefore move on from d to e before it will be in conjunction. 

PROP. LXXIV. The moon, at its conjunction, is invisible ; at its op* 
position, its whole dbk is enlightened ; at its quadrature, it is half enlight- 
ened i between the conjunctiqo and quadrature, it is homed ; and between 
the quadrature and opposition, it is gibbous* 

Let QTL be 4i|nrt of the earth's orbit, S the sun, T the eartht ACEG the moon's orbit. Pfiie iol 
When the moon is at £, or in conjunction, because it is between the earth and sun, its iliu* ^^' ^ 
minated hemisphere will be wholly turned from the earth, consequently, its disk will be dark. 
At Ay being in opposition, its illuminated hemisphere will be wholly towards the earth, and 
Its whole disk will be visible. At C, or G, the apparent distance of the moon from the sua 
will be 90 degrees } for a right line from C or G, will make a right angle with the Kne TS» 
in which the sua appears : whence the moon at each of them is half way between the oppo- 
sition and conjunction, that is, io the middle state between the perfect illumination and the 
entire darkness of its disk ( consequently, its disk is half enlightened. In passing from C to E, 
and from E to G, its disk will be less than half illuminated, or it will appear homed % io 
passing from G to* A, and from A to C» its disk will be more than half iUnroinatedi or it wiU 
appear, gibbottSh 

Con. The eaffth moat be a aatelKte to the mopb, and subject to the saiiie changes, but 
more than 13 times larger than the moon appears to us. At new moon to ua, the earth ap- 
jpcars full to her. 

Def. LIV. a circle supposed to be drawn upon the surface of the moon^ 
separating the illuminated from the dark hemisphere, is called the Circle of 
Illumination : a circle which separates its visible trom its invisible hemisphere^ 
is called the Circle of the Disk. 

PROP. LXXV. If the centres of the sun, the earth, and the moon, are 
joined by straight lines forming a triangle, the external angle of this trian-* 
gle at the moon, is equal to the angle cont^oed between the circle of 
illumination and the circle of the disL 

Let S be thcr sun, T the earth, O the centre of the moon, and wtmq the moon's orbit. Let PIttt tO. 
S ro be the supposed triangle. Draw the line rf peipcndicular to i>0| and nm perpendicular ^^* '^ 

to 
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This Proposition scrres to eijiUin atl the difivrent phases of the moon. For 
when the moon is moved from O to A, the line SO coincides with SA, and 
TO.I^TA i therefore TO, OS, lie in the same line, and the external angle POS i> 
nmhiiigl whence the two circles of illumination and of the dit.k coincide-, and because the 
4if^H4^MB turned from the sun, it is wholly dark. When the mo«n is in quadrature, the 
IStStTSOP win be a tangent to the moon's orbit i whence SOP will be a right angle, and 
At two drcles will be at right angles to each other, and the disk will appear half illumt- 
MM& - V the angle POS be less or greater than a right angle, the circle of illumination 
wifl nake an angle with that of the disk, less ot greater than a right angle : whence the 
inamiund part will appear horned or gibbous. Lastly, when the moon is in opposiiion^ 
I So, Sr, become one aod the aame line{ whence the rirririii^inndr, and the 
s illuminated. 
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PROP. LXXVIL When the moon u homed, its ohscure '{Mlt 1i 

visible bj Uw reflectioa of the nya of the sun from the earth. 

Pliic 10. When the moon it at D or F, near the conjunction, the enlightened hemUphere of die 
^S- ^* earth will be towards the moon, and reflect the rays of the aun upon it. 

PROP. LXXVUt The moon always has nearly the same ude to- 
wards the earth. 

Thu it proved by obieTvation. 

Cor. I- Hence, if the moon rerolTCt about Its izis, its periodical time tnuit be equal to 
diat of its revolution in its orbit round the earth. This ts also found to be die case with the 
fifUi sUellhe of Satnm as it regards iu primary. 

Coft. 1. Though the year is of the same abstdute length, both to the earth and moon, 
yet Ae number of days in each is very different t the former having 365-} natural days, bot 
the latter only aboiu iSf^ every day tod Bight in the noon being «■ long m tpf <*■> the 
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ScROL« This proporition would be tnie without any limitarion, if the tn^hr velocity 
of the moon about the earth* were equal to the angular yeiocity about her axis» for then the 
tame face must be always eiactly turned towards the earth. But the angular Telocity of the 
moon about the earth is mi uniform^ while that about its axis is uniform, and therefore the 
same faice is not always turned to the earth. Since* howereri the opposite face of the moon 
is never seen, the time of the moon's rotation about her axis must be equal to the mean time 
in her orbit. See Prop. LXXX. and LXXXI. 

PROP. LXXIX. The moon appears to have two librations, one upon 
a line perpendicular to its axis, called its libration in latitude ; the other 
upon its axis, called its libration in longitude. 

This appears from observation, some small portions of the surface of the moon being 
nsible in some parts, and invisible in other parts, of its orbit : that is, in consequence of 
her libration in latitude we sometimes see one pole, and sometimes the other. And by the 
libration in longitude, more of the western limb is sometimes seen, and at others, more of 
the eastern. The inclination of her axis to her orbit is 6^ 4^. 

Cor. The axis of the moon being almost perpendicular to the ecliptick, there will be but 
a small difierence in its seasons. 

ScHOL. The moon's axis being so nearly perpendicular to the ecliptick, that the small 
obliquity of her orbit cannot cause the sun sensibly to decline from the equator. Hence we 
learn, that the inhabitants of the moon, must devise some method, difierent from ours, for 
ascertaining the length of their year. We know the length of our years by the return of 
the equinoxes; but these are not discoverable in the moon, where the days and nights are 
equaL 

The Lunarians may, perhaps, measure their year by observing when either of the poles 
of our earth begins to be enlightened, and the other to disappear, which happens at our 
equinoxes ; they being conveniently situated for observing large tracts of land about the poles 
of the earth which, at present, are unknown to the most experienced of our navigators. 

PROP. LXXX. The librations of the moon may be explained on the 
supposition that the moon has a revolution round its axis. 

Let IH represent the plane of the moon's orbit, E the earth, and CMD the moon ; and Plate 10. 
let XB be the* axis round which the moon revolves, and A be called its north pole, and B ^'^' ^' 
its south pole. CMD will in this situation be the visible hemisphere, and CD the plane of 
the disk. By the libration in latitude the line AB appears to vibrate on the line IM, so that 
sometimes the point A is visible, and sometimes the point B. This variation attends the 
moon's revolution in its orbit : in one half of the orbit, the pole A is always visible, and 
in the other half the pole B. It must therefore arise from the inclination of the axis of the 
moon to the plane of its orbit. When the moon is at I, if the axis AB is inclined to IH 
the plane of the orbit, making with it the angle AlH to a spectator at Ey the visible hemi« 
sphone will be CND, and the pole A will be within the disk : but when the moon is at H, 

73 ^ 
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the visible hcaiUpKcre will be CMD > and, the axif AB'being atvays pxnlki to itself, the 

pole 1) will be within the Ji^k. 

Aguin, lei the m^on be ji A, the earth at T| and s Wned £j, passing through the centre of 
the moon, be its xxis. If a circle, whose pUn« is perpendicular to Tr, pass through the tine 
J c tt this circle will be that of the disk, ami d h q i will be the visible hemisphere. But the 
moon has an ipp<iretit motion, by which the disk is changed, ao that at one time r A is the 
circle of the disk, and r q b the visible hemisphere, at anoihcr_/"y and / c q. In the fomcr 
case, s r becomes visible, and d h invisible ; in the latter case, ilf becomes visible, and q j in- 
visible. This librdtion in lonjjiiude artscG from the elliptical fotm of the moon's tjibic , If 
the moon has a rot.ition round its asis, it has been shewn that iis revolution will be complM- 
ed in the time of one revolution in its orbit ; and because the motion round the ajis is utjifotm, 
one quarter of a revolutioti will be completed in one fourth purt of the periodical time. But, 
the moou's orbit being supposed cllipilcai, and the earth placed at l' one of the fuci, the moon 
will move slower at A its apogee, than at P its perigee, and its velocity will contintnlly in- 
crease in moving from A to P, and decrease in moving from P to A. If therefore when the 
*• moon is at Ktdbqs is the visible hemisphere, after it has moved from A to B, through that 
quarter of its orbit, in which it moves with ita less velocity, and consequently takes up more 
than a quarter of its periodical time, d s will not be perpendicular to Tc, but the point / will 
have turned from west to eist more than a quarter round the axia C : hence the point / wll 
not be visible when the moon is at B, and i I instead oi d c will be the circle of the disk. In- 
passing from 11 to P, its excess of velocity will make up for its defect in passing from A to B; 
and at B it will luve completed half its orbit in half its periodical time : but in half its period- 
ical time, it will have revolved half round its axis, therefore at P, it will again be perpendicular 
lo Tf, and d xt will again be the visible hemisphere. The reverse will lake place in passing 
from P (o A through L>, when / b will again be the circle of the disk, and / will be witfaia ih 

PROP. LXXXI. The moqn rerplves about htaxu in the acme tbtir 

in which it revolves abQUt thf eacth. 

iol WUhont such a revolution, the phenomena of in IlbratiMis coolii not happCQ. U the {xntit 
A were visible in one part of the moon's tnhit, it would be always visible, without a rotation 
about an axis oblique to the plane of the vi^at, to pivducc. an apparent jnotion of the point 
A, or (hfeitbntioa of latitude. If J/ were perpentnciilat to cT; whentbemodn is at A, it 
would be BO in every other pan ofihc o»fate.).'ttltd>tberafbM^ir;»*aftlddhMUf»>to'thit iUi^iyU- 
nated bemiiphete, if there W;.re not a revplutioa, about the-axis to produce, in the aianuer 
above explained, tlie libration of longitude. These librations therefore ppovc tb« exisieocc of 
this revoliuion : and it has been shewn, that if tfaq^ be. weh a refolutiga, its pcrisdical time 
ii the same with that of the moon in its orUb 

CoR. Hence it is evident, that one half t>f die moon, ii never in darkness ; the earth (Prop. 
LXXJV. Car.) constantly affi>rding it a strong light, during the absence of the sun : but .the 
other half has a fortnight's light and darkness by turns. 

PROF. LXXXIL The orbit of the moofi Um clUpse* 
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It 18 onlf on this supposition that the libration of longitude can be explained : from this 
phenomenon, therefore, the elliptical form of the orbit may be inferred. 

ScHoL. The moon revolves about tlie earth in an ellipse, and with the earth revolver 
about the sun. In Fig. 2, Plate 14, the broad curve line ABCOE represents as much of the P'^'® '*• 
earth's annual orbit as it describes in 32 days, which arc marked with numeral figures. The ^' "' 
small circles at a^bf r, df e^ shew the moon's orbit in proportion ta that of the earth, and the 
narrow curve abed ^y represents the moon's pith in the heavens, or witli respect to the sun, 
for 3a days, reckoning from a new moon at a. 

The earth being supposed to move from A, and the new moon at the same time from^tf .- 7 
d»ys afterward the earth will be at B, and the moon in quadrature at b ; when the earth is 
at C, the moon is full at c ; when the earth is at D, the moon is in quadrature at d ; and when 
the earth is at £» the moon is again new, or in conjunction at e. 

From this figure it appears, that the moon's path is always concave toward the sun. For, 
if we suppose tlie concavity of the earth's orbit to be measured by the length of a perpendic* 
ular Cgt falling from the place of the earth at C, when the moon is full, on the right line 
b g di connecting the places of the earth at the end of the first and third qtKirters of the ilioon^ 
the length of the perpendicular will be about 640000 miles ; when the moon is new, it is 
about 240000 miles nearer to the sun than the earth is ; therefore the length of a perpendic- 
ular from its place at that time on the same right line will be about 400000 milesj and shews 
the concavity of that part of the path. 

PROP. LXXXIII. The nioon'^& surface is irregular. 

If the surface were every where regular, the limit between the enlightened and dark parts 
of the disk being the circle of light, that is a perfect great circle of a sphere, WQuld>bc ex- 
actly defined when the moon is horned, half enlightened, or gibbous, contrary to observation* 

ScHOL* The face of the moon, as seen through a telescope, appears diversified with hills 
and vallies* This is proved by viewing her at any other time than when she is full ; for then* 
there is no regular line bounding light and darkness ^ but the edge or border of the moon 
appeirfr jagged : and eveif in the dark part near the bordt-rs'df the lucid surface there are 
•een some small spaces enlightened by the sun's beams. 

Besiiles,tt is moreover evident, that the spots in the moon taken for mountains and vallies> 
are really such from their shadows* For in all situations of the moon, the elevated parts are^ 
constantly found to cast a triangular shadow in a direction from the sun \ and the cavities 
are always dark on the side next to the sun, and illuminated on rhe opposite side. Hence as- 
tronomers are enwbled to find the height of the lunar mountains. Dr. Keil, in his Astronom- 
ical Lectures, has calculated the height of St. Catherine's hill to be nine miles. Since, how-^ 
ever, the loftiest mountains upon the tiirth are but about three miles in height, it has been 
long considered as very improbable that those of a planet so much inferior in size to the 
earth irhould exceed in such vast proportion the highest of our mountains 

By the observations of Dr. Hcrschel, made in ^fovcmber, 1779, and the four following 
months, we learn, that the altttu-ie of thtf lun ir niuuntains has been very much e:taggerated. 
Hib obb^fvations were n^acle. with grvat caution by means of a Newtonian reflector, 6 feet 8- 
inches lung, and with a magnifying power of 2Z2 timesj determined by experiment ; and the 

method 



mctlipd vfhich he maile use of to ajccriain the altitude of those mountains, which, during tliat 
linic, he had an opportunity of examining, seem'; liable to no objection I'he rock Mtuated 
near Laau n'gcr, was found to be about one mili: in helj^ht, but none of the other moumains, 
which he measured, proveil to be muTc than h^U that altitude \ and Dr Hcrschel concludes^ 
(hat with a very few exceptions, the geneTality of the lunar tnouncjinu do not exceed half 2 
■ mile in their perpemJicular elevation. See Keil's Astron. Lcct X. Phil Trans. Vol. LXX. 
To Dr. Herachel also we are indebted for an account of scvctal buriiifig volcanoes, which 
he saw M dilTerent limes in the moon. In the 77th vol. of the Phil. Trans, he sayg, April 19, 
to hours, 36 minutes sidereal lime, " I perceive three volcanoes iti different places of the dark 
part of the new moon. Two of them are nearly extinct ; or, oiherwise, in a state of going 
to break out, which perhaps may be decided next lunation. The third shows an actual erup- 
tion of fire, or luminous matterH" On the next night, Dr- Hcrschcl saw the volcano bum 
with greater violence than on the preceding evening He considered the eruption to resemble 
a small piece of burning charcoal when it is covered by a thin coat of white a<!he9, which 
fiequeatljr adhere to it, when it has been some time ignited, and it had a de^^e of brif hiness 
about as strong as chat with which luch a coal would be seen to glow in faint dij light. It 
15 not yet determined whether there is an atmo.'^phere belonging to the moon. The question yt 
fully discussed in the Encyclo. Brit. Vol. II. p. 457, &c. Sec also Phil. Trans, for the year 
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Def. LV. An Eclipse of the Moon happens when the eaith, passing 
between the sun and moon, casts its shadow on the mooo. 

PROP. LXXXIV. The moon can only be eclipsed at the full, 1 
opposition* 

For it is only when the mooo is in opposition that it can come iridiiiinieButdtfircl ue 
eardif Whidt must alwaya'be on that aide of the earth which ii firoili the nm. ' .' ' ' 

PROP. LXXXV. The moon cao only be eclipsed wh«Oi iX due fbll, it 

is in or near one of its nodes. 

The eanh being in the plane oF the ecliptick,' the centre of iu AaAam ii alwftjt in Aft 
plane I if therefore the moon he in its nodes, that is, in the plane of tfae edtpbck, tbe 
shadow of the earth will fall upon it : also, since this shadow is fd comidenUe toeiJth, it 
is partly above and partly below the plane of the ecliptick : if therefore the mooo in q^oai* 
tion be so near one of its nodes, that its latitadc is less than half tbe breadth of die llndcnr, 
it will be eclipsed. But^ because the plane of the moon's orbit makes an angle «f pane than 
5 degreea with the plane of the ecliptick, it will frequently bayc too much Utitf^lBttitx^po* 
sition to come within the shadow of the earth. 

PROP. LXXXVI. The sun is larger than the earth, and the sha&nr 
of the earth is a cone, the base of which is on the sui&ce of the earth. 

If 
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If the earth were larger thani or equal to, the sun, it it mamfett, duit tti ihadovr would 
rither perpetually enlarge, or be'always of the same dtmenrion i but in this case, the supoit 
rior planets would sometimes come within it, and be eclipsed, which nerer happens. There* 
fore the sun is larger than the earth, and produces a shadow from the earth of a conical 
form, which does not extend to the orbit of Afan. 

t , 

a ■ 

PROP. LXXXVIL The mooa is eclipsed hj a secdon of the earthV 
shadow. 

I 

'Let CDE be the earth, CME the cone of itt shadow, and FH a part of the moon't orbit' ^^^^ to. 
passipg. through the shadow.} it iiB manifest that as the moon describes this part of its^Orhity - ^* ' 
it passes through the circular section FGHL. 

J)et., LVJ. Jlie tnqon^s fforijsontal ParaU^K^ is die angle which a 

'4 ■■•,•1 ^^ 

semidiameter of the eardi would siibtead, if it were viewed direcdj from 
the mooiu 

LEMMA. 

■ 

ffalf the angle of the cone of the earth^s shadow maybe taken as equal to 
the m^le of the sun^s {^parent semdiameter. 

Let AFBG be the sun, H£D the earth, HMD or BM A the angle of the cone of the earth's Plate le. 
shadow, and CMD half this angle. S A, a semidiameter of the sun, drawn from its centre to ^'^' ^' 
the point of contact of the tangent AM, is perpendicular (El. IIL 16.) to AM, and is therefore 
seen directly from D \ and it subtends t^ angle SDA \ it must therefore appear large in pro- 
portion to the magnitude of this angle. But in the triangle SDM, the external angle SDA 
is equal to the two angles CSD, CMD \ of which, CSD, the angle in which the semidiam- 
eter of the earth is v\cwed from the sun, is so small, that without any sensible error it may 
be reckoned as nothing, and SDA be said to be equal to SMD. 

PROP. LXXXVIII. The semidiameter of the section of the earth's 
shadow which eclipses the moon, is equal to the difference between the 
horizontal parallax of the moon, and" the sun's apparent semidiameter. 

CT, being a semidiameter of the earth drawn from the point of contact of the tangent Plate 10. 
CM, is perpendicular to CM. CT will therefore be seen directly, from the point F in the ^'^' 
moon's orbit, subtending the angle CFT, which is (Def. LVI.) the moon's horizontal 
parallax. FMG is the semiangle of the cone of the earth's shadow, equal to the angle of 
the sun's apparent semidiameter, because MC produced would be a tangent to the circle of 
the sun's disk. FG is the semidiameter of the section FGHL of the earth's shadow through 
which the moon passes in an eclipse 1 and FTG the angle which this semidiameter will 
subtend when it falls upon the moon« and is viewed from the earth. Now the angle CFT 
is equal to the two angles FMG| FTG| (EL I. 32.) consequentlyi FIG is equal to 
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PROP. XCI. The moon will, at the full, be totally edipsed, if its lati- 
tude is less than the difierence between its own semidiameter, and that of 
the earth's shadow. 



If Ce+co be less than O, that is, if & be less than C/— «^/, the upper edge of the moon Fig. s^ 
may come ^thin the shadow of the earth. 

PROP« XCII. The moon is centrally eclipsed, only when, in opposi- 
tion, it is in one of its nodes. 

The node N, being the common intersection of the moon's orbit, and the plane of the ecHp- 
tick, is in both. Therefore when the moon is in the node, its centre is in the plane of the 
ecliptick, in which is the centre of the earth's shadow, and consequently at the full these 
centres coincide. 

ScHOL. I. Both the moon and the shadow moving from east to west, the moon would 
always be in eclipse while it was at, or near, its nodes, if it moved with the same velocity 
stt the earth : but because it moves much faster than the shadow of the earth, it soon passes 
from its opposition out of the shadow. 

ScHOL. 2. The semiangle of the cone of the earth's shadow being known, the length of 
die shadow may be found* 

The semiangle CMT being equal to the sun's apparent semidiameter, or about i6^, and Plate lO. 
GT a semidiameter of the earth being perpendicular to the tangent CM, if TM be radius, ^* '^' 
GT is the sine of the angle CMT. Therefore as the sine of an angle of i6' is to radius, so 
is CT to TM, the height of the cone; that is, as i to 217. Whence the length of the 
shadow is about 217 semidiameters of the earth. 

PROP. XCIII. The moon in a total eclipse, is not wholly invisible. 

This i$ known by observation ; and the phenomenon is produced by the reflection of rays 
hi light falling upon the earth's atmosphere, towards the shadow, and consequently towards 
the moon in the shadow. 

Dep« LVIil. An Eclipse of the Sun happens when the moon, passing 
between the sun and the earth, intercepts the sun*5 light. 



PROP. XCIV. The sun can only be eclipsed at the new moon. 

For it is only when the moon is in conjunction, that it can pass directly between the son 
and the earth. 

PROP. XCV. The sun can only be eclipsed, when the moon, at ita 

coi\| unction, is in or near one of its nodes. 

Fo» 
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For unless the moon U in or near one of its nodes, it cannot appear in or near the same 
plane with tlte sun ; without w-hidi it cannot appear to us to pass over the disk of the sun. 
At every oilier part of its orbit, it will have so much northern or southern latitude, as la 
appear cither above or below the sun. If the tnoon be in one of its nodes, having no lati- 
tude, it will cover the whole disk of the sun, and produce a latal eclipie, except when its ap- 
parent dlimeter is Icsa than that of the sun : if it be near one of its nodes, having a small de- 
gree of htitude, it will only pass over a part of the sun's disk, or the eclipse will be partial. 

PROP. XCVI. In a total eclipse of the sun, the shadow of the moon 
falls upon that part of the earth where the eclipse is seen. 

Let SL be the sun, TR the moon, VM a part of the surface of the earth. A spectator 
placed any where between V and M, will not see any part of the sun, because the moon 
will intercept all the rays of light which come to him directly from the sun ; and it is 
manifest, that, in this situation, the moon, being an opaque body, will cast its shadow upon 
VM, the part of the earth where the eclipse is total. 

PROP. XCVII. The shadow of the moon is a cone terminated in a 
point. 

Because (by Prop. LXXXVIII. Cor.) the diameter of the moon is less than the diameter 
of the earth's shadow, where it eclipses the moon, and this diameter (by Prop. LXXXVl.) 
is less than the diameter of the earth, the diameter of the moon is much less than that of 
the sun : consequently, its shadow will be a cone, terminated in a point. The tangents 
LAR, sat, terminate in A ; and only the rays that would pass within these tangents are 
intercepted by the moon ; therefore RTA is the form of the moon's shadow. 

LEMMA. Half the angle of the cone of the moon's shadow is equal to 
the ^gle ef the afifiarent semidiatneter of the tun. 

9, Let FBG A be the sun; HEDthcmoon} the cone HMD the moon's shadow: CMD (he 
Kmianglc of this cone \ S A the semidiametcr of the sun, and SD A the angle which this 
eemidiameter would subtend, if viewed hoia D. It may be proved, as in Prop. LXXXVIII. 
lammat that CMD is equal to SD A ; for the distance of the moon from the sun is so nearly 
^lul to that of the eirtb ^m the sun, that (he apparent semidiametcr of the suiti as sccb 
fiom the eatth or moon, may be considered as cquaL 

PROP. XCVIII. A semidiameter of the moon's shadow, where it falls 
upon the earth, is equal to the difference between the apparent semidiameten 
of tte moon and sun. 

la Let CDE tqireient the moon, CME the cone of its shadow ; FG the semidiameter of the 
■KMMi's shadow where it falls upon the earth in a solar eclipse ; C F the scmidiameMr of the 
noon, CVTlto angle viewed (roin F* wd FIG the angle of the apparent temidiamctex of the 
moon's shadow viewed from T. la 
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In the triangle TFM, the external angle TFC (EI. L 32) is equal to the two angles PTG» 
FM6. Therefore FFG is equal to the difierence between TFC and FMG : and FMG is 
(by the preceding Lemma) equal to the angle of the sun's apparent semidiameter, and TFC is 
the angle of the moon's apparent semidiameter : whence the Proposition is manifest. 

PROP. XCIX. In a partial eclipse of the sun, z, penumbra^ or imperfect 
shadow of the moon, falls upon that part of the earth where the partial 
eclipse is seen. 

A spertator at N, or P, might see the whole sun ; for a ray passing from the most remote Plate lei 
tide of the sun, S or L, would not be intercepted by the moon. But at any point in NM, VP, ''*• ^*' 
the spaces between the moon's shadow and the points N, P» the spectator would only see a 
part of the sun : thus at G, or D, he would see that half of the sun which lies without the 
tangents DRC, GTC : consequently, in all places between the points N, M, and P, V. there 
will be less light from the sun, than if it were not at all eclipsed. This deficiency of light is 
called the moon's penumbra. 

PROP. C The moon's penumbra is an increasing cone, and its dark- 
ness increases towards the shadow of the moon* 

While a spectator is in the space between N and M, or P and V, he is in the penumbra ; Pj^te la 
but at the points N, P, passes out of "it. Therefore the tangents NS, PL, are the limits of the ^'*^* **' 
penumbra. If tangents be supposed drawn round the spherical surfaces of the sun and moon, 
they will form two cones, having their common vertex at F, and increasing, the one towards 
the points L| S, the other towards the points N, P. And as the spectator moves from N 
towards M, or from P towards V, a greater and greater portion of the sun continually becomes 
invisible to him % whence the penumbra increases in darkness towards M and V» 

PROP. CI. The aemiangle of die moon^s penumlHa is equal to the 
an^ of the 8im*s apparent semidiameten 

liCt SL be the sun, and TR the moon. By Prop. C. the tangents SFN, LFP, terminate pitte 10. 
the cone of the penumbra. CE, drawn from the centre of the sun to that of the moon, bisects ^P ^^* 
TFRy the angle of this cone % whence EFT is its semi;&ngie. LC being the semidiameter of 
the sun, LTC is the angle qnder which this semidiameter would appear from the moon T. 
I say, TFE is equal to LTC. For, in the triangle TCF, the external angle £F F is equal to 
the two internal and opposite angles FTC, FCT, that is, to the two angles L rC,TCE. There- 
fore EFT is equal to LTC, TCE. But TCE, being the angle which the moon's semidiameter 
would subtend, if viewed from the sun, is so small that it may be neglected \ whence EFT 
may be considered as equal to LTC. 

PROP. Cn. The semidiameter of the moon^s penumbra, in that part 
through which tjie earth passes in an eclipse of the sun, is equal to the sum 
of the appwent wnfidiaiDetera of the ran JBUid moon. 

75 Let 
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I Let CD be the moon, CDAB its peaumbra, and CMD the angle of the cone of the 
penumbra : and let AEBF be the section of the penumbra through which the csrth passes 
in an eclipse of the sun, AB its diameter, ami AT its scmidiameter ML !' clr4wn from the 
vertex through the centre of the moon, will bisect the angle CMU. Therefore (by Prop. CI.) 
CML ilie semianglc of the penumbra is equal to the sun's apparent EemidijmctcT. AuilCL 
is the moon's apparent semidiameter, as seen from the earth A, subtending the ancle CAL; 
and AT the semidiamcttr of the penumbra, seen from L, subtends the angle ALT. Now 
the angle ALT is equal to the two angles CMLj CAL ; whence the truth of the Proposition 
is manifest. 

Def. LIX. The disk of the earth, U that hemisphere of the earth, 
which is seen, as a cu'clc, from the moon. 

PROP. cm. At the new moon the whole disk of the earth is en- 
ligbtened. 

For, the moon being then between the sun and the earth, the earth viewed from the moon, 
wilt appsai la opposition, aod consequently its cnlighteticd hemtaphere will be towards the 
moon. 

PROP. CIV. The semidiameter of the earth's disk, is equal to the 
moon's horizontal parallax. 

► The moon's horizontal parallax is the apparent semidiameter of the earth, »s viewed from 

the moon, that is, it is cqu.il to the semidiameter of the disk, since the disk is a hemisphere of 
the earth viewed from the moon. 

PROP. CV. If the latitude of the moon, whea new, is equal to, or 

greater than, the sum of the semidiameter of the penumbra and the moon's 

horizontal parallax, there will be no eclipse of the sun ; if less, there will 

be an eclipse, either partial, or total. 

T,, Let ACB be apart of the cciiptick j let GNE he the plane of the moon's orbit j letN be 

y. ' the node, DL the earth's disk, and o / a section of the moon's penumbra. Because the centre 

5 " of the moon's penumbra is always in aright line p^tssing through the centres of the sun and 

the moon, the distance of e, the centre of the moon's penumbra, from the plane of the cclip- 

I tick must always be the same with the distance of the centre of the moon from the same 

plane, that is, with the latitude of the moon. And because the centre of the earth, or the earth's 

disk C, is in the ccliptick, Ce the distance between the centres of the penumbra and of the 

earth's disk, is always equal to the latitude of the moon. Now, if Cc, or the latitude of the 

moon, be equal to, or greater than, f / the semidiameter of the penumbra, together with /C 

the semidiameter of the earth's disk, or the moon's horizontal parallax, then no part of the 

penumbra will fall upon the disk, ibat o^ lime will be do edijMC. If Ce the latitude of the 
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moon be less than tC-hlct the edge of the penumbra will be nearer the ecliptick than the edge 
of the dUky and there will be a partial eclipse. And if Cr be less than C/, the shadow of the 
moon will pass over some part of the disk of the earthi and where this happensj the eclipse 
will be total. 

PROP, CVI. If the moon, when new, is in one of its nodes, the 
eclipse of the sun will be central. 

For then the centres of the earth, sun, and moon, being all in the plane of the ecliptick^ 
the centre of the moon will pass between the sun's centre, and that of the earth. 

ScHOL. I. The penumbra of the moon in a central eclipsci will not cover the whole disk 
of the earth. 

The semidiameter of the moon's penumbra, being equnl to the sum of the apparent semi- 
diameters of the sun and moon, that is, about i6' 23'' + 15' 37" or 3/ at the medium; its 
diameter is about 64^ ; whereas the diameter of the earth's disk is about 1 20^ ; whence the 
penumbra cannot cover the whole disk. 

ScHOL. 2. The height of the shadow of the moon is about 60^: semidiameters of the earth. 
The semiangles of the earth's shadow, and of the moon's shadow, being each equal to the 
sun's apparent semidiameter, the angles are equal to one another, and these cones are similar. 
Therefore as the semidiameter of the base of the earth's shadow (that is, of the earth) is to 
the semidiameter of the base of the moon's shadow, (that is, of the moon) so is the height of 
the earth's shadow to the height of the moon's shadow. Now the semidiameter of the earth is 
to that of the moon nearly as 100 to 28, and the height of the earth's shadow is about 217 
semidiameters of the earth : whence the height of the moon's shadow is equal to about 6o~ 
semidiameters of the earth; for 100 : 28 : : 217 : 60^ nearly*.. 

Def. LX. An eclipse of the sun is said to be annular ^ when at the 
time of the eclipse, a ring of the sun appears round the edges of the moon. 

PROP. CVII. A central eclipse of the sun will be an annular one, if 
the distance of the moon from the earth at the time of the eclipse be greater 
than its mean distance* 

SL being the sun, TR the moon, TAR the moon's shadow, and E A the height of this Plate io» 
shadow, which is about 60 j- semidiameters of the earth ; if at the time of a central eclipse PN ^'^' ^^' 
it a part of the surface of the earth, those who live in the parts PV, MN, being in the pe- 
numbra, will (by Prop. XCIX.) see a partial eclipse ; and those who live between V and NT, 
being in the shadow, will (by Prop^ XCVI.) see a total eclipse. But if the distance of the 
moon from the earth be equal to £ A, or 607 semidiameters of the earthy (which is the moon's 
mean distance) A will be the only point from which the eclipse wiir appear total. And if the 
moon's distance be greater than E A, as EO, the shadow not reaching the earth, riiere will be 
no total eclipse. Consequently, though a spectator at O would see a central •eclipse, (because 
die centres C9 £» arc in the lame line with the point of Tiiion S) yet the edipac would not be 

total,. 



39(% 9P MF^OH^Mf. BOOE VHiniMii; 

1 w ; fbt let <^[S*mvut to tbc jbord dn^ H!f)a^aK^,t|ft^m^ m Mt/ tU kA Vi ifo^ 
tltf,|ua»t Xi-|M^i^p«'^Sii^o£tbe WW wiU.bg wtfttet^^Mfcl PMwr |m > j a( fc * i i ww 
cqiud to XL will be vittble Kllnnind the nogoi foming fttin^. vu«- Ji«<.;q^. 

' Cm. HeneeU k^ean, that naa«imalw«dipteit Udxpeaap^Maof ib&moeatfUd 

faHt spbti the earth. 

Pu. LXL The Zmot fcti^i ImbT, U the k«t distance that the 
moofl can be at fmai oae <£ itt nodci, i^oatbniig eclipsed at the time 
of opposition : the Solar EcRptick Umit, is the least distance the moon can 
be at from one of it* oodes, mthout eclipring the sun at the time of con^ 



PROP. CVitt The sobtf ecHptk^ Uink u giwtfer than the Ittnar. 

Bj ttop. CV. it i» finuid, that 92' ia the leiat laikode the neoa cm have, when sew, 
without edipaiiig theiiuu. !(, therefore, NV be the disuncc of the moon from the node, 
when in latitBde, ot cC, ii jn't in the ttiangle CcN, the an^'Ic fCN being a rigtir angle, be- 
caUK <C b perpenficdarto die plane of the ecliptick ; the angle rNC being about 5° 30', the 
inClinstMni of the Boaa^aorbit tn the plane of the ediptick -, and the sidcK^ bcirg9i', Nf will 
be fbunil by tflgonuOieirjp to be about 1 6". In the same manner, supposing C^ the hcitutte 
of te-BBoon SB be 6\[ iccordiq^ to Prop. LXXXIX. the kngth of the side Nf. or the lunar 
e^fftUAt Smiti willlK fooiid lobe about 1 2". Whence the tiuih of the Propouuon is manifest. 
Coi< There ate nuns eclituea of the sun, in a course of jrears, than of the moon; for, Ute 
atm will beeclipaed) if| when tlie moon is new, it is wilhin 16" of one of the nodes, but the 
mooD only when at the full it is within 1 2" of one of the node* t the son mj be eclipaed 
while the moon is in 64 degreei of its orbit, but the moon onljr while it is in 48 degieei of 
its orbit. 

ScHOL- Every eclipse of the moon will be visible) if the moon be above the horizon at the 
time of the eclipse -, because that part of the moon on which the shadow of the earth falls, 
must appear obscured wherever the disk of the moou is visible. But the sun may beedipscd, 
and yet the eclipse be invisible in places to which the sun is above the horizon, because there 
can be no eclipse of the sun, except in those parts of the earth which are wilhin the shadow 
or penumbra of the moon, and neither' of these are large enough to covet the whole disk. 
Hence, in any given place, more eclipses of the moon than of the sun will be teen in acourse 
of years : for though there are more eclipses Of the sun than of the moon, many of die for- 
raer arc not visible at any one place while the sun is above the horizon ; but all the latter are 
visible at the same place while the moon is above the horison.*' 

PROP. CIX. When the moon is near the first of Aries, and is moving 
towards the tropick of Cancer, the time of its riung will vary but littJe for 
several days tc^ether. If 

ir aod solar ecfipus, mc the Froblenu imEot&u^ fi 
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If the moon were to more in the equator, its motion in its orbit, by which it describes a 
revolution; Iff respect of the^sun, in 2p days 12 hours, would carry it every day eastward 
from the sun about 12^ 11'; whence its time of rising would vary daily about 50 minutesw 
But, because the moon's orbit is oblique to the equator, nearly coinciding with the ecliptick, 
different parts of it make different angles with the horizon, as they rise or set, those parts 
which rise with the smallest angles setting with the greatest, and the reverse. Now the less 
this angle is, the greater portion of the orbit rises, in the same time. Consequently, when the 
moon is in those parts which rise or set with the smallest angles, it rises or^ets with the 
least difference of timei and the reverse. But in northern latitudes, the smallest angle of the 
ecliptick and horizon is made when Aries rises and Libra sets, and the greatest when Libra 
rises and Aries sets ; and therefore, when the moon rises in Aries, it rises with the least dif- 
ference of time. Now the moon is in conjunction in or near Aries, when the sun is in or 
near Libra, that is, in the autumnal months ; when, the moon rising in Aries, whilst the sun 
is setting in Libra, the time of its rising is observed to vary only two hours in 6 days in the 
latitude of London. This is called the harvest moon. 

ScHOL« This circumstance takes place every month ; but as it does not happen at the 
time of full moon, there is no notice taken of it. When the moon's right ascension is equal 
to six signs, that is, when she is in or about the beginning of Libra, there is the greatest dif« 
ference of the times of rising, viz. about an hour and 15 minutes. Those signs which rise 
with the least angle set with the greatest, and the contrary ; therefore, when there is the least 
dj^erence in the times of rising, there is the greatest in setting, and vice versa. 

The following table shews the daily mean difference of the moon's rising and setting, oa 
the parallel pf London, for 28 days ; in which time the moon finishes her period round the 
ecliptick, and gets 9 degrees into the same sign from the beginning of which she set out. 
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of Jvfil^IfRm liiitttM^h Ho^ l|e^:aftid^igibUiil rfwtiiiiflpiiUiig:d»t the moBcai oE 
^i^ ift;nmiiiBii%iOH>^ aeedf^taBrapmM»4M vaaionao pfppatodL . See Mop. CZVIL >. Aafr 
^:3aMinBBMowidMri|kJdftn^^ k JtfM fcamvAe rtlipidi jrfAc aa|dlitealQf JapiCBiy 
ia aaceg|«|um the l^igiliiida^f^dMiagpt flicea oa the ea|th.>( fi.t^w.-' ■' .iv't^-i: :.' .> 

» ^. Siq>poif flro otpervtn, of jui e^pi^^^ 

Qpod Hop^ % edipae will appear to hpdi if the fane m^km pf tpmej Jmk Jmni^ aitoa^ 
under difiercnt * meridians, they count different hours, according to which their difference of 
longitude is found. Thus, if at the Cape of Good Hopc» an emersion of a satellite is ob« 
served at loh. 4& 45'/ apparent time, and the same b seen at Greenwich at ph. 33' I2^^9 
the difierence of which times is ih. 13' 33'^ the longitude of the cape east of Greenwich 
in time, or 18^ 23' 15''. 

Note. The third satellite is the largest of all : the first and fourth are nearly of the 
saoie size i the second is the smallest. - - 
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Fig. }• Plat;<; t4i U a view of the proportional magnitudes of the orbits of the moon» Jupi- Piatt 14. 
ter's four satellites, ^nd the five 'first of Saturn. Mm represents the moon's orbit, the earth ^'^' ^ 
being supposed to be at £i J Jupiter, i, 2, 3, 4, the orUts of the four satellites; Sat Saturn, 
«I, !• 3* 4* ft the orbits of the five first satellites. 

The 6th and 7th satellites were discovered by Dr. Herschel, in the years 1787 and 1788. 
To prevent mistakes, he calls them the 6th and 7th, though nearer to the planet than the 
other five. Dr. Herschel observes, that Saturn has probably a considerable atmosphere. It 
turns on an axis perpendicular to the ring, in loh. 16^ o'44^'| and is flattened at the poles, 
so that the equatorial diameter is to the polar as 11 to lo. Phil. Trans. Vol. So, Part I. 
and II. and VoL 84. 

Of the SATELLITES of the HERSCHEL. 

Dr. Herschel has at different times discovered six satellites belonging to the new planet, 
two of which he described in the 77th and 78th Vols, of the Phil. Trans where he says, 
'' I confess that this scene appeared to me with additional beauty, as the little secondary 
** planets seemed to give a dignity to the primary one, which raises it into a more conspic- 
** uous situation among the great bodies in our system." 

The following is the arrangement of the six satellites. 

Satellitet. When discovered. Periodical timet. 



I — 


- Jan. 18, 1790 — 


5d. 


21 h. 


25 m. 0" 


2 - 


- Jan. II, 1787 — 


8 


17 


I 19 


3 - 


- Mar. 26, 1794 — 


10 


23 


4 


4 


Jan. 11, 1787 — 


»3 


II 


S It 


s - 


- Feb. 9, 1790 — 


- 38 


I 


49 


6 - 


- Feb. 28, 1794 — 


107 


16 


40 



<* It will be hardly necessary," says Dr. Herschel, *' to add, that the accuracy of these pe- 
^^ riods depends entirely upon the truth of the assumed distances ; some considerable differ- 
^* ence, therefore, may be expected, when observations shall furnish us with proper data for 
*• more accurate determinations." See Phil. Trans. 1 798. 

PROP. CXVIL A ray of light is about 8 minutes in coniing from the 
sun to the earth. 

Let A be the sun, BECD the earth's orbit, F the planet Jupiter, and HNG the orbit of its PUte icx 
ianer satellite. Let FGH represent the shadow of Jupiter. While the satellite is between H ^^S- i^- 
and G, it is eclipsed ; when it comes to H it emerges, and becomes visible to a spectator at B. 
From comparing the times of the apparent entrance and emersion of the satellite, with tables 
calculated for the mean distances of the earth from the satellite, the visible emersion at the 
least distance is found to happen about 8 minutes sooner, and at the greatest distance about 8 
minutes later than by the tables : consequently, the ray of light is about 16 minutes in pass- 
ing through the earth^s orbit, or 8 minutes in coming from the sun to the earth. 

CoK. The diameter of the earth's orbit being 194,000^000 mileSi the velocity of light 
wiabci21^?^^22^-- 202,088 mUcs in a second. PROP. 
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PROP. CXVlII. Jupiter is surrounded by cloudy subScittCeS, isiibject to 
frequent changes in their situation and appearance, called his Belts. Sat- 
urn is encompassed with a Ring, whose greatest apparent diameter, is to 
that of the planet as 9 to 4. 

J?^!* These arc known from observation. The Belts oF Japitcr are sometimes of a regular fbrin % 
sometimes inlerrupteit and broken ; and sometimes not M all to be seen. The plane of Sjt- 
om'srtiig is inclined to the plane of the ecliptlck ai an angle of 31 degrees \ which appears 
like two arms lo the planet, and which is only visible when the sun and tb« eiirth arc both 
©n the same side of its plane. On account of its inclination, it always appears oblique to 
the eye, and therefore elliptical : whence the pan behind Saturn is invisible, and the part 
before cannot be riistingoished from the planet. The ring bring opaque, can only be'-yisi- 
blc when the sun's rays are reflected from its broad surface to the earth, that is, whentht 
snn and the earth are both on the same eidc of the plane of the ring. 

The latter discoveries of Dr. Herschel have shewn, that what was supposed to be a sing^ 
broad flat ring of Saturn, is divided into two parts, lying eoiactly in the same plane, and revolv- 
ing ibont aa axw popeodicnlar t» that pUne. in .loh. 2^ t^. Tlie diiiie«non» of these 
coB«cittkk fiiwi. ud the 9W( bd^^R^ W:Ub^te^^&^^ 

' Oahide iliJifiFnt dhto A 'i a i«^^^f 

' - iiiJIriliMaiffiofWgg^ 4tv i> «9tifa4S - 

' OuUde^faUcnrtftdittO' -w . * ^ sB^Bj 

BfcMtb 01 niB iBMi nig "~w * « Vi' 'S^foott 

BrAMiartkMt&rKM--. . .< « -'t^ao^ 

t H A p. Vlf. 
^COMETS. 
PROP. CXIX. Comets are opaque and solid bodies. 

A comet, at a giren diitance from the earth, ihines much brighter when it is on the nme 
tide of the earth with the sun, than when it is on llie contntj side i from whence it appears 
tbat it owes its brightiKssto the sun>. The yeuetance of the comet of 1680 to the action of 
llie great heat, to which it wa> probably es|io«ed in in near abroach to the aun, fanwhes 
eridence in favour of its being a fixed and solid body. 

PROP. CXX. The comets describe Very ^cceatrick ellipses about tKe 
sun, placed in one of thar JlcL 

They -are observed to approach towards, and afterwards recede from.'the san, Md to de- 
Kribe patbs in the heavene, which agree with clUptick orbits : it is therefore inMt probably 



^itA^. Vfi. OF COMETS. 

ihtet agreeaUy to the general analogy of tiatare, thejr more in such orbits^ anfl have the sun' 
tti one of thcjbci of the ellipse, fhe calcMations framed upon this supposition, by which the 
Vctnrns of comets have becvi foretold, having, as far as observations have been made, been 
found to agree with the phenomena, 'Strongly confirm the truth of the Proposition. 

ScHOL* I* Comets are often accompanied with a luminous train, called the tail, which 
is conjectured to be smoke rising from the body in a line opposite to the sun. The body of 
the comet is supposed to be surrounded by an atmosphere ; the sun is also supposed to be sur- 
rounded by an ether, or a subtle fluid, extending to a great distance from the sun, which 
may be considered as the solar atmosphere. From the heat which the comet has acquired by 
approacliing towards the sun, and by the reflection of the sun's rays from the solid body and 
atmosphere of the comet, the parts of the solar atmosphere where the comet passes are more 
heated, and consequently more rarefied or specifically lighter than elsewhere. The parts thus 
rarefied will be put into motion : and since there will be a constant succession of fresh 
portions of the sun's atmosphere within that of the comet, there will be a perpetual stream of 
this rarefied matter. This stream will impel the particles of the comet's atmosphere, and 
make them move along with it, thus producing the smoke wUich, reflecting the sun's rays» 
forms the visible tail. And this stream of rarefied solar atmosphere will move those parts of 
tbb atmosphere which have the least specifick gravity, that is, directly from the sun» 

ScHoL. a. Of all the comets, the periods of only three are known with any degree of 
certainty. The first of these comets appeared in the years 1531, 1607, and 1682 ; and is 
expected to appear every 75th year. The second of them appeared in 1532 and 1661, and 
was expected to return in 1719, and every 129th year afterwards. The third, having last 
appeared in 1680, and its period being no less than 575 years, cannot return until the year 
9225. This comet, at its greatest distance, is about 1 1 thousand two hundred millions of 
miles from the sun ; and at its least distance from the sun's centre, which is 49,000 miles,. 
is within less than a third part of the sun's semidiameter from his surface.. In^ that part of its 
^bit which is nearest the sun, it moves at the rate of S8o,ooo miles in an hour. 

ScHOL. 3. Dr. Halley, who saw the comet which appeared in 1682, observes, ^' that there 
are many things which m.ike me believe, that the comet which Apian saw in the year 1531, 
was the same with that which Kepler and Longomontanus more accurately described in 
the year 1607 \ and which I myi^elf hjve seen return, and observed in the year 1682. All the 
elements 4igree, and nothing seems to contradict this opinion besides the inequality of the pe» 
fiodick revolutions \ which inequality is not so great, but that it may be owing to physical 
causes. For the motion of Saturn is so disturbed by the rest of the planets, especially Jupiter, 
■that the periodick time of that planet is uncertain for some whole days together. How much 
more, therefore, will a comet be subject to such like errors which rises almost four times hi}j[h* 
cr than Saturn, and whose velocity, thouj^h increased but very little, would be sufficient to 
change its orbit from an ellipse to a parabola. And I am the more contirmed in my opin- 
ion of its being the same ; for, in the year 14^6, in the summer time, a comet was seen piss- 
ing retrograde between theeirth and sun. much after the same manner i which, though no* 
body made observations upon it, yet, from its period, and manner of transit, I cannot think- 

diflbrcnt 
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Chap. Vlli OF THE SUN. 



CHAP. VIII. 



3^9 



Of the Sun. 

PROP. CXXI. The spots which appear upon the sun's disk, adhere to 
its surface. 

I 

If one of these spots appears upon the eastern limb or edge of the sun^s disk, it moves 
from thence towards the western edge, and arrives at the western edge in about 13— days. 
Here the spot disappears ; and in about 13— days more, it is seen again upon the eastern edge -, 
and so continues to go round completing its apparent revolution in 27 days ; during one half 
of which time we see it on the disk of the sun, and during the other half it disappears ; which 
could not happen, if the spots did not adhere to the surface of the sun. Let A be the centre 
of the sun*8 disk, C its eastern, and D its western edge \ HEG the orbit of an opaque body Plate 10. 
snovliig round It, and B the eye of the spectator at the earth. If two lines BD and BC are ^ '^ 
supposed to be drawn from the spectator's eye B, so as to touch the sun at D and C, then 
DBC, the angle contained between these lines, is the angle under which the sun's diameter 
appears to a spectator on the earth. EG is the only part of the supposed body's orbit that is 
within this an^le DBC» and consequently, if the body was in any other part of its orbit, ex- 
cept £G, it would not appear upon the sun's disk. But EG is less than half its orbit \ and the 
body would not take up half the time of a revolution to describe EG. Therefore such a body 
would not be seen upon the sun's disk, as the spots are for half the time of a revolution. Bat 
if the orbit HEG is not greater than LDFC, or is close to the sun, that is, if the spot adheres 
to the sun's surface, then half its orbit DFC, will be within the angle DBC, and consequent- 
ly, the spot will appear upon the sun's disk during one half of its revolution ; but during the 
other half of its revolution, whilst it describes CLD, it will, disappear, because then it will be 
behind the sun, and so will be concealed from the earth, which agrees with the phenomena* 

PROP, CXXIL The sun is a spherical body, which revolves upon its 
axis from west to east. 

The spots which appear in the sun's disk, adhere to its surface, (by Prop. CXXI.) and 
these spots revolve ; therefore the sun revolves round its axis. 

Whatever side of the sun is turned towards the earth in this rotation, it always appears to 
be a flat bright circle : but all the sides of it could not appear in this manner unless it was a 
sphere : therefore the sun is a spherical body. 

ScHOL. A real revolution of a spot, and consequently of the sun round its axis, is com« 
pleted in 25 days, two days less than its apparent revolution, in consequence of the earth's 
motion in its orbit in the same direction in which the spot moves. 

PROP. CXXIII. The axis of the sun is inclined to the plane of the 
ccliptick. 

7^ Each 
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Kach spot upon the sun must ilescrib;; a circle round tlie sun, cither coinciHJng with its 
equ»lor, or parallel to it. if therefore the sutf a 4xia wetc pcrpenJicuUr to the plane of the 
cclipticic, the plane of ihc sun's equator would be in the plane of the ediptick ; and a bdccu- 
tor on the eardi, whose eye \s in the ctliptick, would bcc the spots describing right lineSj 
cither in the sun's cqustor, or parallel to it : but iht: spots arc somsiimes seen to describe lines 
oblique to the plane of the ecliptU'k;-theicfore the axis of the tvn is inclined to thf pljmeof 
the ccliptick. This inclin.ition is observed to be an angle of about Zi~ ilcgrecs. When ibe 
sun's equator crossea the plane of the cclipiict, the spots appear to describe righVlin«s"p4r*I- 
lel to the sun's equator. . - 

ScHOt-. The following; particulars respecting the sun are related by Sir I Newton. 

1. That the density of the sun's heat, which is proportional (o his light, Is 7 times as 
gttat in Mi:reury us with uj, ajid that w.iter there would be all curled off in the shape of 
sieam ; for, he found, by experiments wiih the ihcrmomctcr, that a heat 7 times greater than 
that of the sun's beams in summer will sen-c to mjkc water boil. 

a. That thcquantiryof matter fn the sun is to that in Jupitct- nearly as f lOo to 1, and that 
the distance of ihnt planet from the sun h in the same ratio to the sun's semi dia meter j con* 
scquently, that the centre of Rraviry of the aun and Jupiter is nearly in the superficies of the sun. 

3. That the qu:iniity of matter in the sun is to that in Saturn as J360 to 1 , and that ihc 
distance of -Saturn froni the sun is in a ratio but little less, than that of the "sun's semi.ri.ime- 
ter. And hence the common centre of gravity of Saturn .md the sun is a little within the sun. 

4. 13y the same method of calculation it will be found, lh.it the common centre of gra^ir 
ty of all rhe planets cannot be more than the length of the solar diameter distant from i\\t 
centre of ihc sun. 

5. The sun*s diameter is equal to loo diameters of the earth, and therefore its magnitude 
must exceed that of the earth one million of time!!* 

6- If j(So degrees (the whole ccliptick) be divided by the quantity of the solar year, it Will 
give 51/ i", which therefore is the medium quantity of the sun's apparent daily motion { hence 
his horary motion is equal to i' 27" By this method the tables of the sun's mean motion 
are constructed as found in astronomical books. 

C H A P. IX. 

Of tbe PARALLAXES, DISTANCES, and MAGNITUDES of the HEAV- 
ENLY BODIES. 

Def. LXII. The i'^ra/Zt/fl: of the heavenly bodies, U the change of their 
apparent situation with lespect to each other, as the spectator views them 
from different stations. 

Def. I.XIII. The Diurnal Parallax^ is the distance between the appa- 
rent pl^e of a heavenly body, as viewed from the surface of the earth, and 
its apparent place, as viewed from the centre of the earth. 



Chap. IX. OF PARALLAXES, &c. 311 

Let D AB be the earth, C its centre, A the station of a spectator on the surface of the Plate lo. 

17' 1 T 

earth i and F, G, H, tlifferenc places of the rnoon, or any other heavenly body : TO, NM, LI, ^^' 
arc its difierent parallaxes, and THO, or AHC ; MGN» or AGC, &c. angles of parallax. 

ScHOL. IF a spectator in his first station at A, sees a planet at G, its apparent place in 
the heavens will be N ; if now, by the diurnal rotation of the earth, he comes into the sta- 
tion P, the planet will appear at M, which is the place in which it would have appeared if 
Tiewedfrom C the centre : thus, in all cases, the parallax which arises from the diurnal mo- 
tion is the same which would arise from a change of station from the surface to the centre; 
for in either case, the change of the spectator's line of view is the same. Hence appears the 
propriety of the above definition of the diurnal par aiiax. 

PROP. CXXIV. The parallax of any planet is always proportional to 
the angle which a semidiameter of the earth, drawn from the station of the 
spectator upon the surface to the centre, would subtend, if viewed from the 
planet. 

If the planet be at H, and the spectator at A, AHT will be his line of view ; on changing ^]^^^ ^^« 
the station of the spectator from A to C, the line of view will become CHO : whence TO 
will be the parallax. But TO subtends and is proportional to THOi or (£1. 1. 15) AHC, 
the angle which the earth's semidiameter would subtend, if viewed from the planet H. 

PROP. CXXV. The parallax of a planet depresses its apparent place, 
by the parallactick arc. 

If the planet be vievired from C, its apparent place is O ; if from A, its apparent place is F^ate 10.^ 
T, farther from Z the vertex than O, by the parallactick arc TO. ^*^* ^'^* 

Cor. When the altitude of a body is observed, it must be corrected by parallax and re- 
fraction, adding the former, and subtracting the latter, in order to get the true altitude, or 
the altitude above the rational horizon at the centre of the earth. See table of refractions, 
SchoL I. Prop XXXIX. 

PROP. CXXVI. The diurnal parallax of any planet, at a given dis- 
tance from the earth, is greatest when the planet is in the horizon, and de-^ 
creases as the altitude of the planet increases. 

The parallax (by Prop. CXXIV ) is proportional to the angle which AC would subtend, if 
seen from the planet H \ but this given line, viewed from the given distance of the planet, 
would continually diminish in its apparent magnitude (by Book VI. Prop. LXXIII.) as the de- 
gree of obliquity at which it is viewed increases, that is, as the planet advances from H to- 
wards £ \ therefore the parallax is greatest in the horizon, and decreases as the planet approach- 
es the vertex. The paraUactick angle AGC is less than AHC, and AFC less than AGC. 

PROP- 
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CI PROP. CXXVII. To find the parallax of the moon, or any planet. 

Plate 10. I'^t HMO be an arc of the horizon ■, APVM an arc in the meridian ; P ihc elevated 
F'B- 1". pole ; V the vertex i E the apparent place of the planet, as seen from the surface of the 
car[h, and 5 its place, as seen from the centre : then £S is the diurnal parallax in the verti- 
cal circle VE. lisrfore the planet comes to the meridian, observe its altitude, at E, above 
the horizon, whence the complcm>;nt of its altitude, VE, will be known : at the same time 
observe its distance from ihe meridian, or its a^eimuth, EVM. After the planet has pasKd 
the meridian, observe when it has the same altituile as at the first observation, chat is, when 
tV is equal to EV. Now, if E is the apparent plate of the planet when at the time of tlie 
first observation it is viewed from the earih's surface, and S would be its place, at that time, 
if viewed from the centre ; and if / is its app.ireat place when viewed at the second obser- 
vation, from the surface, and s would be its place, at that time, if viewed from the centre ; 
the paralhx £S is equal to the parallax f/, since tlie altitude was the same at both observe 
lions, and consequently SV is equal to sV. So that if PS is the secondary of the equator 
which passed through the planet at the first observation, and P/ the secondary^ which paSMd 
through it at the second observation, tlie planet between the times of the first and tecond 
observation, must have described the arc St in a circle of daily motion. From the time 
which has passed between the two observations, the arc Si (by Prop. XXVII,) may be 
found, and consequently the angle SP/. Now, because the angle EVM is known, PVS 
its supplement to two right angles is known : and, because at the two observations the 
planet was at equal altitudes, that is, at equal distances from the meridian, the meridian 
bisects the angle SP/, which is known -, whence its half VPS ts found. Also, if the latitude 
of the place be known, PV, the distance of the elevated pole from the vertex, or the comple- 
ment of its distance from the horizon, that is, (by Prop, III.) the complement of latitude ij 
known. Therefore in the spherical triangle PVS, two angles and one side arc known j 
whence the length of SV may be determined. Take SV from EV, which is already known, 
and SE, the planet's parallax, will be found. The moon's mean parallax has been found (o 
be 5/ ii". 

Or thus: observe when the planet whose parallax is to be found, and any fixed star in 
conjunction with it, cross the meridian at the same instant : observe the same planet and star 
after three hours, and remark how much sooner the planet reaches a line placed perpeiidicu- 
lariy in the telescope than the star. As 24 hours is to this differwice of time, so will 360 
degrees be to the arc which subtends the angle of the parallax ) whence the arc and angle 
vriU bs known. , <■ ■ 

PROP. CXXVIII. Any paialUx of a planet being given, to find aaj 
other parallax. 

Pl«e 10. The parallactick angle AFC being given, it is required to find the angle AHC. Having 

Fig, 17. measured the angle ZAL, let the angle ZaH, the apparent distance of the planet from the 

zenith, be also measured. Then, in the triangle CAF, the sine of the angle CAF is to the 

sine of the angle CFA, as the side CF is to the side AC. Again, in the triangle CAH, the 

sine of the angle CAH is to the sine of the angle CH A, as CH is to AC. But CH is equal to 

CF 
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CF ( therefere the sine of the angle C AF is to the sine of the angle CFA» as the sine of 
the angle CAH is to the sine of the angle CH A : but the three first terms are known, there- 
fore the fourth, namely, the angle CHA, may be found. 

PROP. CXXIX. At a given altitude of different planets, their diurnal 
pandlaxes are inversely as their distances from the centre of the earth. 

Let one planet be at/, where its altitude is/A^, and another at A, having an equal altitude PJ^te u. 
bfip. If the planet / is viewed from A at the surface of the earth, the line of view is .A/r, *^* 
•nd r is its apparent place in the heavens : viewed from C, its apparent place would be t : 
whence, its parallax (by Prop. CXXV.) is r/. In the same manner it may be shewn, that r/, 
which is less than r/, is the parallax of the planet b. But (by Prop. CXXIV.) the parallax of 
each planet is proportional to the angle which AC would subtend, if viewed from the planet : 
tnJ, since AC is given, and also the degree of obliquity at which it is viewed, the apparent 
length of AC, or the angle which AC would subtend, at either planet, would be (by Book 
¥1. Prop. LXIX.) inversely as the planet's distance fromC. Therefore the parallaxes of these 
planets are inversely as their distances from the centre of the earth. 

PROP. GXXX. The diurnal parallax of a planet in a vertical circle 
produces a parallax of declination^ and also, if the planet is not in the me- 
ridian, of right ascension. 

Let HQ^be the hotixon ; EC an arc of the equator, which cuts the horizon at C ; P the Plate ii. 
pole of the equator ; Z the zenith ; Z V a vertical circle ; F, the apparent place of a planet ^'^' ^ 
in the vertical circle ZV, as viewed from the surface of the earth, and I its apparent place, as 
viewed from the centre : then (by Def LXIII. ) FI is the diurnal parallax in a vertical circle. 
When the apparent place is F, PF A is a secondary of the equator passing through it, and when 
it is I, PIB is the secondary which passes through it. Therefore AF is the declination of the 
planet when it appears at F, and BI its declination when it appears at I ; the difference of 
which, DI, is the change of the apparent declination arising from the different station of the 
spectator, at the surface or centre of the earth. When the apparent place is F, the distance 
of A from the first of Aries, is the right ascension ; when it is I, the distance of B from the 
first of Aries, is the right ascension : for PFA and PIB are secondaries of the equator passing 
through the planet. The difference of right ascension, therefore, produced by the parallax 
FI, is AB. If the planet is in the meridian PZH, and if L be its apparent place, as viewed 
from the surface, and N, as viewed from the centre of the earth, LN will be its diurnal paral- 
lax i LE its declination, as viewed from the surface ; NE its declination, as viewed from the 
centre ; and NL its parallax of declination. But, because PZH is a secondary of the equator, 
in whatever part of this vertical circle the planet appears, its right ascension will be the dis- 
tance of the point E from the first of Aries, that is, the diurnal parallax, in this case, makes 
no parallax of right ascension. 

PROP. CXXXL The diurnal parallax of a planet in a vertical circle 
produces a parallax of latitude, and also, if the vertical circle be not a secon- 
dary of the ecliptick, of longitude. 
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fta« 1!. Let HQ^h? the tiorison ; P the potc of the ccliptick ( EC an arc of the ecliptick, which 
^ *• cuts the horizon at C ■, and ZV a vertical circle : and ihia Propoaiitoii may be proved iu the 
same in^niicr as the hsi. 

PROP. CXXXII. The semidiameter of the earth is to the distance of 
any planet from the centre of the earth, as the sine of the planet's parallax 
is to the sine of its apparent distance from, the vertex. 

VUt« tOb If a planet is at F, and tlie spectator at A, where the line of view is AFL, the planet will 

''*• "■ appear at L, and ZAL will Jjc the angle of its apparent distance from the vcnes Z. Let the 

parallax IL, or the angle AFC proportional (by Prop. CXXIV.) to IL, be found. In the 

,. plane tiianglc ACF, (the sides being to one another as the sines of the opposite angles? AC, 

f the semidiameter of the earth, i^ to FC, the distance of the planet from the centre of the 

eanh, as the sine of the angle AFC the angle of the parallax, is to the sine of the angle FAC^ 

or of ks supplement to two right angkaZAlj, the angle of the planet's apparent distance from 

the Tertcx. 

Cor. When the horizontal parallax is taken, the semidiameter of the earth AC is to HC, 
(he distance of the planet, as the sine of the horizontal parallax AHC is to the bine of HAC 
•r radius. 

PROP. CXXXIII. To measure the distance of the moon from the earth. 

Mate la Let H be the moon in the sensible horizon observed by a spectator at A, and C the centre 
Eif- •'■ of the earth. In the triangle AHC, let the angle AHC, the moon's horizontal parallax, be 
found, by Prop. CXXVIl. Tlie angle HAC is a right angle, and AC the semidiameter of 
the earth is known to be 3985 miles. Hence, AC the sine of AHC, 57' 1 1", is to 3985, as 
AH, taken as radius, to the number of miles in AH the moon's distance from the earth ; the 
moon's mean distance is thus found to be 140,000 English miles. 

ScHOL. According to Mr. de la Lande, the horizontal semidiameter of the moon, ia to its 
horizontal parallax for the mean radius of (he earth as 15' is to 54' s/''4, orvery nearly as 
3 to 1 1 i hence the semidiameter of the moon is -jL of the radius of the earth. And as the 
magnitudes of spherical bodies are as the cubes of their radii, the magnitude of the moon is 
to that of the earth as 3 * to 11', that is, as i : 49. 

PROP. CXXXIV, To determine the relative distances of the inferior 

planets from the sun. 

piiic ». Let S be the sun, EHG the orbit of Venus, and LCM t^ orbit of Mercery. Let AXF 
^'K' '"' be a tangent to the orbit of Venus, and let the elongation of Venos, that is, the angle XAS» 
be found by observation. Then as radius to the sine of the angle X AS, so is AS to XS or ES. 
In like manner, if the elongation of Mercury, or the angle CaS, be (ibicned ; .av.ta^w to 
the sine of CAS, so is AS to CS or LS. If AS, the sun's distance fros^ the earth. ^ aup.- 
posed to be divided into 1 000 equal parts, the distance of Mercury will in this m^iKr^ found 
to be 387, and that of Venus 7J3. ^ PRtiP* 
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: PROP. CXXXV. To determiae the rdadve distaoces of the snperiof 
planets from the sun. 

Let S be the sun, nkg the orbit of the earth, OPQ^the orbit of Mars, and NKG a part of Pi^te lo 
a great curcle in the heavens, in which the planet appears to have a retrograde motion ^ kt P ^^' ^* 
be the place of- Mars. Whilst the earth is passing in its orbit from t to ii, Mars will appear 
to move from K to N. The angle of retrogradation KFN is then known hj observation. To 
this the vertical angle nPS is equal. In the triangle nSP, the angle at n is a right angle i th^ 
angle nPS is the angle of retrogradation which is known, whence the other angle ifSP is 
known, and the ratio of the sides of the triangle to each other is known : whence the ratio of 
S/f to SP is found. If the mean distance of the earth from the sun be called 1000, that of 
Mars will be found to be 1523, that of Jupiter 5201, and that of Saturn 9538. 

• 

PROP. CXXX VL To find the parallax of the sun by the transit of Venust 

Let FIG be the earth, L Venus, and S the sun. To an observer at I, Venus will appear Plate il 
just entered upon the sun's disk at C, and its apparent place in the heavens will be Q^ But ^*S* ^ 
at the same instant to a.apectatpr at G it will appear above the sun in the right line GLN. 
The angle NLQ^, or BLG, b the horizontal parallax of Venus ; and the angjle BCG, or ite 
equal TCQ^, is the sun's horizontal parallax. Because the plane of Venus's orbit is inclin- 
ed to the plane of the ecliptick, this planet, in its inferior conjunction, will commonly pass 
northward or southward of the sun ; but, when the inferior conjunction happens at, or very 
near, one of the nodes, it will pass over the sun's disk. If, at the time of this transit, a spec- 
tator at I, and another at G, (at the distance of 90 degrees, in longitude, from each other) ob- 
serve the exact time of the total ingress of the planet, tlie dtflPerencet between the actual time 
of ingress, and the time at which the ingress would have happened without any parallax, be- 
ing known, and (by Prop. XX VU.) converted into parts of a degree, the horizontal parallax 
of Venus, ILG, may be found Or, if several different observations of the time of ingress be 
made at difierent places, after due allowance is made for difference of longitude and latitude 
at those places, the parallax of Venus at that time, and thence its horizontal parallax, will be 
accurately discovered. 

If two observations of this angle be taken at the same time on opposite meridians, the eiw 
rors attending the observations may serve to correct each other. For, suppose MO to be a 
part of the orbit of Venus, and V, v, </, the planet in different situations. The time in fi^hich 
Venus will pass through such an arc V 1; of its orbit, as when viewed from the earth subtends 
an equal angle with the diameter or chord CD of the sun being found, and also the arc V 
V ; let a specutor on the earth's surface view the planet just entering within die sonfs disk 
at C. If the earth remained at rest, the spectator would see the planet passing over the disk 
in the line CD, yrhiist in its path it desw^ibes V ti «* but because he is, in the mean time, by 
the earth's diurnal revolution^ carried trt>ni A towards P, at the instant when he sees the 
planet passing off the sun's disk at D, the planet is advanced in its orbit to U. Consequently, 
the transit will be to Uils^btLFver-as mu^h longer (ii^n the computed time^ as the faeliocen- 
trick arc VU i« longer thaiu Vvw If another observsKion of the same kind be takca-at tlie 
game time on the opposite mcridiatn where the spectator is carried in a directioir coikrary to 
the former, the duration of the transit wil^^i^iliiaa be aft mush shorter than, the compiitod 
tiiDCi as in the other situation ii wai> longer. The 
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The ihoriTOBtal piraHjx of Venus being thos fouml, tlie iud's horixoniai prfr*llint, on the 
day of the transit, may be diicovered by Prop, XXIX. For, as the sua's praportiooal dis- 
tance) at the irausit, from the earth (taking looo for his niL-jn distance) is to the proportional 
•••*'; distance of Venus from the earth at that time. 50 is the horizontal parallax of Venus, I L G, 
to tlie horizontal paraUax of the sun, ICG, on tlic day of the transit. Whence the sun's hor- 
izontal parallax, at the time of his mean distance from the earth, may be Tound : for (by Prop. 
XXIX) as the sun's me.in distance from the earth, h to his proportional distance at the tran- 
sit, so is his horizontal paralhx at that time to his mean hortzonul parallax. 

In ihiii manner the sun's mean horizontal parallax has been found, from comparing the 
transits of Venus in 1761 and 1769, to be 8-65" or about $- seconds See Philosophical 
I Transactions, Vol. LXII. p. 611, and Ferguson's Astronomy, Chap. XXIll. 

ScHOL. The transits of Venus happen but very seldom : the first that seems to have 
been noticed was in the year 1639, by Mr. Horrox and his friend Mr. Crabircc. Willi 3 
view of engaging ihc attention of future astronomers to the above method oi determining 
the sun's parallax, and (hereby his real distance from the earth, Dr. Halley communicated a 
paper to the Royal Society in the year 1691, containing an account of the several yean in 
which such a transit would happen. He particularly mentioned those which would be seen 
in 1761 and 1769, presuming that on those periods this important problem would be solved 
with great accuracy. No other transit will h.ippen until the year 1874. 

Except such transits as these, Venus exhibits the same appearance to us regularly every 
eight yearn ■, her conjunctions, elongations, and limes of risiug and setting, being nearly the 
satne, on the same days as before. 

PROF. CXXXVII. To find the distance of the snn from the earth. 

pi»te la li the triangle AHC, suppose H to be the sun. As the sine of 8-f seconds, the horizon' 
tal parallax of the sun AHC. is to radius, so is the semidiameter of the earth AC, which is 
found by mensuration to be 3985 English miles, to the number of scmidiameters of the 
earth contained in the distance of the sun from the earth. Hence the sun's distance from 
the earth is found to be about 95, 1 73,000 English miles { for by log. we have 5'62<9l4{niie 
of 8"'65) : 10 000000 : : 3-600428 (log. of 3985) t 95ii73,>iDo mWes. 'j- 

PROP. GXXXVIII. To measBFc the distance of Mercury or Vems 
from (he sun. 

Plati 11. let S be the 9an, E the earth, and M Mercnryor Veflas. 1tfe»ure tbe angle SBM, and 

^>e- 3- observe accurately the time when thi< metsure is tnken. ' Wlmi Mereovy haa nade one 

fcvolution, and arrives at the same point Mv iht tnih wUf he in wmie ofhor p«rt of its 

«ri>it, as & i measure at^that time, tbC'angle SR1lCr«Mlab«;T«ethe'lhti«'«rhA'the meanNe 

is.tal>ea. 

3j- these two observations the time in -wW^b thtt ■irtfc'pwws fnia £ to It is hnoiM: 

bencct. » t .year is ro the lime employed in poisirig fitto K^ R, so are 360 dcgrstn t^tlR 

arc^l : whence the arc ER, and the angle ESR, are fiuM. In the Kianftle ElHt fbe 

•td«s &£, SR, i(the diMaoce of the sun irodrtlia eirfb) biiif knmra* Md alwtlVoimtained 

.1- ■ ^ ' •ngte 
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angle RSE, let the angles at the base SER, SRE, and the base RE, be found. Then from 
the known angle SER take away the angle SEM| which is also known, there will remain 
MER \ and from the known angle SRE take away the known angle SRM, there will re- 
main MRE. The two angles MER, MRE, being thus found, the third angle RME is 
also known ; and the side RE is known. Whereforei the sine of the angle RME is to the 
side RE, as the sine of the angle MRE is to the side ME, or as the sine of the angle MER 
is to the side MR. In the triangle SRM, the sides RS, RM, being thus found, the sum o£ 
the two sides RS, RM, is to their difference, as the tangent of half the sum of the angles 
at the base RSM, RMS, is to the tangent of half their difference. To half the sum add half 
the difference, and the greater angle at M is found i and from half the sum take away half 
the difference, and the less angle at S is found. Whence, the sine of the angle at M is to 
the side RS, or the sine of the angle at S is to the side RM, as the sine of the angle at R is 
to the base SM, which is the distance required. 

PROP« CXXXIX. To measure the distance of Mars from the sun. 

Let S be the sun, E the earth, and M Mars. Measure the angle SEM : When Mars has ^^te ^ !• 
made one revolution, observe the place of the earth in its orbit R, and measure the angle ^^* 
' SRM. Having found as before the arc ER, and the angle ESR, in the triangle ESR, in 
which the two sides SE, SR, and the contained angle ESR, are known, let the angles at the 
base SER, SRE, and the base RE, be found. If from the angle SEM (which has been 
observed) be taken SER, there remains REM ; and if from the angle SRM (which has 
been observed) be taken SRE, there remains ERM. Whence, in the triangle RME, the 
angles at R and E being found, the third angle is known : and the sine of the angle at M is 
to the side RE, as the sine of the angle at E is to the side RM. Wherefore, in the triangle 
SRM, the two sides of which, RS, RM, and the contained angle at R, are known ; whence, 
as in the preceding Proposition, the two angles at the base S, M, and lastly the base SM, 
vhich is the distance required, may be found* 

PROP. CXL. To measure the distance of Jupiter or Saturn from the 
sun by their satellites. 

Let S be the sun, E the earth, and I Jupiter. First, observe the instant in which the ^^^<^ i^* 
satellite R disappears behind Jupiter, and the instant in which it again appears : then, '^' 
dividing the intermediate time into two equal parts $ this will give the instant in which the 
earth E, Jupiter I, and the satellite R, are in one right line EID. Next, observe the in- 
stant in which the satellite disappears behind the shadow of Jupiter, and the instant in which 
it again appears i and divide the time between these instants into two equal parts to find the 
instant in which the satellite is in the midst of the shadow, that is, in which the sun, 
Jupiter and the satellite form a right line SIR. Hence, the time taken up in passing from 
D to R is known : whence, the time of the entire revolution of the satellite is to 360 de- 
grees as the time employed in passing from D to R is to the arc DR. Thus the arc DR, 
and the angles RID, EIS, are found. Lastly, having taken an observation of the angle IES» 
the other angle ESI is found \ and the side £S, the earth's distance from the sun, is known : 
whence, the sine of the angle EIS is to the side ES^ as the sine of the angle lES is to the 
side IS, the distance required. 

80 PROP. 
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besides performing an entire revolution in its orbit, (equal to 4 right angles) it must pas^ 
through as much more angular space, as the earth has done in the mean time. Hence, as 
the angular motion of Venus is to the angular motion of the earth in the time between the 
greatest elongation and its return, «o is the periodical time of the earth to the periodical time 
of Venus. In this manner the periodical times of all the planets majr be found. 

Or, observe when a planet is in anjr point of its orbit, and after any number of revolu- 
tions, observe when it comes to the same point again ; -theu divide ^hat interval of time by 
the number of revolutions, and you get the time of one revolution. The observations of 
ancient astronomers are here very useful ; for ar they have put down the places of the plan- 
ets from their own observations, by comparing them with the places observed now, we take 
in a very great number of revolutions, and, therefore, if we divide the interval of time by the 
number of revolutions, should a small error be made in the whole time, it will affect so much 
less the time of one revolution. The periodical times of the planets will be found in the table 
at the end of the chapter. 



Because the squares of the periodical times of the planets were found by Kepler to 
cubes of their distances, the periodical times of any two planets being known, and 



COR. 

be as the 

the comparative or real distance of one of them from the sun being given, the distance of 

the other may from this proportion be found. 



PROP. CXLV. To find the mean velocities of the planets. 

The periodical time of a planet being known, and also its diameter, and consequently its> 
circumference, (for the diameter of a circle is to its circumference nearly as 1 13 to 355) ita 
mean velocity, or the velocity with which it would move if its motion were uniform, may be 
thus found : As the whole periodical time of the pUnet i« to an hour, so is the whole cir* 
cumference of its orbit to the angular space passed over in an hour. Thus it is found, that 
the mean -horary ireloeity of the earth is 68,2 169 English miles. In Hke nunner, the hora^ 
ry velocity of the other planets may easily be found. 

CoR. By comparing this proposition with Cor. Prop. CXVTI. the velocity of light will be 
found to be to the velocity of the earth in its orbit as 10632 to i. 

PROP. CXLVI. The planets revolve round their axes.- 

It is found by observation, that the earth revolves about its axis in a^h. 56^ 4'^ mean solar 
time: Saturn in i2h. 13' -J: Jupiter in 9h 56' : Mars in 24h. 40': Venus in 23h. 2o'l 
The sun is found to revolve on his axis in 25d. loh. 

The time of Saturn's rotation is computed from the ratio of its diameters, which Dr» 
Herschel makes to be about > i to 10. The time of the rotation of the other planets, is not 
known ; nor has it yet been determined whether they do revolve about their axes. 

ScHOL. The following Table contains a synopsis of the distances, magnitudes, periods, &C;.- 
of the several pUoetSj according to observations made down to the year 1784. 

TAJiLE. 
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BOOK VII. PART II. 



Of the Causes of the CELESTIAL MOTIONS and of 

other Phenomena. 



CHAP. I. 

Of the Cause of the Revolutions of the Heavenly Bodies in tbeih 

Orbits* 

PROP. CXLVIL The moon is retained in its orbit by a force wluch 
impels it towards the centre of the earth. 

Since (by Book IL Prop. L) the moon, or any other planet, being put into motion, would 
continually move on uniformly in a right line, there must be some force which draws it from 
•its rectilineal path. Whatever this force is, since it is found by observation that the moon by 
a radius drawn to the earth's centre describes equal areas in equal times, it follows (from 
Book II. Prop* LXXIII.) that it is impelled* by that force, towards the earth's centre. The 
earth indeed is not at rest ; but because both the moon and earth revolve round the sun, the 
motion of the moon with respect to the earth is the same as if the earth were at rest. 



PROP. CXLVIIL The force which retains the moon in its orbit is^ 
at different distances firom the earth, inversely as the squares of those dis^ 
tances. 

The moon's orbit being an ellipse, which has the earth in one of its foci, the force which 
retains it in its orbit, must (by Book II. Prop. LXXXI.) in diiierent parts of the orbit be in- 
versely as the squares of the distances from the earth. 

PROP. CXLIX. The moon is retained in its orbit by a force which 
carries it towards the earth with the same velocity with which a body acted 
upon by gravitation at the distance of the moon, would fall towards the 
earth. 

Let AER be the earth, PLV a part of 'tbfi moon's orbit, LC an arc wluch the moon de- Plate n. 
scribes in its orbit in one minute of timcri'Since the moon describes its whole orbit in 27 ^'^' '^' 
days 7 hours 43 miBtttes, that b, in 39343- nunutes, the length of the arc LCr which the 
moon describes in one minutei is the ^^j^^ part of 360% or 33'^ If the moon setting out 

81 from 
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from L, were not impelkil towards the earth, it would move in the right line LB Since 
therefore it moves in the arc LCt ihcte must be a force impelling it towards the earth's cen- 
tre which draws it from ihc tangent LB, so that, at the end of i minute, when it is arrived 
at C, it will have departed from the tangent as far as BC, or LD : or, because the moon de- 
Wribcs th? diagonal I^.in i mimitc, it would in the same time, by the projectile force, de- 
scribe LB, and by the centripetal, LD. LD is then the space through which the centripetal 
force makes the moon fail lowiirds the earth in i minute j and LD is the versed sine of the 
arc LC, which is an arc of 33". Therefore the force which impels the moon, would make 
it fall, in 1 minuie of time, through the versed sine of an arc of 33". Because AER, the 
earth's circumference, is found to measure 1^3149(500 Paris feet, its semidiamcier AT will 
be about 1915 15800 such feet Since therefore the mean distance of the moon from the earth 
is found to be 60 scmidiameicrs of ihc canh, AT multiplied by 60 will give the length of LF 
a semidiameter of the moon's orbit, namely, 1 1 76948000 feet. And as the radius is to the 
versed sine of 33", so is LTto LD, or nearly as 1 17(5948000 to 15-'- Paris feet, which is 
nearly equal to i(if English feet, or i pole, riiereforc, if the moou were to fall towards the 
earth, the centripetal force which impels it towards the earth would make it fall i pole in the 
first minute of its descent. But because (by Prop. CXLVIU.) this centripetal force is in- 
versely as the squares of the distances, a body which is at the distance of the moon, or 60 
lemidiametcre of the earth, will be attracted by a force as much less than that at the surface, 
ai the square of (So, or 3600, is greater than the square of i, or 1 ; that is, the force at the 
surface being 1, ii will be to the force at the distance of the moon, as 1 to yttS' ^"'^ ^^ ve- 
locities wilt have the same ratio. But a body at the aurfjcc of the earth falls through ■ pole 
in a second of time, that is, (by Book IL Prop. XWl.) through 3600 poles in a minute. 
Therefore, at the distance of the moon the body would fall through - ^ /^ ^ part of this length, 
that i>, through 1 pole in a minute. But it has been sliewn that the moon, by its centripetal 
force, fills towards the earth 1 pole in a minute : therefore the moon is retained in its orbit 
by a force which moves it with the same velocity with which a body, acted upon by gravity* 
lion, and removed to the distance of the moon from the earth, would fail towards the earth. 

PROP. CL. The moon is retained in its orbit b^ the force of ^r- 
itatioQ. 

The force which retains the moon in its orbit agrees with gravitation in its direction (by 
Prop. CXLVII.) and in its degree of force j {h^ ?np. CXI^} U^^j t^efef^^^^ ^n- 

'tiiided to be thb force of Cavitation." ' . - 

PROP. CLI. The primary planet* ve tfttaibed in thdc ^t^s by * 
ibrce which impels them towards the sun. .::-i. 

'It is found by observation, that each of them, as they revolve in their respective orbits, 
defbribe, by a rndiua drawn to the sun, equal areas in equal times. Therefore (by 
Book R. nof . XjXXHL) tbc force which teiuca tlum ia theii orbit, impels them towards 
(be mo. 

PROP. 
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PROP. GLIL The forces wluch retiun the primary planets in their 
respective orbits are, at different distances from the sun, inversely as the 
squares oT those distances. 

It appears from obsenratioiii that the squares of the periodical times of the planets are at 
the cubes of their mean distances from the sun. For example, Saturn's periodical time being 
found to be to Jupiter's about as 30 to I2| and the distance of the former from the sun, to 
that of the latter nearly as 9 to 5 ; the squares of the times are 900 and 144; which are to 
one another nearly as 729 to 125, the cubes of the distances. This proportion takes place ia 
all the primary planets: hence (by Book II. Prop. LXXIX.) the force by which they are 
retained in their orbits is inversely as the squares of the distances. 

ScHOL. It has been remarked in the last chapter, that Kepler found by obsenration that 
the squares of the periodical times of all the primary planets are as the cubes of their mean 
dbtances from the sun. Astronomers have since found, that the same law holds good in the 
secondaries with respect to their primaries. To Sir I. Newton we are indebted for an 
niTestigation of this law on physical principles. He has demonstratedi that^ in the present 
state of nature, such a law was inevitable. 

PROP. CLIIL The primary planets are ret^ned in their orbits by the 
force of gravitation. 

The moon having been shewn from the direction, and the law of its centripetal foroe^ 
to be reuiued in its orbit by gravitation ; unce the primary planets are impelled towards 
the sun (by Prop. CLL) as the moon is towards the earthy and since their centripetal force 
acts with respect to the sun by the same law, by which the force which retains the moon in 
its orbit acts with respect to the earth, namely, that this force is inversely as the square of 
the distance of the planet from the sun $ it may be concluded, as in the case of the moon^ 
that they are retained in their orbits by the force of gravitation. 

This follows likewise from their moving in elliptical orbits, since k has been proved 
(Book IL Prop. LXXXl ) that bodies revolving in such orbits have their centripetal forces 
inversely as the squares of their distances from the centre about which they revolve. 

PROP. CLIV. The satellites of Jupiter and Saturn are retained ia 
their respective orbits by the force of gravity. 

They are observed to describe equal areas round the respective primaries in equal times, 
and consequently (by Book II. Prop. LXXIU ) are impelled towardi» them; and the forces 
which retain them in their orbits, are at different distances inversely as the squares of those 
disc inres, (by liook IL Prop. LXXXI ) because it has been observed that the squares of their 
periodical times are as the cubes of their distances from their respective centres. There* 
fore the force which retains the satellites of Jupiter and Saturn in their orbits» acts in the 
same manner^ and by the same law» as the force which retains the moon in its orbit acts 

with 
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cauie the common centre of gnTity of the sun S, and any planet P, is always in a right 
line drawn from the sun to the planet» if the planet moves through any small space from 
2 top, the line ^ continued must pass through the sun ; and consequently the sun must 
hare moved from S to x. Thus P^, S/| are arcs described by the planet and sun in their 
respective orbits in the same timei and PC/, SCs, are areas described in the same time by 
the radii CS9 CP. And because the vertical angles at C are equal, and that SC is to PC 
as /C to /C} (for SP, //> are both divided in C in the inverse ratio of the quantities of 
matter in P and S) the areas PC/, SC/i are similar. In like manner, any other parts of 
the two orbits described in the same time, may be shewn to be similar ; consequently, the 
whole orbits are similar. 

Again, when P has completed its revolution round C, or 4* or -^ of its orbit, it will 
appear to a spectator at S, to whom S seems at rest, to have completed its orbit, or •[- or •} 
of its orbit round S. And universally, the angular motion of the planet P about C, in any 
given time, will be equal to its apparent angular motion about S, considered as at rest by a 
spectator at S. If therefore the planet P in any given time has moved from P to /, in 
which (by the last Prop.) the sun S has moved horn S to /, the angle PQ^, which is the 
measure of the planet's angular motion about C, will be equal to the apparent angular 
motion round S» Let S/ be taken equal to sp, and make the angle PS/ equal to the angle 
PCp I P will by a radius drawn to S apparently describe the area PS/, whilst, by a radius 
drawn to C, it is describing the area PC/. Now, because (as was before shewn) SC is to 
PC, as jC to /C, (El. V. 18.) SC+CP, or SP is to PC, as iC+C;^, or // is to /C; and 
jp is equal to S/ .- therefore PS is to PC, as S/ is to /C. Consequently, the two figures 
FCp% PS/, are similar. In like manner it may be shewn, that any other part, described in 
any given time, of the orbit the planet appears to move in round the sun considered as at 
rest, will be similar to other parts, described in the same time, of the orbit in which the 
planet moves round the common centre of gravity of the sun and the planet : therefore the 
whole orbits are similar. And since the orbits which the sun, and the planet, describe about 
their common centre have been proved to be similari it follows, that the orbit which any 
planet appears to describe round the sun considered as at rest, is similar to the orbit which 
the sun in the mean time describes round the common centre of gravity. 

In like manner it might be proved, that the orbit which the sun S appears to describe round 
the planet P considered as at rest, is similar to either of the orbits which the planet and sun 
about the centre of gravity. 



C01U If the sun's apparent motion, seen from the earth, is an ellipse, having the earth 
in one of its foci, the earth's apparent motion, seen from the sun, will be in a similar ellipse, 
having the sun in one of its foci : and if the sun and earth mutually gravitate towards each 
other, they describe similar elliptick orbits about their common centre. 

PROP. CL VIL The common centre of gravity of the sun and all the 
planets is at rest, and is the centre of the solar system. 

Since, from the mutual gravitation of the sun and any one planet, they will revolve about 
ihAf common centre (by Ptop. CLV.) the same must hold good with respect to the sun and 
all the planeu. Consequently, duse must be some one point in the solar system which is its 
{SfMxc of gravity, and is at rest. 

8s CHAP. 




ASTRONOMY. Book VII. Part IL 
CHAP. II. 
Of the Lunar Irregularities. 

PROP. CLVIII. The nearer the moon is to its syzygjes, the greater is 
its velocity ; and the nearer it is to its quadratures, the slower it moves. 

Let S represent the sun, T ihc earth, and LMNO the orbit of the moon •, Jet the moon he 
ill one of its quadrat urifs at L, and let the lines LS an<t PS be drjwn. It is obvious, that the 
tendency wbich the moon has towards the sun is along the line LS, and t bar which the earth 
hiS, is along the tine TS : let then the former of these be resoh-cd into two others, the otie 
along La parallel and cqu^l to TS, the other from L to T, along the line LT. The former 
of these tendencies being parallel and equal to that by which the earth tends along the line 
TS, alters not the situation of the two bodies L and F with respect to each other, that is, it 
ilirturbs not the motion of the body I^ ; but the other along LT increases its tendency towards 
T. And this increase will be to the tendency the maon has to A, which is the same which 
the earth ha« to S, as the distance L T to LA, or IS : that is, the graiity of the moon towards 
the esrth in the quadratures is augmented by the action of the sun, and that augmentation is 
to the tendency which the earth has to the son, a3 the length of the line LT, or the distance 
of the moon from the earth, to TS the distance of the earth from the sun. 

Hence the greater the moon's distance is from the earth, the distance of the sun remaining 
the same, the greater will this increase of the moon's gravity towards the earth be. But if 
the distance of the moon from the earth remains the same, and the distance of the sun be 
augmented, this additional increase will be the leas in the ratio of the cube of that distance. 
For, if TS be increased while L T remains the same, L T will be so much the less with respect 
to TS, that is, the increase will be diminished in the ratio of the sun's distance ; but when TS 
the distance of the sun is increased, the absolute force of the sun, and with it the abovc-meti- 
tioned Ihdreuei will' be diminished also in proportion to the square of that distance; ctmse- 
quently, taking in bo^ CMisiderations, it will upon the whole be diminished in the ratio of 
the cube of that distatiee. 

Let now the moon be in one of its syzygies at M, then wtll the tendency it has to the sun, 
more than that which the earth has, which is farther off at T, be to that which the earth has, 
as the difference of the Sfjuarcs of SM and ST is to the square of SM : but the difference be- 
tween the squares of SM an^i S f has nearly the ratio to the square of SM, which twice MT, 
that is MO, has to SM ; because the difference between the squares of two numbers whose 
difference is very small with respect to either of them (as the difference between SM and ST 
is with respect to the distance of S) has little more than double the ratio to the square of the 
less number, tlinc the difference between the numbers themselves has to the less number. 
The tendency therefore which the moon, when at M, has to the sun, more than that which 
ihe earth has, is to that wMch the earth has, nearly as MO, or twice TL, to SM, or because 
of the sun's great distancci as twice L f to TS. Her tendency therefore to the earth is now di- 
minished in that ratio : but as was shewn above, it was augmented in the quadratures in th<t 
ratio only of l^X to fSt TJk dunioutton iwre is tiwretee aeatly double of the augmenta^ 
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tion there. And whereas that augmentation, when the distance of the sun remains the same, 
was shewn to increase with the distance of the moon ; but when the distance of the moon re« 
mains the same, to decrease with the cube of the sun's distance ; this diminution being always 
nearly double of that, will do the same. 

When the moon is in the other syzygy at O, it is attracted towards the sun less than the 
earth is by the difierence of the squares of SO and ST ; which, in efiect, is the same thing 
as if the earth were not attracted at all towards S, and the moon were attracted the contrary 
way i so that its tendency to the earth is here also diminished, as well as when it was at M, 
and almost in the same degree ; for, on account of the sun's great distance, the difference be«^ 
tween the squares of SO and ST is nearly the same as between ST and SM. 

Or thus: the annual course of the moon round the sun being performed in the same time 
that the earth's is, it ought to be retained in that course by the same force that the earth is -, 
whereas when the moon comes to M, the action of the sun upon it is greater than it is upon 
the earth, by the difierence of the squares of SM and ST ; and when the moon b at O, it is 
less than it is upon the earth by the difitnrence between the squares of ST and SO : so that in 
the former case the moon is drawn too much towards the sun, and in the latter too little i and 
therefore in both cases its tendency towards the earth is diminished, and almost in the same 
degree ; because, as was obsenred above, the difference of the abovementioned squares is-nearly 
the same in either case. 

Nest, let the moon be in a point of her orbit between the quadrature and the syzygy. 
Then being nearer the sun than the earth is, she will be attracted with a stronger force : let 
it be expressed by /S produced to D, till /O be of such a length, that TS being put to express 
the action of the sun upon the earth, /D may express the stronger force of the sun upon the 
moon : and let /D be resolved into two others, one of which let be /tf, equal and parallel to 
TS, then will the other be ^D, or its equal and parallel /G. This /G is the only disturbing 
force upon the moon at L, the other Ija being parallel to fS, affects the moon just as the sun 
does the earth ; and thus alters not their situations with respect to each other. Let then this 
figure with the line LG be transferred to fig. 9. This force LG may be resolved into LI ^f^^* ^^■ 
and LH, the one a tangent to the orbit of the moon, and the other a perpendicular thereto : the ' "' 
former accelerates the motion of the moon when going from the quadrature at O to the syzygy 
at B i and will retard it when going from B to R. The other, when H falls upon TL produ- 
ced, as in this figure, diminishes the tendency of the moon towards the earth j and when it 
falls between L and T, it augments it» 

Tlius the nearer the moon is to its syaygies, the greater will be its velocity ; and the nearer 
it is to the quadratures, the slower it will move \ because one of the forces into which LG is 
resolvable, accelerates its motion from the quadrature to the syzygies i and retards it as much 
from thence to the quadratures. 

Co&« Hence the moon in her monthly revolution is, by the action of the sun, alternately 
accelerated and retarded. 

PROP. CLIX. The moon describes equal areas in equal times only at 

die syzygies and quadratureS|. aud deviates from, this law the farthest ia the 

octants^ ^ 

The 
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The disturbing force being resolved into two others, one of ttiem, at the quadratures, or 
syzygica, will be found to point from or towards T the centre of the earth directly, and 
therefore will not hinder the moon from describing equal areas in equal times i the other 
likewise, in those places will be found to tend towards the centre of the sun, and therefore 
neither of them will prevent the moon there from describing equal areas in equal times, that 
is, will not at the quadratures disturb the moon's motion at all. 

But when the moon is in the octants, as at L, this force being resolved into two others, one 
of ihcm, as LH, will point directly to or from the centre of the earth, and therefore will in- 
crease or diminish the moon's tendency towards the earth, but not hinder it from describing 
equal areas in equal times. But the other, as LI, or HG, points neither towards the centre of 
the earth, nor sun, and therefore, in the octants, prevents its describing equnl areas in equal 
times. But this being the mid-way between the quadrature and the syzy^y, in both whicfa 
places tills disturbing force doth not prevent the moon from describing equal areas in equal 
times, it follows, that at the octants, this disturbing force will be greatest of all. 

ScHOL- Hence it has always been found more difScult to obtain the moon's place in the 
ocunts, K) as to agree with observation, than at the quadratures or syzygies. 

PROP. CLX. The orbit of the moon is more curved in the quadra- 
tures, and less in the syzygies, than it would be if it were only attracted by 
the earth. 

For its motion (by Prop. CLVIII.) being accelerated during its progress from the quadra- 
tures to the syzygiiis, in the syzygies its motion will be quicker than it ought otherwise to be, 
and therefore its centripetal force less than it would otherwise be. It will therefore at the 
syzygies describe the portion of a larger curve, which consequently will be less curved than a 
smaller. On the other hand, while the moon passes from the syzygies to the quadratures, its 
motion is continually retarded, and therefore, at the quadratures, its motion will be slower 
than it would otherwise be. At the quadratures, therefore, the moon will describe the por- 
tion of a lesser curve, which therefore will be more curved than a larger curve. 

PROP. CLXI. When the earth is in its perihelioo, the periodical lime 
of the moon will be the greatest ; when the earth is in its aphelion, the pe* 
tio^cal time of the moon will be the least. 

Since the irregularities eiplained in the three preceding Propositioas proceed from tht ao 
tion of the eun, it follows, that where the action of the Eun is greatest, die irregularlue* arisinf 
fiom it will be greatest too. But the nearer the earth ii to the sun, the greater will be the ac- 
tioa of the sun upon the raoon : and the more the i^tXHi ttndi towards the sun, the less will 
it tend towards the earth. When therefore the earth it at the peiihclion A, and consequently 
,, at its least distance from the sun S, (he action of the am npon the moon will be greatest, and 
deatfey nore of its tendency towards the eaitb than at any other distance, as SE, SC. 
SD, &C. Therefore when the earth is at the perihelion A, the aioon will describe a farget 
orint aboat the earth, than when the earth, it at any oOtes distance ima the sun, and constS 
quently, her periodical time will then be the longest. 

Btft 
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But the earth is at its perihelion in the winter, and consequently, then the moon will de- 
scribe the outermost circle about the earth, and her periodical time will be the longest : which 
agrees with observation. For the same reason, when the earth is at its aphelion B» the ten- 
dency of the moon towards the earth will be the greatest, and consequently, her periodical 
time the least. And in this case, which will be in the summer, it will describe the innermost 
circle about the earth. 

^ROP. CLXII. ITie line of the moon's apsis goes forward when the 
moon is in syzygy, and backwards when it is in quadrature ; but it goes - 
farther forwards than backwards each time, so that at length it performs a 
revolution according to the order of the signs. 

Since the moon describes an elliptical orLit CEDF about the earth S, placed in one of its Plate ii. 
fod^ and since its centripetal force towards the earth, by means of the action of the sun (by ^*^' '^' 
Prop. CLVIII.) is continually increasing, or decreasing, but not equably, that is, sometimes 
less, and sometimes more, than in the inverse duplicate ratio of the distance of the moon from 
the earth, therefore, the line of the moon's apsis AB will be continually going backwards 
or forwards ; that is, the axis AB will not always lie in that situation, but go backwards into 
the situation CD, or forwards into the situation £F. Since however, taking one whole revo- 
lution of the moon about the earth, the action of the sun more diminishes the tendency of the 
moon towards the earth than it augments it, therefore the motion of the apses forwards, ex- 
ceeds their motion backwards. Upon the wholCf therefore, the ap,*es of the moon's orbit go 
forwards, or according to the order of the signs. Their revolution is completed in about 9 
years. 

PROP. CLXIII. The eccentricity of the moon's orbit is varied in eve- 
ry revolution of the moon, and is greatest when the moon is in syzygy, 
and least when it is in quadrature : and the orbit is most of all eccentrical 
when the line of the apsis is in the syzygies, and least of all eccentrical 
when this line is in the quadratures. 

Because the moon describes an eccentrical orbit CEDB about the earth S, and the action plate 11. 
of the sun upon it sometimes increases its tendency towards the earth, and sometimes dimin- ^^' ^^' 
ishes it^ that is, makes its gravity towards the earth increase or decrease too fast : if, while 
the moon ascends from her lower apsis A, its gravity towards the earth decreases too fast, 
instead of describing' the path DBF, and coming to the higher apsis 2X B, it will run out into 
a curve beyond DBF, that is, the orbit will become more eccentrick, or farther from a circle. 
On the other hand, if the moon is passing from her higher apsis B, to her lower A, and its 
gravity towards the earth, by the action of the sun, increases too fast, it will approach nearer 
to the egrth than the curve C AE, and describe a curve within CAE, or a portion of an orbit less 
eccentrick, or nearer to a circle, than CEDF. And if we compare several revolutions of the 
moon together, we shall find, that when the line of the apsis is in the syzygies, the eccentricity 
will be the greatest of all ^ because in that situation, the difierence between the tendency which 
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the moon hat to the earth in one of the a^iit, and that which it has in the opposite one. is 
the gre4tc4t of all ■, whereas, when the line of the npiii is in the quadrature, this differcncs is 
thA least, and thcrefoTe the lunit eccentricity will be so too. 

Cor. \Vhen the gravity of the moon towards the earth decreases too fast^ the eccentri- 
city of her orbit wili increase : and when her gravity towards the earth increases too fast, the 
eccentricity of her orbit will decrease ; and ihc orbit itself will approach nearer to a circle> 

PROP. CLXIV. The line of the nodes moves backwards, but not uni- 
formly ; when it is in the syzygies it stands still, and moves fastest in the 
quadratures. 

H*" 1 1. When the line of the nodes is in the syzygies, as CD, the plane of the moon's orbit passes 
* through the centre of the sun S, as well as through that of the earth E i whence, the dis- 

turbing force acting in the direction of the line of the nodes, and consequently in the plane 
of the lunar orbit, the moon is not drawn out of the plane of its orbit by the sun. Out 
when the line of the nodes is in any other situation, and the moon not in one of the nodes, 
it is continually drawn out of the plane of its own orbit, on that side on which the sun lies. 
For instance, if the plaiK of its orbit CGDF produced passes above the sun, the sun draws 
it downwards ; tf, on the contrary, the plane of its orbit produced passes below the sun, it 
draws it upwards. Hence it follows, thai when the line of the nodes is not in the syzygiesi 
and the moon having passed either of the nodes, has got out of the plane of the ecliptick AC 
BU, on either side of it, the action of the sun occasions the moon to return back to the plane 
of the ecliptick sooner than it otherwise would do. But where the moon enters that plane* 
there is the next node; so that each node docs, as it were, come towards the moon : and 
the nearer the line of the nodes is to the quadratures, the greater is this effect, because, 
in that case, the sun is the fanhest of alt from the plane of the lunar orbit produ- 
ced. So that the line of the nodes goes backwards the fastest of all, when it is in the qutd- 
ratuics ; and not at all in the &y:4ygies. 

PROF. CLXV. The inclination of the lunar orbit is liabt& to change^ 
and is greatest when the nodes are in the syzygies, aad least vrben diey are 
in the quadratures. 

»Ute II. When the nodes ate in the quadratures A, B, and the moon in its orbit AGBF has passed 
Fig. 12. j^^ 3Q(j jj approachil^ the syzygy wluch is next to the sun, the attion of the sun upon the 
moon prcvenU its ascending so high, that is, departing so far from the plane of the ecliptick 
AUBCt whence the inclination of its orbit to the ecliptick will become less, and it will 
come to conjunction with the sun ai H, nuking an angle with the ecliptick HAD, less 
duo Gad. As ih« moon goes on to the next quadrature B, the action of the sun upon 
die noon, in its descent towards the node, hastens its descent, and thus, bringing it down 
to the ecliptick »l K sooner than it would otherwise arrive there, increases the inclination of 
llie plane of it* orbit as mu,h as it was diminished in ascending from A to H And for the 
naie reaion^ vJiibl the moon passes from B to the opposite i'ji'ay Fj the action of the sun 

decreases 
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decreases the inclination of its orbity and increases it again on its passage from thence to A 
the next quadrature. 

When the nodes are in the syzygies, C» D9 the plane of the moon's orbit produced, passes 
through the centre of the sun ; and consequently, not being affected by the action of the 
sun, its inclination is neither increased nor diminished. 

But while the nodes are passing from the syzygies C, D, to the quadratures A, B, the 
inclination of the moon's orbit is diminished in every revolution of the moon ; and while 
they are passing from thence to the syzygies, it is continually increasing. Suppose the 
nodes in the octants at O and L, and the plane of AGBF, the orbit of the moon, so inclin- 
ed to AOBCy the eciiptick, that if produced it will pass above the sun S. When the moon 
is nearer the sun than the earth is, it is attracted towards the sun more than the earth is ; 
and when farther off*, the earth is attracted more than the moon is, that is, the moon is as 
it were attracted the other way. Hence, whilst the moon is ascending from the eciiptick in 
passing from O to P, the disturbing force being towards S, and the orbit above S, the moon 
will not rise so high as P, and the inclination of its orbit will be diminished while it is 
passing over 90 degrees from the node O. In going from a point below P to the next 
quadrature B, which is 15 degrees, the disturbing force being still towards S, because the 
moon is as yet nearer the sun than the earth is, and the moon now disanding towards the 
eciiptick, the attraction of the sun will hasten its descent, and therefore cause it to more in 
a plane which will make with the plane of the eciiptick a larger angle than before ; that is» 
in passing from P to B the inclination of the orbit is increased. But when the moon has 
passed I^^ and is moving towards L, the disturbing force acting, in the plane of the eciiptick^ 
from the sun, and the moon still descending towards the eciiptick, the disturbing force, at- 
tracting the moon upwards, will retard its descent to the eciiptick, and cause it to move iii 
a plane which will make a less angle with the plane of the eciiptick than before \ that is, 
while it is passing from B to the node L, the inclination of its orbit is diminished. Thu8» 
while the moon passes from O to L, the inclination of its orbit is diminished during three 
fourths of the passage. In like manner, while the moon is ascending from L to I, because 
the disturbing force acts Jirom the sun, the inclination of its orbit is diminished ; and while 
it is descending from I to A, the disturbing force still acting from the sun, the inclination ia 
increased. But while it is still descending from A to O, because the disturbing force acts 
twuitrds the sun, the inclination is diminished. Add to this, that while the moon passes 
from O to P, and from L to I, the disturbing force is much greater than when it was pass- 
ing from P to L, and from I to O, because the difference between the distances of the 
moon and of the earth from the sun is greater in the former case than in the latter. On 
the whole, therefore, while the nodes are between A and D, B and F, that is, while they are 
passing from syzygy to quadrature, the inclination of the lunar orbit is diminished ; for^ 
though the nodes have been supposed equally distant from the quadrature and syzygy, it is 
obvious that the like effects must happen, though different in degree, when they are nearer 
to the one than the other. 

Next, let the nodes be in the octants I, P, between A and F, and B and G. While the 
moon is acending from the node I towards the quadrature A, the disturbing force iLZ\\ii%from 
the sun, it will be drawn upwards and the inclination of its orbit will be hereby increased* 
In ascending from A to 0| the disturbing force acting towards the sun, its ascent will be dimin- 

ishedt 
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istied) or the mcJioation of irs orbit lessened : but in de^etftding from O to the oode P, the 
disturbing force still acting towarils ihe sun, it will be drawn liowtiwikrds, iiod conteqiientlj-, 
tbe inclination of its orbit will be increased. I'liUti, dttriii); one whole revolution of the moon 
in thia position of its nodes, the inclination of its orbit will be increased through three fourtlis 
of its passage. Ani this will bi: true, aft in the other case, when the noics are not in the oc- 
tsnta. Also, for the reason mcniioncd in the other case, the force which incre:ises the inclina- 
tion of the orbit is, while it acts, superior to that which diminishes it. While the nodes, there- 
fore, arc passing from the quadratures to the sjrzygics, the incliiiaiton of the moon's orbit iv 
increasing. From all which it is manifest, that the inclination of the lunar otbit is the le.ist 
when the line of the iiodcs is in quadrature, and the maon in sfZ}rgy, and greatest when the 
line of the nodes is in syzyg^. 

PROP. CLXVL The nodes of the moon are at rest, when the line oi 
the nodes is in syzygy ; they move in antecedentla^ or from east to west, 
when the line of the nodes la in quadrature ; and also when it is between 
quadrature and syzygy ; but their regress in one revolution, is, in this case, 
less than when the line of the nodes is in quadrature. 

^tB II. When the line of the nodes is in syzygy, because the disturbing force acts in the plane of 
'*' ■ the moon'* orbii, it cannot change the inclination of that plane to the cdiptick \ whence, the 
couimoii intersection of the two planes, or the line of the nodes, is immoveable. If, whilst 
tlie line of the nodes is in AB, the moon is passing from A through G to B, being constantly 
drawn towards the plai^ of the ecliptick by the disturbing force, it will come to the plane soon- 
er than it would have done if no such force had acted upon it, that is, before it has describ- 
ed 180*', oris arrived at B. 

In like manner, white the moon is passing from B to A, through F, being drawn towards 
the plane of the ecliplicV by the disturbing force, it will cross the ecliptick sooner than it would 
otherwise have done, that is, before it arrives at A. Consctjuently, the nodes will have chang- 
ed their places, and moved in a contrary direction to the moon. In any other position of 
the line of the nodes, the disturbing force will, for the same reason, cause the line of the nodes 
to move in anUadtntia, though in a less degree ; because, whilst the moon is describing the 
greater part of its orbit, it is drawn by the disturbing force {as was shewn in the last Prop.) 
totrards the ecliptick, and consequently is made to ctoh the ecliptick sooner than it would 
otherwise have done, that is, the nodes are, on the whde, in one revolntioD of the moon, made to 
move in a direction contrary to that of the moon : but this regress is less than when the line 
of the nodes is in quadrature, because, during part of the revolution in this oblique position of 
the line of the nodes, the nodes move i« cunii-giiemia, or in the same direction with the moon, 
namely, whilst the disturbing force [as was shewn in the last Prop.] draws the moon from the 
plane of the ecliptick ; whereas, when the line of the nodes is in quadrature, they move in 
antecedentia during the whole revolution. 

ScHOL. 1. The nodes perform one revolution, or pass through every part of the ecliptick, in 
about t9 years. 

--■ • ScHOL- 
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ScROL. !• All the irregularities of the moon are greater when the earth is in its periheIton» 
than when it is in its aphelion, Iiecause the effect of the sun's action, whereby they are pro- 
duced, is inrersely as the cube of its distance from the earth. They are also greater when the 
moon is in conjunction with the sun, than in opposition, for the same reason ; for the earth 
and moon, taken together, are nearer the sun in the former situation of the moon, than thev 
are in the latter. 

CHAP. III. 

Of the SPHEROIDICAL FoRM of the Earth. 

PROP. CLXVII. In the daily revolution of the earth round its axis, 
the centrifugal force diminishes the weight of bodies more at the equator 
than in any other place on the surface of the earth, in the duplicate ratio of 
the semidiameter to the cosine of the latitude of the place. 

Let PEP^ be the earth, PP the axis, E^ the equator. As the earth revolves upon its axis, PUte i l 
every place on its surface, except the two poles, describes a circle, the plane of which is per- ^'^* ^^ 
pendicular to the axis, and the radius of which is the distance of that place from the axis. 
Thus, a bodjr placed at A will in one revolution of the earth describe a circle, the semidiame* 
ter of which will be AB, which with the plane in which it lies will be perpendicular to the 
axis PP. In like manner, CE is the semidiameter of a circle described by the revolution of a 
place in the equator. But CE is the semidiameter of the earth, and AB is the cosine of latitude 
of the place A } for AB is the sine of AP, the complement of AE, which is the latitude of the 
place. And a body at E, revolving in a circle whose radius is CE, performs its revolution in 
the same time with a body at A, revolving in a circle whose radius is AB. But where the 
periodical times are equal, the centrifugal forces are as the radii, by Book II. Prop. LXXVII. 
Whence the body at E has its centrifugal force as much greater than the body at A, as the 
radius CE is greater than the radius AB ; and universally, the centrifugal force at the equator 
is to the centrifugal force at any other place on the surface of the earth, as the semidiameter 
of the earth to the cosine of the latitude of the place. And since it is manifest that the gravity 
must be diminished as much as the centrifugal force is increased, the gravity of a body at the 
equator is as much less than that of a body at any other place on the earth, as the semidiame- 
ter of the earth is greater than the cosine of the latitude of the place. 

Moreover, if the centrifugal forces at E and A were equal, they would diminish the weights 
of bodies unequally, on account of the different directions in which these forces act. The 
centrifugal force at A, acting obliquely upon the force of gravitation towards C, can only di- 
minish this force by such a part of its action as is opposite to the direction of gravitation, that 
is, resolving hh which may express the centrifugal force at A into Aii, ah^ the part of the 
centrifugal force which will act to diminish the gravity of the body at A, will be to the whole 
centrifugal force at A, as Ka to A^. Whereas at E, the whole centrifugal force, acting in 
direct opposition to the force of gravitation, will operate to diminish the weight of a body at 
^ Hence the force whieh acta to diminish the weight of a body, that is^ the dimunition at 
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it', while die aun nouM tn the order of the stgni, thi: equinoctial point moves in the con-' 
traiy dla'ciion, it is manifest, that the sun must arrive at the solstitial or equinoctial point 
f(om which it set out, before it ariivcs at the same place in the zodiaclc, or muit complete the 
tTopicil year *ooncr than the periodical year. 

The tropical year is observed to be 365 days, 5 tiours, 49 minutes ; the periodical year, jfrtj 
days, 6 hours, 4 minutes, 56 seconds. 

■ I wm- prop. CLXXI. The precession of the equiooses causes die poles of 
*• . die equator to describe a circle from east to west about the poles of the 
ecUptick. 

In this prcccasion, tJie plane of the equator revolves frotn cast to west, cutting the eclipttck. 
which, with its axis, t$ at re»t, in succcssire poiiit». Out while the pUae of the e<{uatoi is re- 
volving, its axis must revolve with it the came vay. And, since the pbnc of the equator i& 
always equally inclined to that of the eclipticlc, the axii of the equator mu9t always hare the 
same iticiiodtion to the axis of the ccliptick : conscquuitty, the poles of the equator will re* 
volve round the poles of the ecliplick, always preserving the same distance from each other; 
that is, the poles of the equator will describe a circle about the poles 0/ the ccliptick. 

Exp. The precession of the equinoxes, and the revolution of the pole of the equator about 
that of the ccliptick, may be thus represented on the celestial globe. Let the broad wooden 
horizon represent the ccliptick ; place tlie axis ofAhe globe perpendicular to the wooden eirclet 
the ccliptick on the globe will then make an angle of 23° 30' with the wooden horizon : con- 
sequently, if the wooden horizon repicsente the ecliptick, the circle which commonly represents 
the ecliptick will now represent the equator ; and the two points in which this circle cuts the 
wooden horizon will repteaent the cquinocliat points. U the globe, in this position, be turned 
slowly round from east to west, these points of intersection will move round the same way, 
while the inclination of the circle which now represents the equator to that which represents 
the ccliptick remains the same : whence the precession of the equinoxes is properly represented. 
Againt the ail's and poles of the globe now representing those of the ecliptick, the axis and poles 
of the eclipuck, marked on the globe, will represent tho jc of the equator ; and in turning the 
globe round from east to west, the points which represent the poles of the equator, will irt- 
volve the same way round the poles of the globe which represent those of the ecliptick, and the 
axis of. the >upfctsfd .equator will, always make the same angle with the plane of the su^osed 
ecBpiick. .^rjjjiH ^,;j J.) ^-J■-■^ 3fjj 03 YT-.iino'j ,i?^-7' oi iz..^ fr'y-- it/ii.v.'ilj;'' 

PROP. CLjXXU. The precession of the equinoxes is caused by the 
action of the sun and moon on that excess of matter about the equatorial 
parts of the earth, by which lirom a perfect sphere It becomes an oblate 
spheroid. ' -' 

Plite a. . Lpt^^ipCDbc the plane of the ecUptiifli^ S |hcsun,Ejl^?.Mt^lv nt"! AFBG aringcocom- 
passing tne earth at any distance, as Saturn is encompassed by its ring. Let the half of this 
ring AUB towards the sun be above the plane of ^he eCliptickj^aiid the other half below it : 

■ ' then. 
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then» a line passing through A and B will be me fine of the nodes of this ring. If it be sup- 
posed that this ring moves round its centre E, the same way in which the moon moves round 
the earth, it is obvious that every point of this ring will be acted upon by the disturbing force 
of the sun in the same manner as the moon was shewn to be acted upon in Prop. CLVIIL &c. 
Particularly, the motion of the nodes of this ring, and consequently of the whole ring which 
moves with these nodes, and its inclination to the plane in which its centre moves, will be af- 
fected in the same manner with the orbit of the moon : whence, its nodes when in syzygies 
will stand still, and its inclination will be greatest; but in all other situations, the nodes will 
go backwards, and fastest of all when in the quadratures, at which time the inclination of the 
ring will be the least. This will be the case whatever be the thickness of the ring, or its dis- 
tance from the centre. 

If this ring be supposed to adhere to the earth, it is obvious that it will still have the mo- 
tions described above, and that in this situation, the earth itself must participate of these mo- 
tions. Now the earth being an oblate spheroid, having its equatorial di:\meter longer than 
that which passes through its poles, this redundancy of matter, by which the form of the 
earth departs from a perfect sphere may be considered as a portion of the supposed ring, which 
receives from the action of the sun the motions abovementioned, and communicates them to 
the earth. Hence the equinoctial points, which are the nodes of the ring, when they are 
in 'syzygy» that is, at the equinox, will stand still, and the inclination of the equator to the 
plane of the ecliptick will be the greatest : in all other situations they will go backwards, and 
fastest when in quadrature at the solstices ; and the inclination of the plane of the equator 
to that of the ecliptick is then the least. 

Cor. Hence the axis of the earth, being perpendicular to the plane of the equator, 
changes therewith its inclination to the plane of the ecliptick twice in every revolution of the 
earth about the sun. For instance, it increases whilst the earth is moving from the solstitial 
to the equinoctial, and diminishes as much in its passage from the equinoctial to the solstitial 
points : which phenomenon is called the Nutation of the Poles. 

ScHoL* This precession of the equinoxes is found to be 5c seconds of a degree, every 
year, westward or contrary to the sun's annual motion ; so that with respect to the fixed star8» 
the equinoctial points fall backwards 30 degrees in 2160 years, whence the stars will appear 
to have gone 30 degrees forward, with respect to the signs of the ecliptick, which are reckoned 
from the equinoctial point. Thus the stars which were formerly in Aries arc now in Taurus^ 
&c. This period is completed in 25,920 years. 

CHAP. V. 

Of the Tides. 

PROP. CLXXIIL The tides are caused by the attraction of the moon 
and of the sun* 

Let NfLn be the earth, and C its centre ; let the dotted circle PN itpresent a mast *6lF; piate ih 
water covering the surface of the earth •, let M, w, be the moon \ S, /, the sun in diflFerent ^'«* **• 
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situations. Because the power of gravity diminishes as the squarea of the dntsoceii increase* 
(by I'rop. CXLVIIl.} the w.iten on the «irfc of the earth A arc more attracted by the moon 
3t M tlian the ccninl parts of the eanh C. and the ceauai parts are more attracted thaa 
the waters on the opposite side of the eanh at L : consequently (as was shewn coacerntng 
the moon) the waters on the side I. wiJl be u it were attracted fnm the centre of the eanh, 
or will recede from ihcuce. Therefore, while the moon is at M, the waters will rise towards 
and / on the oppoiiite sides of the earth A, L \ wlulc, by the oblique attraction of the rnoon^ 
the waters at P and N will be depressed. 

Or thus : because (by Prop CLV,) the moon and earth are continually revolving about 
their common centre of gravity, auppou a ,- the points A, C, L, describing circles about thtc 
common centre in the same periodical limes, the forces required to retain them In these cir- 
cks (as may be inferred from Book 11. Prop. LXXV.) will be to each other as their disiaaces 
from the centre dAi iCt "L. Consequently, the point L requires a greater force than C, 
and C thjn A, to retain it in its orbit. Now these points are retained in their resfiective cir- 
cles by tlie moon at M \ and consequently the point f i, which is most remote, and tlierefore 
requires the greatest force, is attracted the least, whilst A, the nearest point, is attracted tlie 
most. Thus, the water about A being attracted too much, and that about L too little, both 
will have thcii gravity <Iimini5hcd by the acrion of the moon, and will endeavour to leave the 
centre C ', while the water at P and N, hjvlug their gravity increased by the same cause, will 
subside. Hence the form of the water oa the surface of the earth will become an oblong 
spheroid. 

This oval of waters keeps pace with the moon in its monthly course round the earth \ 
while the earth, by its daily rotation about its axis, presents each part of its surface to the 
direct action of the moon, twice each day, and thus produces two floods and two ebbs. But 
because the moon is in the mean time passing from west to east in its orbit, it comes to the 
meridian of any place later than it did the preceding day ; whence the two floods and ebbs 
require nearly 25 hours to complete them. The tide is at the greatest height, not when the 
moon is in the meridian, but some time afterwards, because the force by which the mooi^ 
raises the tide continues to act for some time after it has passed the meridian. 

As the moon thus raises the water in one place, and depresses it in another, the sun does the 
game ) but in a much less degree, on account of the small ratio of the semidiamcter of the 
earth to the distance of the sun ; for, as it was shewn of the moon, thjt the force of the sun by 
lihich it disturbs its motiim is as the distance of the moon from the earth to that of the sun 
from the same, so. in this case, the force of the sun to disturb the waters is as the semidiam- 
eter of the earth to the distance of the sun, which ratio is very small. 

Cor. The moon being nearest to tbs cajrth iir^a in perigee^ ita Bttraction mtut then be 
snrongest, and the effi:ct or elevation of the waWn, gicateit. And the eanh beiag in its 
perthciitm at the wiotcr *oluice, the aun't power br produce tidea ia greatest at that time. 

''■■''. 

PSOK £LXXiy. . llbeildwiiiegKaMitat: die anr.mlAia.aikaM, 
and kwt at the first and last quadratum ; and the highest o£ teMaar 
fldet at Btat the limcof th» egninnT**.. '■"'" 
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When the aooB ii mootijunction or oppoaitioa witk the vmu tt M| w, Si die tide§ irfiich Piite ii. 
each endecfoan to raise are in the same place % whence they are then greatest, and ave called ^<* ^^ 
spring tides. But, when the moon is in the first or last quarter, the snn being in the meridian 
when the moon is in the horizon, as M, /, depresses the water where the moon ndses it| 
whence the tides are then least, and are ciUed neap tides. On the full and new mpons, which 
happen about the equinoxes, when the luminaries are both in the equator orjMR it} the tides 
are the greatest of all : for firsti the two eminences of water are at the greatest distance from 
the poles, and hence the difference between ebb and iood is more sensible \ for if those em« 
ioences were at the poles, it is obvious we should not perceive any tide at all : secondly, the 
equatorial diameter of the earth produced passes through the moon, which diameter b longer 
than any other, and consequently there is greater disproportion between- the distances of the 
senith, centre and nadir, from the centre of gravity of the earth and moon, in this situation 
than in any other : and thirdly, the water rising higher in the open seas, rushes to the shores 
with greater force, where being stopped, it rises higher still ; for it not only rises at the shores 
in proportion to the height it rises to in the open seasi but also according to the velocity with 
which it flows from tfaenee against the shore. The spring tides, which -happen a little before 
the vernal and after the autumnal equinoxi are the greatest of all^ because the sun is nearer 
the earth in the winter than in the summer. 

PROP. CLXXV. When the moon is in the northern hemisphere, it 
produces a greater tide wliile it is in the meridian above the horizon, than 
when it is in the meridian below it ; when in the southern hemisphere, the 
reverse. 

Let AFHD represent the earth, whose centre is T, and axis PO, the point P the north Plate ii. 
pole» and O the south pole« EQ^the equator, FH a parallel to it on the south side, and KD ^' ^ ^* 
another parallel to it on the north side. Let the fluid surrounding the earth form itself into 
an oblong spheroid, whose longer axis HK produced, passes through the moon at L. The 
right lines TK, or TH, drawn from the centre T, will represent the greatest height of the 
water in those places. Then, supposing NM perpendicular to KH, TN, or TM, will denote 
the least height, and will represent the height of the water in all parts of the globe through 
which the circle NM passes. The right Unes T£, TF, TH, TQ^, TD, will shew the height 
of the water in those respecriye places £, F, H, (^, D. 

Let us now consider some place in particular, which, by the diurnal motion of the earth, 
describes the parallel KD. When that place is at K, the height of the water TK is the great- 
est, that isi it will be high water, and the moon L will be in the meridian. But afterwards, 
when that plai:e comes to X, the height of the water will be the least, that is, it will be low 
water : and when the same place comes to D, it will be high water again. But because FK 
is greater than TD, therefore, in the present case, when the moon is on the north side of the 
equator, or in the northern signs* the height of the sea, or tide, will be greater when the moon 
is in the part of the meridian which is abore the horizon, than when it is in the meridian^ 
and below -it Hence it is that the moon, when it is in the northcro ugn^ makes the greatest 
tides on our side the equator when it is above the earth. 
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Again, TH| on the south Eide the equator, is longer than TF ; nnd therefore, to a place 
t}iat describes the parallel FH, the greatest height of the water, when the moon is in the 
northern signs, is when it is on that part of the meridian that is below the horizon of that 
place, and the least tides when it is above the horizon. For the like reason, when the 
moon is in the southern signs, the greatest tides on the other side of the equator will be 
when it is below our horizon, and the least tides when it ig above it. 

Cor. Hence it is evident, that, when the moon is in the equator, the two tides are equal- 
ly high. For [hen the longer axis HK, of the oblong spheroid coincides with the equator 
£Q , ami the two points of high water on any parallel, being equally distant from the 
highest points of the tides, arc consequently at the same height. 

ScHOL. What hath been said of the tides, must be understood upon supposition, that 
the globe of the earth is covered entirely with water to a considerable depth : but continents 
which stop the tide, straits between them, islands, ami the shallowness of the sea in some 
places, which are all impedinients to the course of the wateri cause many exceptions to 
what hath been above laid down. These excegnions can only be explained from particular 
observations on the nature of tides at difiereni places* 
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Of the FIXED STARS. 

Def. LXVIL Those bodies which always appear in the heavena at 
the same distance from each other, are called Fixed Stars ; because they 
do not appear to have any proper motion of their own. 

PROP. GLXXVI. The fixed stars are luminous bodies. 

BecauBC thejr appear as points of small magnitude when viewed through a tdescopei they 
most be at such immense distancesi as to be invisible to the naked eye if they borrowed their 
light $ as is the case with respect to the satellites of Jupiter and Saturn, although they 
appear of very distinguishable magnitude through a telescope. Besides from the weakness 
of reflected light, tfiere can be no doubt but that the fixed stars shine with their own light. 
They are easily known from the planets, by their twinkling. 

ScHOL. The number of stars, visible at any one time, to the naked eye, is about looo : 
But Dr. Herschel, by his magnificent improvements of the reflecting telescope, has discov- 
ered that the whole number is great beyond all conception. 

PROP. CLXXVIL The fixed stars appear of difierent magnitudes. 

The magnitudes of the fixed stars appear to be difierent from one another, which diflfer- 
ence may arise either from a diversity in their real magnitudes, or distances ; or from both 
these causes acting conjointly. The difierence in the apparent magnitude of the stars is 
such as to admit of their being divided into six classes, the largest being called stars of the 
first magnitude, and the least, which are visible to the naked eye, stars of the sixth magni* 
tude. Stars only visible by the help of glasses are called telescopick stars. 

ScHOL. I. It must not be inferred that all the stars of each class appear exactly of the 
same magiutude \ there being great latitude given in this respect ) even those of the first 
magnitude appear almost all difierent in lustre and site.' There are also other stars of in- 
termediate magnitudes, which, as astronomers cannot refier to any^ one class, they, therefore, 
place tbem between two. Proejon^ for instance, which Ptolemy makes of the first mag- 
nitttdey and Tycho of the second, Flamstead lays down as between the first and second. 

So 
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fao tkat iu&tc;id of 6 nuguitudcs, wc may say that (here arc almost as many orders of stars, 
as there arc stare ; such considerable raricties being observable in their magnitude, colour, 
and brightness. 

ScHOL. 1. To the bare eye the stars appear of some sensible magnitude, owing to the 
glare of light arising from the tiutnberkis riifleclions of the rays iti coming lo the eye ; this 
leads us to imagine thai the st^rs are much btgcr than they would appear, if we saw them 
only by the few rays which come directly from them, so us lo enter the eye without being 
intermixed with others. 

Exp. Examine a fixed star of the first magnitude through a long and narrow tube; 
which, though it takes in as much of the sky as would hold a thousand such starsi scarcely 
lenders that one visible. 

ScHOL. 3. There sccma but little reason to expect that the real magnitudes of the fixed 
stars will ever be discovered with certainty ; we must, therefore, be contented with an 
approiimalion, ikduccd from their p:iraliax, (if this should ever be ascertained] and the 
quantity of light they afford us compelled wiih the sun. To this purpose. Dr. Ucrschcl 
informs us that with a magnifying power of 6450, and by means of his new micrometer, 
he found the apparent diameter o) a l.yrx to be o"'335- 

Dr. Hcrschel's method of finding the annual parillax of the fised stars is by observing 
how the angle between two stars very near to each other varies in opposite parts of the 
year. The following is the most simple case given by that great astronomer. Let t» and £ 
Htf* I!, bt two stars situated in a lini; with the earth at .», and supposed p^rp. ndicular to the di.imetcr 
^ *'■ Ab of tlie earth's orbit, and when the caxtft is at B observe the angle GBE. Let P =: the 
angle AGB, or the annual par.<llax of G ; ^ the angle GBC found by observation ; M, m, 
the angles under which the diameters of G -md £ appear, and draw GH, perpendicular to 
BG. Thei. /. : P : : GH : AB : L Gt. : AE : : {bscjuse M : m : : AE : AG) M— m : M, 

bcnce F = tj^ — the parallax G. If G be a star of the fisst magnitude, and £ o^cjufifiK 
Aird, anifss i", then P = 1' J. Sec Phil. Trans. Vol. LXXii. 

This theory is only true upon the supposition that the stars are all of the same magnitude ; 
ffhd that 2 star of the second magnitude is at double the distance of one of the first, and so 
on : These suppositions are certainly not founded on any analogy from the known and well 
fletablisbed principles of that system of bodies to wUch we belong. 

ScHOL. 4. The ingenious observation of Kepler upon the magnitudes and distances 
«f the fixed stars, deserves to be introduced here, and the more so, as he was followed in 
4ie conjecture by the great Dr Hallcy- He observes, that there can be only 13 points 
npon the surface of a sphere as far distant from each other as from the centre j and suppos- 
ing the nearest fixed stars to be as far from each other as from the sun, he concludes that 
Aere an be only 13 stars of the first magnitude. Hence at twice that distance h-om the 
tnn tliefC mkj be placed Conr times as many, or 5a : At three tbnes that distance, nine times 
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as many, or 1 17 ; and so on. These numbers will give pretty nearly the number of stars 
of the first, second, third, &c. magnitudes. Dr. Halley farther remarks, that if the number 
of stars be finite, and occupy only a part of space, the outward stars would be continually 
attracted to those within, and in time would unite into one. But if the number be infinite, 
and they occupy an infinite space, all the parts would be nearly in equilibrio, and conae- 
quently each fixed star being drawn in opposite directions would keep its place, or move on 
till it had found an equilibrium. PhiL Trans. N. 364. See also the introductory remarkt 
of Dr. Herschel to a paper on the changes of the fixed stars.. PhiL Trans. 1796. 

PROP. CLXXVIIL The fixed stars are divided into coostelladons, 
or systems of stars. 

The ancients, that they might the better distinguish the stars with regard to their situation 
in the heatens, dilrided them into several constellation^that is, systems of stars, each system 
consisting of such as are near each other. And to distinguish these systems from one anoth« 
cr, they gare them the names of such men or things as they fancied the space they took 
up in the heayens represented. To thesci seyeral new constellations have been added by 
modem astronomers. 

ScHOL. The following table contains the names of ;the constellationsi and the number 
of stars observed in each by different astronomers. 

Ursa Minor The Little Bear 

Ursa Major The Great Bear 

Draco The Dragon 

Cepheus Cepheus 

Bootes, Arctopbitafc Bootes 

Corona Borealis The Northern Crown 

Hercules, Engonasim Hercules kneeling 

Lyra The Harp 

Cygnus, Gal/ins The Swan 

Cassiopea The Lady in her Chair 

Perseus Perseus 

Auriga The Waggoner 

SerpentariuSy Opbmchu Serpentarius 

Serpe|is The Seiqp^nt 

Sagitta The Arrow 

Aquila* FdSM- The Eagle 1 
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The Whale 
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The Wolf 
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Phcenix 

Indus 

Pavo 

Apusy jtvit InJkm 

Apis Musca 

Chamaeleon 

Triangulum Australe 

Piscis volans, Passer 

Dorado, Xiphias 

Toucan 

Hydrus 

• 

Hiveliii/i Constellations made out of the unformed Stars. 

Lynx 

IjCo minor 
Asterion and Chara 
Cerberus 

Vulpecula & Ai^r 
Scutum Sobieski 
Lacerta 

Camelopardalis 
Monoceros 
Sextans 

ScHOU !• Stars not included in any constellation are called unformed stars. Besides 
die nam.es of the constellations, the ancient Greeks gave particular names to some single 
stars, or small collections of stars : thus, the cluster of small stars in the neck of the bull, 
was called the Pleiades ; five stars in the bull's face, the Hjades # a bright star in the breast 
of Leo^ the Lmn^s Heart i and a large star between the knees of Bootes^ Arcturus. 

ScHOL. 1. The constellations may be represented on two plane spheres projected on 
t great circle, or on the convex surface of a solid sphere, as on the celestial globe, or most 
perfectly on the concave surface of a hollow sphere. If the celestial globe be made use of, 
after rectifyitig it to the time of the night, the stars may be found, by conceiving a line 
drawn from the centre of the globe through any star in the heavens» and its representation 
upon the globe. Greek letters have been added by Bayer to stars in the several constella- 
dons of his catalogue, (a being affixed to the largest star) by means of which any star may 
be eattly found. 

ScHoL. 3. Twelve of these constellations lie upon the ecliptick, including a space about 
15^ broad, called the Zodiack^ within which all the planjBts move. The constellation Aries 
idKmt 2000 years ago, by in the first sign of the ecliptick \ but on account of the precession 
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The Lynx 


»9 


44 


The Little Lion 




53 


The Grey Hounds 


23 


25 


Cerberus 


4 




The Fox and Goose 


«7 


35 


Sobieskt's Shield 


7 




The Lizard 


10 


16 


The Camelopard 


3* 


5» 


The Uoicom 


19 


3« 


The Sextant 


It 
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of the equinoxes, it now lies in the BCcond. Prbp. CLXXFI Schol- In the foregoing tabic 
Antrnoui was made out of the uiifoinied ftars ncJr j^qiila : And Cam/i Berenica out of the 
unformed stars near the Lion'j tail, They JTc both mentioned by Ptoicmy, but as unform- 
ed iUis. The constellations as f^v U the tntngle, with Cema Btfenias, are northern / those 
after Piicej are soulkirn. 

PROP. CLXXIX. The laminous part of the heavens, called the 
Milky Way^ consists of fixed stars too small to be seen by the naked eye. 

This is found from observations made with cdescopes. 

" 111 a paper on the Constructions of the Heavens, Dr. Herschcl says it is very pTobable, 
that the great strdtum called the mtlky way m ih.it in which the sun is placed, though perhaps 
not in the centre of its tlircltiiess, but not far from the pbce where some snuIJer sitratum 
branches from it. Such a supftasition will satisfactortiy, and with great simplicity, account 
for all the ph,:nomena of the milky way, which, according to this hypothesis, is no other 
than the appearai]ce of the projection of the stars cantained in this stratum, and its secondary 
branch " 

In another paper on the same subject, he says, " that the milky way is a most extensive 
stratum of HiT^ of various sizes admits no longer of the least doubt ; and that our sun is 
actually one of the heavenly bodies belonging to it is as evident." 

" We will now retreat to our own retired station in one of the planets attending a star in 
the great combination with numberless others ; and in order to investigate what will be the 
appearances from this contracted situation, let us begin with the naked eye. The stars of the 
first magnitude, being in all probability the nearest, will furnish us with a step to begin our 
scale i setting olF, therefore, with the distance of Sirius or Arcturus, for instance, as unity, 
ve will at present suppose, that those of the second magnitude are at double, and those of 
the third at treble the distance, and so forth. Taking it, then, for granted, that a star of the 
(evetith magnitude is about seven times as far from us as one of the first, it follows that an 
obcener, who is enclosed in a globular cluster of stars, and not hr from the centre, will nerer 
be able, with the naked eye, to sec to the end of it : For since, according to the above estima- 
tions, he can only extend his view about seven times the dbtance of Sirine, it cannot be ex- 
pected that his eyes should reach the borders of a cluster, which has, perhaps, not less than 
fifty stars in depth every where around him. The whole universe, therefore, to him. will be 
comprised in a set of constellations, richly ornamcnied with scattered stars of all sizes. Or if 
the united brightness of a neighbouring cluster of stars should, in a remarkably clear night, 
reach his sight, it will put on the appearance of a small, faint, nebulous cloud, not to be per- 
ceived without the greatest attention. Allowing him the use of a common telescope, he begins 
to suspect chat all the milkiness of the bright path which surrounds the spliere may be owing 
to starEi. By increasing his power of vision, he becomes certain, that the milky way is indeed 
no other than a collection of very small stars, and the nebulEc nothing but clusters of stars." 

Dr. Herschel then solves a general problem for computing the length of the visual ray : 
That of tbe telescope, which he usee, will reach to stars 497 times the distance of tiirius. 
Now (bjtPrep. B. Cor. i. p. 347.] Siriuscannoi be nearer than 100,000 x 194.000,000 miles; 
thcE^inv Di* Heracbal'A tekwpc wtU, at lea^ reach to iooiOoqx i94)<>o'^>oo<3X'U>7 ^'^^^ 

And 
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And Dr. Herschel says, th«t in the most crowded part of the milky way, he has had fields of 
view that contained no lcs<? than 588 stars, and these were continued for many minutes, so 
that, in a quarter of an hour, he has seen 1 16.000 stars pass through the Gold view of a tele- 
scope of only 15' aperture : and at another time, in 41 minutes, he saw 258,000 stars p\ss 
through the field of his telescope. Every improvement in his telescopes has discovered stars 
not seen before, so that there appears no bounds to their numberj nor to the extent of tiie 
universe. See Phil. Trans. Vol. lxxiv. and lxxvi. 

ScHOL I. There are spots in the heavens, called Nebula^ some of which consist of 
clusters of telescopick stars, others appear as luminous spots of different forms. The most 
considerable is one in the mid- way between the two stars on the blade of Orion's sword, 
marked 6 by Bayer, discovered in the year 1656 by Huygens ; it contains only seven starsj 
and the other part is a bright spot upon a dark ground, and appears like an opening into 
brighter regions beyond. Dr. Halley and others have discovered nebulae in different parts 
of the heavens. In the Connoissance des Temps for 1783 and 1784, there is a catalogue of 103 
nebulae observed by Messier and Mechain. But to Dr. Herschel we are indebted for 
catalogues of 2000 nebulae and clusters of stars which he himself has discovered. Some of 
them form a round compact system, others are more irregular, of various forms, and some 
are long and narrow. The globular systems of stars appear thicker in the middle, than they 
would do if the stars were all at equal distances from each other ; they are therefore condensed 
towards the centre. That stars should be thus accidentally disposed is too improbable a sup- 
position to be admitted ; he supposes, therefore, that they are brought together by their mutu- 
al attractionsy and that the gradual condensation towards the centre, is a proof of a central 
power of such a kind. He observes also, that there are some additional circumstances in the 
appearance of extended clusters and nebulae, that very much favour the idea of a power 
lodged in the brightest part. For although the form of them be not globular, it is plain 
that there is a tendency to sphericity. As the stars in the same nebulae must be very nearly 
all at the same relative distances from os, and they appear nearly of the same size, their real 
magnitudes must be nearly equal. Granting, therefore, that these nebulae and clusters of 
stars are formed by mutual attraction. Dr. Herschel concludes that we may judge of their 
relative age by the disposition of their component parts, those being the oldest which are most 
compressed. He supposes, and indeed offers powerful arguments to prove, that the milky 
way is the nebulx, of which our sun is one of the component parts. See Phil. Trans. Vol. 
LXXVI. and Lxxix. 

ScHoL* 2. Dr. Herschel has also discovered other phenomena in the heavens which he 
calls nebuhus stars, that is, stars surrounded with a faint luminous atmosphere of large 
extent* Those which have been thus styled by other astronomers, he says, ought not to 
have been so called, for on examination they have proved to be either mere clusters of stars 
plainly to be distinguished by his large telescopes, or such nebulous appearances as might be 
occasioned by a multitude of stars at a vast distance^ The milky way consists entirely of 
stars ; and he says, " I have been led on by degrees from the most evident congeries of st irs 
to other groups in which the lucid points were sonaUer^ bat still very plainly to be seen ; and 
from them to such wherein they could but barely be suspected, until I arrived at last to spots. 
in which no trace of a stai was ta be discernod* iBut thea the gradatioato these latter were by. 

such. 
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such connected steps ae left no room for doubt but that all these phenomena were equally oc- 
casioned by st*ts variously dJapersi-d in the immense expanse of the universe." 

In the same paper is given an account of some nebulous stars, one of wliich is thus described : 
" Nov. 13, 1790. A most singular phenomenon ! A star of the eighth magnitude, with a 
faint luminous atmosphere of a circular fnrm, and of about 3' in diameter. The star is per- 
fecily ill the centre, and the atmosphere is so diluted, faint and equal throughout, that there 
can be no surmise of its consibting of stars, nor can there be a doubt of the evident connexion 
between the atmosphere and the star. Another star not much less in brightness, and in the 
s.imc field of view with the above, was perfectly free from any such appearance." Hence Dr. 
Herschel draws the following consequences : Granting the connexion between the stjr and 
the surrounding nebulosity, if it consist of stars very remote which gives the nebulous appear- 
ance, the central star, which is visible, must be immensely greater than the rest -, or if the cen- 
tral star be no bigger than common, how extremely small and compressed must be thouc other 
luminous points which occasion the nebulosity ? As, by the former supposition, the luminous 
centra! point must far exceed the standard of what we call a star ; so in the Jailer, the shining 
matter about the centre will be too small to come under the same denomination ; we, therefore, 
ciiher have a central body which is not a star, or 3 star which is involved in a shining fluid, of 
a niiture totally unknown to us. This last opinion Dr. Herschel adopts. Light reflected from 
the star could not be seen at this distance. Besides, the outward parts arc nearly as bright as those 
neir the star. Moreover, a cluster of stars will not so completely account for the milkincss 
or soft tint of the light of these nebuisc, as a self luminous fluid. " What a field of novelty," 
says Dr. Herschel, '* is here opened to our conceptions ! A shining fluid, of a brightness suffi- 
cient to re^ich us from the regions of a star of the 8th, 9th, loth, nth, liih magnitude, and 
of .in extent so considerable as to take up 3, 4, 5, or 6 minutes in diameter." He conjectures 
that this shining fluid may be composed of the light perpetually emitted from millions of stars. 
See Phil, Trans. Vol. lxxxi. p- I, on Nebulous Stars properly so called. 

ScHOL. 3- New stars sometimes appear while others disappear. Several stars, mentioned 
by ancient astronomers arenot now tobefound: several are now visible to the naked eye, which 
are not mentioned in the ancient cataloguesi and some stars have suddenly appeared, and again, 
after a considerable interval, vanished : also a change of place has been observed in some stars. 

The following are remarkable, and well authenticated examples. The first newstarwc have 
an accurate account of, b that discovered by Cornelius Gemma, on Nov. 8, 1573, in thi Chair 
of Casiufeia- It cicccded Siriut in brightness, and Jupittr in apparent magnitude. Tycho 
Brahe observed it, and found that it had no sensible parallax. It gradually decayed, and after 
16 months, disappeared. 

On August 13, I59<^» David Fabriciui observed a new star in the 'Seek of the Whaltt 25* 
4j' of Aries, with 1 j' $4' south latitude. It disappeared after October in the same year } 
was discovered again in 1637. 

In the year 1 i5oo, William Jansenus discovered a changeable star in the neck of the Swan. 
It was seen by Kepler, who wrote a treatise upon it, and determined its place to be iti° 18' 
s, and 55° 30' ot 32' north latitude. Ricciolus saw it in i<!i6, \()i\, and 1614, and is 
certain that it was invisible from 1640 to 1650 M. Cassini saw it again in 1655 t it increas- 
ed till 1666; then decreased) and at thcctidof 1661, it disappeared. In November, 1665, it 
appcand again, and dtsappearcd in 16S1. In 1715 it aip|)earc(l, as it docs at preacAt, of the 
6tb magnitude. In 
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la 1686 Kirdier obtenred x ^ ^I>^ Swan, to be a cfaangeaUe star ; and ffom 20 jeu% 
bbaenry tioos, the period of the return of the same phases was found to be 405 days ; the va- 
riations of its magnitude are subject to some irregularity. 

In the year 16049 Kepler discovered a new star near the heel of SerpentariuSi so very bril« 
liant, that it exceeded every fixed star, and even Jupiter, in apparent magnitude. 

Mo'itaaari discovered two stars in the &h^, mailed ^ and y, by Bayers to be wanting. 
He saw them in 16649 but lost them i668. He observed also that fi, in Mtdtua^s Hgad^ varied 
in its magnitude. 

Mr. Goodricke has determined the periodical variation of Algol, or /I, in Medusa's Head 
(observed by Montanari to be variable) to be about 2 days 2i hours. Its greatest bright- 
ness is of the second magnitude, and least of the fourth. Phil. Trans. Tol. lxxiii* 

ScHOL. 4- From an attentive examination of the stars with good telescopes, many of which 
appear only single to the naked eye, are found to consist of two, three, or more stars. Dr« 
Maskelyne had observed « Hirculh^ to be a double star. Dr. Homsby found w Bootis to 
be double. Other astronomers had made similar discoveries. But Dr. Herschel, by his 
highly improved telescopes has found about 700, of which, not more than 42 had been 
observed before. 

The following are a few of the most remarkable : 

m Herculii^ Flaoi. 64, a beautiful double star ; the two stars very unequal ; the largest 
red, and the smallest blue, inclining to green. 

a Gimmrym^ Flam. 66^ double, a little unequal, both white ; with a power of 146 
their distance appears equal to the diameter of the smallest. 

a X/iv, Flam* 4, and 5, a double-double star ; at first sight it appears double at a con- 
riderable distance, and by a little attention each will appear double ; one set are equal, and 
both white ; the other unequal, the largest white, and the smallest tnrfined to red. 

$ Ljra^ Flam. iO| quadruple, unequal, white ; but three of them a little inclined to 
red. 

A Orhnit. Flam. 39, quadruple, or rather a double star, and has two more at a small dis- 
tance ; the double star considerably unequal, the largest white } smallest, pale rose-colour. 

/• Hercufiif Flam 86, double^ very unequal } the small star is not visible with a power 
of 378, but is seen very well with one of 466 1 the largest b inclined to a pale red, smalU 
eat, duskish. 

« /.yr^, Flam. 3, double, very unequal, the largest a fine brilliant white, the smallest 
duiiky ; it appears with a power of 227. Dr. Herschel measured the diameter of this fine 
star, and found it to be 0^^*3553. 

The examination of double stars with a telescope, is a very excellent and ready method of 
proving its powers* Dr. Herschel recommends the following method, l^he telescope, 
and the observer, having been some time in the open air, adjust the focus of the telescope 
to some ringle star of nearly the same magnitude, altitude, and colour of the star, to be 
examined 1 attend to all the phenomena of the adjusting star as it passes through the field 
of view I whether it be perfectly round, and well defined, or affected with little appendages 
playing about the edge, or any other circumstances of the like kind. Such deceptions may 
be detected by turning the object-glass a little in its cell^ when thcK appendages will turn 

the 
88 
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rfW aaorc *ajr. Thus 70a may detect the imperfections of the instrument, and therefore 
will not be deceived when you come to examine the double star. Phil. Trans. Vol. lxxii. 
^nd Lxxv. 

ScHOL. 5. The number of stars is unknown. The catalogue published by Barer con- 
tains ii6oi ihitt by Flamstead, which incladcs many telescopick starst contains 3000. 
But the moat complete catalogue, is that published by the Rev. Mr. WoIIaston, in lySo. 

PROP. CLXXX. The longitude of the fixed atara increases, while 
tfaetr latitude remaias the same. 

Because the vernal equinoctial point (by Prop. CLXXf.) mores westward, the distance 
between any given star and that point, that is, its longitude, will increase. But singe this 
change is produced by the precession of the equinoxes, which is performed round the axis 
of the ecliptick, this motion will make no change in the distance of the fixed star from the 
ecliptick, that is, in its latitude. 

Cor. Hence the constellations of the zodiack are to the east of those signs or arcs of the 
zodiack which are called by the same names. The first part of the constellation Aries, by 
the precession of rhe equinoxes, has gone so far to the east, since the names were first given 
(Othc signs, that it is now 30' from the first degree of Aries in the line of the ediptick, 

Def. LXVIII. The Annual Parallax of a heavenly body, is the change 
ftf its apparent place, as it is viewed from, the earth in its annual motion. 

'Pbteli. If A DEC be the orbit of the earth, S the sun, and A, B, the cartli in opposite parts of 
^*' '^" its orbit : the change in the apparent place of any body, as viewed from A and from B, is 
its annual parallax. 

PROP. GLXXXL The annual parallax of any heavenly body is pro*. 
portional to the angle which a diameter of the earth's orbit would 8id>teud, 
if it was viewed from that body. 

If when the earth is at A, the fixed star E appears at or near the pole, and when .the 
earth has passed to the opposite point B, a different star F appears at or near the same polci 
the sur £ will have changed its place in respect of the pole; for when the pole is atF, the 
star E which was at or near it before, is at the distance EF* from it : the apparent length 
of this distance £F (by Def. LXVIII.) is the star's annual parallax. Now if AB, the di- 
ameter of the earth's orbit, was to be viewed from the star £, it would subtend the angle 
A£B i tint, bocause the axis of the earth it always parallel to itself, AE and BF, which ce* 
incide with the. axis, arc likewise parallel; whence (EL I. ap.) the angle EBF, subteoded 
by £F, is equal to' AEB, gubtendeil by AB i and AEB i* the parallactick angled 

Coi(. 
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- Cor. The tmund parallax of any heavenly bodj is inversely as its distance from the 
earth: for the angle AEB (bjr Book VI. Prop. LXIX.) is inverseiy as the disunce of AB, 
the axis of the earth's orbit. 

PROP. A. If the distance of an object be greater than xoo^ooo 
times the base, the angles at the stations will not sensibly cUfler from right 
aagles ; consequently the liaes drawn from the object to the stations, are, 
physically speaking, parallel. 

Suppose one of the angles to be 90^ Then, since the most accurate instruments for the 
mensuration of angles cannot be depended upoa to less than %^\ the tangent of which is to 
radius as i to 103,132, if the base have a less ratio to the distance than this, that n, than 
about I to 100,000 (for the angle, the tangent of which is to radius in thi^ ratio, is z"*o6^ 
or very little more than two seconds) the angle at the other station will not sensibly differ 
from 90^. See Button's Logarithms. 

ScHOL. It has been seen that Dr. Herschel depends upon his instruments for the accu*. 
racy of measuring quantities much less than ^", 

PROP. B. The parallax of an object, the distance of which is 
above 1 00,000 dmes greater thaa that between the two stations of obser* 
yation, b insensible. 

If the object be at a greater distance from either station than 100,000 times the base, the 
angle at one of the stations being 90^, the angle at the other will be more than 89^ i9' Sl"*9* 
the difference of which angle and 5^^, being scarcely more than 2^^ is too small to become 
sensible by observation. 

Cor. I. If the parallax of an object (observed with an instrument sufficiently exact to 
measure an angle of i'') be insensible, the distance of it from either station cannot be less 
than 100,000 times the base, from the extremities of which it is observed. 

w 

SciiOL. It is to be remarked, that, though the distance of .the objejct $;uiiiot be less ihal^ 
100,000 times the base, yet it may be greater in any assignable ratio. 

CoR. 2. Lines drawn from any given points in a base, to an object, maj be esteemed, 
in practice, parallel, without any sensible errors if the distance of the object be more than 
100,000 times the base. 

CoR. 3* Rays, therefore, diverging from anj point in the sun's disk upon the surface of 
the earth, may be esteemed parallel, if their distance from each other do not exceed about 
970 miles at the earth's surface % because 970 is to thcr distance of the earth from the s^n in 
a proportion of 1 to 100,000. 

PROP. CLXXXIL The fixed stars have no sendUe annual fMtfallaz. 

When the place of the star E is observed by the best instruments from opposite points of Plate il 
the earth's orbit, its apparent place in the heavens remains the samej which could not be the ^' ^^ 
case if the angle of its parallax were so much as two seconds. Coa. 
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CoK. I. Hence it appears, that the fixed stars are go remote, that a diameter .of the caith'i 
orbit bears no proportion to their disuncc, or {hy Prop Cl^XXXl } that a dianieicr uf the 
earth's orbil, if viewed from one of the fixed stars, would appear as a point. 

Cor 1. The distiince of the stars rtyi$t he greater that) ioo,qoo times the buse, from 
the Mtretriities of which it is observed ; that is„ greater than 106,000 times the diameter of 
the oibit of the earth, or greater than 1 00,030 x 1 94,000,000. 

Cor. 3. Two planes drawn parallel to each other, and passing ihroi^gh the extrcmiliw 
of 3 diameter of the orbit of the canh, if proiloicd, will appear to coincide with the same 
great circle of (he heavens; bec.iuse the diameur of the earth's orbit, when seen from the 
fixed atjrs, subtends an aiif;le less thjii 2" In the same manner, if a plane, passing through 
the earth's centre, be parallel to a plane drawn to the surface, these planes, when ptodueed, 
apparently coincide with the same great circle in the heavens. 

Coa. 4- The parallax of a fixed stir, being not more than i', the sun when viewed from 

that star, would appear under an angle lew than -ii , or leas than — !— , atid therefore 

200,000 n^o 

could not be distinguished from a point. 

ScHoi^ Since bodies equal in magnitude and splendour to the sun, being placed at the 
distance of (he fixed stars, would appear to us as the Axed stars now do, it mity. b« supposed 
probable, that the fixed stars are bodies similar to the sun, which is the centre of the solar 
system. This being the case, the reason will appear, why a fixed star, when viewed through > 
telescope magnifying 200 times, appears no other than a point. For the apparent diameter of 
the star being less than ~-^ P '" of a second when magnified 200 times, will subtend an an- 
gle less than 1" at the eye of the spectator, observing It in the telescope. 

The parallax of the fixed star, when viewed from the opposite p.<rts of the earth's oibit, is 
here assumed 2", but it is probable that the parallax of the nearest star is much less, and con- 
sequently the distance greater, in the same proportion, as the parallax is less. 

PROP. CLXXXUI. The motion of the earth, and the progressive 
motion of light, will make a fixed star, which has no sensible parallax* 
deviate from its true place in the direction in which the earth moves, 
niie n. {f a flMr pauu diroogh the zenkh of anf place when the earth is at A, it will (by last 
'^' Prop.) pass through the ccnidi of the same place when the earth is at B, the opposite ex- 

tremity of the earth's orbit. Consequently, such a itar might be seen through a venical 
4)lescope iti. the ume perpendicvlar at anf p«MBt of the earth's, orbit, if the motion of light 
^m the star were iotta^Uncows. fiut ib( progreiiHve motion of light will cauie the stai 
K> dVfiaW itvm the petpev^iaMVi for* let the earth he moving from B to A. and let the 
velocity of light be to the Telocity of the earth, a« CA to BA« and let CB be the diagonal 
of the parallelogram formed from CA, BA. Then the direction of a telescope, in order to 
secdiiittK^iwbai^tttiBnkifcaMtTCdat A,altts£faBAH. ^ralUJ toBC for, iippote^fiC 
to be a very, li>ng, slender tei^scQjr^i.tbroMgh .which pnljr one ray of light could pajs at a time, 
ortpb^ t^)|xi|. of 4li)rw^c;Kopfv j^e'ntV S-c^lV»i be seen through this telescope, but 

through 
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tbiough a telescope perpendicular to B, if the earth be stationary at B, and the progftss of 
light instantaneous. But if the telescope in the positbn BC were to continue in this post- 
tion» and to move along with the earth to A» so as to come into the situation AH, when the 
earth arrives at Af the star S might then be seen through it. For, since the straight course of 
the ray is the line C A, in which it must always be if it comes to the eye without interruption i 
and since the ray cannot come directly along CB the aiis of the telescope, and arrive at the eye 
in this axis, unless it is always in the axis s that is, since the ray» in order to come to the eye 
must be always in the line C A» and also in the line CB, it must be always in the common in- 
tersection of these two lines. Now C is the common intersection when the earth is at B ; e 
is the common intersection when the earth is at E ; ^ when it is at F ; ;, when it is at G ; 
and A, when at A ; the telescope, at each station, being successively in the situations CB, EE, 
FF, GG, HA. Thus the common intersection descends down the line C A, while the earth 
moves from B to A i and, since the velocity of light is to that of the earth, as C A to B .A, a ray 
of light will likewise have decended down CA, while the earth was moving from B to A. 
Therefore, in the whole motion of the telescope, the ray will have been in the common inter- 
section of the line C A, and the axis of the telescope, and consequently will have passed along 
the axis of the telescope, and will come without interruption to the eye at A. 

Thus it appears, that by the progressive motion of light, a ray which, coming from S, 
enters, at C, a telescope in the situation CB, will arrive at the eye, when the telescope, car- 
ried along B A with a velocity which is to that of a ray of light, as BA to CA, is come into 
the situation HA ; and consequently (Book VI. Prop. II.) the eye will see the star through 
the telescope in the direction AH the axis of the telescope ; that is, some point in the line 
AH produced will be the apparent place of the star. Thus the star's apparent place has 
deviated from its true place S in the direction BA, in which the earth was moving, so that 
if the motion of the earth is from north to south, the star which appeared in the zenith of 
the place when the earth was at B, will appear to the southward of the zenith when the earth 
is arrived at A^ and the reverse when the earth is moving from south to north. 

According to Bradley's observations made on the star y in the constellation Dragon, this 
star deviated southward from the zenith from Dec till March, when it had departed from 
the zenith ao^^ From that time till June its southern deviation decreased, after which it de- 
riated northward, and in September appeared about 20^^, towards the north of its station 
in June, from which time till December, it continued returning to its first situation. Thus 
the deviation of the star was always in the direction of the earth's motion, and contrary to 
that of any deviation which might be supposed to arise from the annual parallax of the star. 
But such a deviation could not happen unless the earth moved, and the motion of light was 
progressive ; for if the earth did not move, since the star is fixed, no alteration could be made 
in the apparent place of the star by the progressive motion of its rays in a vertical direction : 
and if the earth mores, and the propagation of light were instantaneous, the earth's velocity 
would be nothing in respect of the velocity of light, or BA with respect to CA would be 
nothing ; whence the angle ACB, and its alternate angle CAH, would Tanish, and AH would 
become coincident with AC, and consequently the star would have no deviation from its 
true place. Hence we may conclude from the deviation of the star above described, both 
that the earth moves,' and that the niotion of light is progiesrive. 

Cou. From these obserrations it is found, that the velocity of star-light is such as carries 
it through a space equal to the sun's distance from the earth in 8' 1 3'^ 
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ScHOL. Sir Uue Newton hns shewn ibat tht; sun, by its utr^iive power, mains 
the phQCU belonging lo our syitcm in ibeic orlwia ; hs has liliewiKe poiiUeJ qui the incthiMl 
whereby ihe quantity of maiicr tonnined in the sun may be accor^clf dctcTminCd. Or. 
Uiaiilcy h-is Ksugncd the vclociiy oi the &oLr li}{lu with a decree of pTeci»ioa cxecediiw 
our utmost eiipevtatinn> Gnliteo and other* have nsceiuiucd the rontinn of the sun ti|>. 
on its 3X19, and detcimincd the poaitian o> its cqu^mr By iucjos of rhc transit of Vcnut 
over th<: disk of the sun, uar mathrmitii-iins h-ive calcuhtLd its tisiance from the cartiii 
itfi real diameter and ma^nirudc ; the density of the tn.tttet of whiih it is cotnpo&cd ; and 
the law& t)f the fjll of hejvr bodies on iis Hurf.tce. 

In the year 1779, there was a (.pot on the sun which was large enough to be seen by t!ic 
naked eye i it was divided into two parts, anl must have been je.Qoo mile* in di.inicicr : 
this phenomenon may be accounted tor, from some natural chMi^e of an atmosphei ., Fur 
if MK'h of tfie fluids which tnter into its compusition be of a shilling brUliaiity, whikr oih- 
CTS arc merely transparent, then any temporary c^usc which sbouM remote tdc luviil duid 
will permit us to xec the body of ibc sun through the trAni^aieni ones. If ^n obscrv.rwcrc 
placed on the moon, he could sec the solid body of the earth only in tho^e places where the 
tr4nsparciit fluids of our atmosphere would permit hiur.' In others, the op.i(]uc vapours 
would rtflcct the iijiht of the sun without permitting his view to penetrate t^-e surface of 
our globe. He would probably And that our pUnci had occasionaJiy sonic shining fluids in 
its atmosphere, such as the northern lights. And there is good rcat,on to believe, that alt 
Uic pUncts emit light in some degree ] for the tlluminniion which remains on the moon in 
a total eclipse cannot be entirely ascribed to the light which may reach it by ihc refraction 
of the earth's atmonpherc. Fur, in some cases, as in the eclipse of 1790, the focus of the 
sun's lays refracted by the earth's atmo;jpheTe> must be many thousand miles beyond the 
moon. 

There are appearances also which denote a phMphorick quality in the atmosphere of 
Venus. 

Dr. Herschel siipposei, that the spots in the siuii arc mountains on its surface, which, 
considering the great attraction exerted by the sun upon bodies placed at its surface, and 
the slow revolution it has about its axis, he thinks may be more than 300 miles high, and 
yet stand very firmly- He says, that in August, 1792, he ixamined the sun with several 
powers from 90 to 500. And it evidently appeared, that the blatk spots are the opaque 
ground or body of 'he sun ; and that the luminous pjrt is an atmosphere, which being in- 
terocpted or broken, fpvei us a glimpse •f.thc ««aitaclf. 

Hence he concludeti that tb» suit his a.wrf cstsasneiUflMsphcMi- «hi^coMwts of 
fllastick fluids thai aie more or teas lucid. and tnvupaicntt ssd of w):ich^ the lucid mes 
furnish tu with light. Thi* atmoapliErer. he tkink^ ii.npt lew dkn 1843^ boT' i^ok . than- 
3765 loUes in be^ht; and be. suppoaea that: dv daiiriiy|oiF , At Iwiouoa aolarcloaii nsod: 
not be eaccedingly more than that of oar auion bm—Ui^ kt otAn- to produce tbn vBietr 
with which we are acquainted. 

The SUB, then, ^pean to be a veiy eminent, large, and lucid planet, evidently the 6r$t 
and only primary one belonging to our system. Its similarity to the other globes of the 
folar system, with regard 10 its solidity i— its atmotphcre ;— its surf.ice diversified with 
moinuiaa.aMdnUiMi-^U rotuioa ou iuaiisi— -Aad thefaUof heavy bodies 00 its sur- 
face; 
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face ;— 'leads us to suppose that it is most probably inhabited, like the rest of the phi]ets> 
by beings whose organs nre adapted to the peculiar circumstances of that vast globe. 

If it be objected, that from the effects pnxluced at the distance of 97,000,000 miles, we 
may infer, that every thing must be scorched up at its surface :— We reply, that there are 
in:my facta in natural philosophy which shew that heat is produced by the sun's rays only^ 
when they act on a calorifick medium : they ate the cause of the production of heat by unit- 
ing with the matter of fire which is contained in the substances that are heated ; as the 
collision of the flint and steel will inflame a magazine of gunpowder^ by putting all the 
latent fire which it contains, into action. 

On the tops of mountains of sufficient height, at the altitude where clouds can selJom 
reach to shelter them from the direct rays of the sun, we always find regions of ice and 
snow* Now if the solar rays themselves conveyed all the heat we find on this globe, ic 
ought to be hottest where their course is the least interrupted. Again ; our aeronauts all 
confirm the coldness of the upper regions of the atmosphere ; and since, therefore, even 
on our earth the heat of the situation depends upon the readiness of the medium to yield 
to the impression of the solar rays, we have only to admit, that on the sun itself, the elastick 
fluids composing its atmosphere, and the matter on its surface are of such a nature as not to 
be capable of any extensive affection of its own rays ; and this seems to be proved by the 
copious emission of them ^ for if the elastick fluids of the atmosphere, or of the matter con- 
tained on the surface of the sun, were of such a nature as to admit of an easy chemical: 
combination with its rays, their emission would be very much impeded. Another well 
known fact b, that the solar focus of the largest lens thrown into the air, will occasion no 
sensible heat in the place where it has been kept for a considerable time, although its pow- 
er of exciting combustion, when proper bodies are exposed, should be sufficient to fuse the 
most refractory substances. 

It is by analogical reasoning that we consider the moon as inhabited. For it is a secondary 
planet of considerable size, its surface is diverbified, like that of the earth, with hills and 
Tallies. Its situation with respect to the sun, is much like that of the earth ; and by a ro- 
tation on its axis, it enjoys an agreeable variety of seasons, and of day and night. To the 
moon, our globe would appear a capital satellite, undergoing the same changes of illumina- 
tion as the moon does to the earth. The sun, planets, and the starry constellations of the 
heavenff will rise and set there as they do here : and heavy bodies will fall on the moon as 
thfey do on the eanfa. There seems, then, only to be wanting, in order to complete the 
analogy, that it should be inhabited like the earth. 

It may be objected, that, in the moon, there are no large seas ; and its atmosphere (the 
existence of which is doubted by many) is extremely rare, and unfit for the purposes of 
animal life ;^that its climates, its seasons, and the length of its days and nights, totally differ 
from ours -,-^that without dense clouds, which the moon has not, there can be no rain, 
perhaps no rivers add lakes. 

In answer to this, it may be observed, that the very difference between the two planets 
strengthens the argument. We find even on our own globe, that there is a most striking 
dissimilarity in the situation of the creatures that live upon it. While man walks on the 
ground, the birds fly in the air, and the fishes swim in the water We cannot sureljt object 
to tM^ ii rtrf eiia e ntcl aflbidcd by the naoon, if those that are to inhaoit its regions are fitted 
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to their conditions as well aj wc on this globe of ours. The analogy already mentioned 
establishes a hi^h probability tlut the moon is inhabited. 

Suppose, then, an inlubitant of ihc moon, who has not properly considered soch analogic* 
al reasonings as might ttiduec him to smmise that our canh is inhabited, were to give it ai 
h^ opinion, that the use of that (treat body, which he secj in his neighbourhood, is to car- 
ry about his little globe, in order that it may be properly exposed to ihc light of the sun, 
so as to enjoy au agreeable and useful variety of illumination, as well as to give it light by 
reflection, when direct light cannot be had : — Should wc not condemn his ignorance and 
want of rellection I The earth, it is true, performs those ofBccs which have been named, 
for the inhabitants of the moon, but wc know that it also afl'ords magnificent dweltiiig> 
places to numberless intelligent beings. 

From experience, therefore, we aiBrm, that the performance of the most salutary offices 
to inferior planets, is not inconsistent with the dignity of superior purposes ; and in con- 
sequence of such analogical reasonings, assisted by felescopick views, which plainly favour 
the same opinion, we do not hesitate to admit that the sun is richly stored with inhabitants. 

This way of considering the sun, is of the utmost importance in its consequences- That 
stars are suns can hardly admit of a doubt. Their immense distance would effectually ex- 
clude them from our view, if their light were not of the solar kind. Besides, the analogy 
mjy be traced much farther : the sun turns on its axis j so docs the star Algol j so do the 
stars called ^ i.yia:, S Cephci, n Aniinoi ■ Ceti, and many more, most probably all Now 
from what other cause can wc, with so much probability, account for ihcir periodical 
changes ? Again ; our sun's spots are changeable— so are the spots on the star • Ceti. But 
if stars are suns, and suns are inhabitable, we sec at once what an ciiciisive field for ant- 
oiatioD opens to our view. 

It is true, that analogy may induce us to conclude, that since Stars appear to be suns, and 
suns, according to the common opinion, arc bodies that serve to enlighten, warm, and sustain 
a system of planets, we may have an idea of numberless globes that serve for the habitation 
of living creatures. But if these suns themselves are primary planets, we may see some 
thousands of them with the naked eyes, and millions with the help of telescopes ; and, at the 
same time, the same analogical reasoning still remains in full force with regard to the planets 
which these suns may support. 

Moreover, from the observations of Dr. Herschet, on the compressed clusters of stars, it ap- 
pears, that in many instances there cannot be space for the revolutions of a system of planets 
and comets, and therefore it is highly probable that these suns are capital primary planets 
which exist for themselves, and are connected together in one great system for mutual support. 
See a very curious and valuable paper on the nature and construction of the sun and fixed star^ 
by Dr. Hcrschel ; read to the Royal Society, Dec. i8, 1794- From this paper, the fore- 
going scholium has bren taken. Sec also Dr. Herschel's paper on the periodical star, « Her- 
culis ; with remarks, tending to establish the rotatory motion of the stars on their axes. Phik 
Trans. 1-/96. 
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APPENDIX TO THE ASTRONOMY, 



CONTAINING SOLAR AND L^NAR TABLES, WITH THEIR EXPLANATION AND 

USE, AND THE PROJECTION OF ECLIPSES, SELECTED FROM 

« EWING'S PRACTICAL ASTRONOMY." 



EXPLANATION OF THE TABLES. 



Tables of the Mean Motions of Celestial Objects^. 

THE idea that the suii, mooiii and stars, performed all their motions in circles> was, perhaps^ 
one of the first which men received concerning these very distant bodies. The regular re- 
turns of dny and nigiit, of the seasons of the year, and of almost .ill things in the visible world, would 
serve to confirm it : and although ir is well known t^at t ie orbits of the planets are not perfect 
circles, it is equally known that tliey differ very litrie from circ es \ at<d therefore modem astrono- 
meis retain the idea, and form tables of the motions of the planets, as if their orbits were circles^ 
and their motions iUways unitorm, p<s.sing over equal'spaces m cqu;il times : Such are called Tables 
rf Mean Motion ; and the lo i,;itude of a planet computed from such Tables for any given time is 
called its mean Ungitw^. 

Tablb I. IL Contain the Sun^s Mean Aletion^ and the Precession of the Equinoctial Points in Julian 

Tears. 

The Astronomical year is that space of time wherein the earth moves round the sun, or whereitt 
tiie sun seems to move round the whole ecliprick from any pomt, such as the vernal equinox to the 
jsamc again \ which, according to the most accurate observations, cotisists of 365 natural days, y 
hours, 48 minutes, 54^ seconds 5 but in civil reckoning there are two kinds of years, common and 
bissextile. A common year consi^ts of 3;*$ days and the bissextile of j66. These arc called Juliam 
yearr^ from Julius Caesar, who introduced this methoil of computation. 

Mr, Mayer makes the sun's mean motion in 365 days to be i is. ap^ 45' 4o''7. Admitting hjl 
numbers^ wehavc^ 

Fof the 4th year^ 

To the 3d year 
Add mo. for 1 year 
And for 1 day 

The 4th years o o i 51*1 

ITiat 18, in four years the earth goes four times round the sub, and*i' 51* more. In the ome 
^Banner, the son's mean motion may he found for any number of Julian years, as in the Table. 

*• The 
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The yearly motion of the earth's or sun'b apogee ia found to be i ' 6" j wWch bting subtracted 
from the Biin's yc^^rly mmion in longituilc, llie rem.lnder is the BUn's mean anomaly for i yi ;ir ; 
and for any number of years the mean anom.iljr is Jiund in the same manner as the mean longitude. 

It has been found by observation, that the cquinoctiii pointfi move backwar.1, or contrary lo tbe 
order of the nijjnit, at the rate of 5o"'3 yearly, called t)\c pftcdihn of the tquinaxei ; and multiply i»g 
5o''3 by 7, j, 4, j, &c. the numbers in Table 11. ate found. 

T/ULE III- Conlaitti the Sun'i Mean Langitude and Anemalj, ivhb lie Obliqaitj sf tht Ecliplick, fir 
yean current of the Chrhlian j^ra. 

The Table ia composed in this manner : The mean lon;;itude and anomaly of the sun witli the ob- 
liciuity of the ecliptick, are found for the noon of the last day of Dec, 17^0, wliich is accounted hismcjn 
longituilc, &c. for ihe succeeding year 1761. To tliese numbers add the sun's mean motions fir 10 
ytars, taken from Table I. ; the sums are the nun's mean longitude and anomaly for 1781. To these 
add the mean motions for lO years, au<l the me.in longilude and anomjly for 1791 ;!re known. And 
for the following years add iliC sun's mean motions m one year to his me jo lung lude and an,iinaly 
for the preceding year continually ; rtmemberin); to add the motion of 1 day more tor every bissex. 
tile yc.ir, nniil ihe number of vears which the Table is to contain be completed, 

'ITie annual differences of the obliquity of the ec'iptick arc very sm::Ii, and not always regular ft 
appeals by the Tabic that the difference is oniy alwut 2j" in 60 yc::is j therefore the obliquity of the 
eciiptick may be stated at 23" i8 during the next fifty years v.ii .t rcnsible eitor. 

When the sun's mean longitude and anomaly are wanied for any y^'ar which is not in the lable* 
take the mean motions for the intermediate y ars from Table I. r.n'i if the yeiris befort 1701, subtract 
them 1 if after it, add them to the numbers for 1761, and ti.e remainder or sum will be the mean 
longitude and anomaly required. 

In these additions 1 z signs are to be rejected ns often 13 they occur ■, and in the subtractions 1 z 
Ugns must be borrowed when necessary. 

Table IV. Contains the sun's mean motions for th: days of the year, distributed into iz 
kalcndar fnonths. At the noon of January ist tlierc is one ;;stronomical day pasi, bccduse il began at 
the noon of December 31st ; and therefore the sun's mean mjtions in one day are put down, ih^se 
being multiplied by a, 3, 4. 5, &c. (allowance being made for the fractions in oue diy's motion) the 
products are the numbers of the Table j rem..-mbering to place them properly, viz the inotio:is for 
31 (lays at the last day of January ; for 32 days at the ist day of February i and so on until the 31 st 
of December. 

Table V. Contains the sun's mean motions for hours, minutes, and seconds, which may be uib 
derstood Irom what has been said of his moticns for days. 

TasLE VI. E^uatleru ef th* Sun't Centrw. 

The sun's mean and true longitutlcs differ more or less in every point of the earth's orbit except 
two, VIZ. the apttelion and perihelion } and these diflerences are called equatietu of the lun 1 ctuire. 
One cause of the difference is that the e rth's orbit is an ellrp-e in tte periphery whet. of the true 
loBgitHde it reckoBeJ bom Uk veiiuU equuuu, and the mcaa lougituue u reckoned fiom the saiae 
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point in the circumference of a circle> whose diameter is the greater axis of the ellipse. The circle 
and ellipse coincide only in the aphelion and perihelion ; and therefore when the sun or earth is in 
cither of these points, the mean and true longitudes are the same, and there is no equati m. 

Another cnuse of the difference between the mean and true longitudes arises from the unequal mo- 
tion of the earth in its orbit : for while the earth proceeds from its aphelion to its perihelion, its mo- 
tion is continually accelerated ; and from its perihelion to its aphelion^ its motion is continually re« 

tarded i and this is true of every planet. 

When the sun appears in the earth's aphelion, his longitude is about 3s. 9^, and his anomaly is o, 

because it is reckoned from that point : and when he appears in the eart!/s perihelion, his longitude 

is nearly 9s. 9% and his anomaly is 6 signs. In the first six signs of anomaly, the equaticn found 

in the Table is to be subtracted from the mean longitude ; in the other sis signs it is to be added, and 

the remainder or sum is the true longitude. 

Table VII. Contains the Logarithms of the Earth*s Distances from the Sun, 

Because the earth's orbit is an ellipse, and the sun in one of its foci, the earth's distance from the 
sun varies every moment : for it is greater in aphelion, and decreases as the earth proceeds from 
thence towards the perihelion, where it is least. The several distances decrease in the first six signs 
of anomaly, and increase in the other six. When the anomaly is 3 or 9 signs, the earth is at its 
mean distance from the sun, expressed by loooooo. In ail other points the distance is either great* 
cr or less than the mean. 

The earth's distance from the sun being calculated for every degree of anomaly, the lorgarithms of 
these distances are contained in the lable, and are of use in computing the longitudes of the other 
planets* 

Table VIII. The Sun^t Declination to every Degree of his Longitude, 

At the time of either equinox the sun is in the equinoctial circle, but at all other times he ap« 
pears at some distance from it, either north or south ; aid this distatice is called his declination. 

At the vernal equinox the sun has no declination ; but from that point his declination increases 
iiorrh^vard, until he comes to the summer soktice, where it is greatest \ an'i from thence it decreases 
unt'l the sun is ar the autumnal equinox, when ag lin it is nothing ; and then chariges its name fronoi 
north to south, and increases southward to the winter soKtice, when again it is greatest*; and from 
ifaence if decreases until tl.e sun appears in the vernal equinox. 

Those points of the ecliptick, whl h arc equally distant from the equinoxes or s ^Istices, beincr also 
equally distant from the equino::tial circle, have the same declination; und therefore the declination 
beiJtg calculated for every degr-e of the first quadrant of the ecliptick, answeis for the wh le ; for 
t^r beginning of the sigp:! Taurus of V^rgo, of Scorpit>, and of Wmcs are all at the same distance 
from the equinoct'al circle, and consequently th*se po-nts hive the same declination; only in the 
twj first the declination is north, and in the two last it is south : ;;nd the s.>me is true of all other 
points of the ecliptick which are equaUy distant from the tquinocctai or solstitial points. 

Table IX. The Sun*s apparent Semidiameter and Hourly Motion, 

When the earth is in its ap^^elion-, the Run*s diameter ^ippea^s 1 ast, and his apparent motion sIow« 
iit ; his diameter at that time is only 31' 34% and his houriy motion i! 23'. While the ami 
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moves apparently from the aphirlion to rhc p<:n)ieliun, hia diamcirr and hourly motion increase vr'tth 
big aTio.iv.lj', and an- pcaiest in ihi: perihelion ; his diameter being then ja' 38", and ins hoi.,iy 
mouin 2' 33". fhc i1ilii:rcncc bcuvccn the aphelion and periphclioo diameter is 64', and between 
the hourly mutiun.t 10". 

Tiie Table contans the sun's nemidiamer and hourly monon to every 10" of mean anomaly j 
Vhich, by t.ikinn propiirrioiial pans for the imeTmediartf dcgrecB, witl scr*c to find them foi any 
given anomaly. They are^lrtqueiitly of use in Astronomy, especially in calculating etlipses. 

Table X. Contains thf equation of time for every degree of the sun's lon^iiude ; and by using 
t>ropcrtitin for the minutes and seconds, the equation may be foun.i fot any given longitude For 
example, Let tr be required to find the equation of time when the sun'* longitude is 6s. 10° jo' ^9". 
Ans. — 1 im. I as. 



() 10 gtvcs 'o 57 As I : t8 ; : 50 ^o : ij 

6 11 II 15 Add . 10 57 

I>ijr. IS True equation n ig 

T*DLE XI. Tht Sun'i Lengkut/e nery Day at Noon, 

The cnnvenicnry nf having the sun's longitude nearly true for the noon of every day in the yttir 
inclined mc to insrrt this iablc. Ibc rctiBon why it could not be made accurate is, « comniun yeaj 
of 3*5 days diffim frritn the time wherein the sun seems to move round the whole ecliptick by Jmost 
6 hours, or a day in four yeirsi whidi cuuscs a didt-rence in the sun's longiiude at noon on the 
same days of dilR-ftiivears ; and therefore, to have made the Table more perfect, it mu&t have been 
calculated for four years, which was not thought expedient. 

Tables of the Mfon't Mean Moiient, 

These Tables are mide in the same manner as those of the sun or earth, the moon's period being 
known : Bui h>.-r motions are more in number than those of the earth ; for besides her mean longi- 
tude and anomaly the longitude of her node must be known, in order to calculate her place for any- 
given time. 

The earth is one of the foci of the moon's orbit, and is the centre of her motion ; fot the 
moon revolves round the earth in the same manner as the earth moves round the sun. 

The moon's p-riiKl, or the time wherein she mores once round the earth, is 37 days, 7 hours, 43 
minutes, 5 seconds } and 10 find the moon's . mean motion in a common year of 365 daysy die pro** 
-portion i<. 

As the moon's period Z7d. 7h. 43111. 5*. N^ 

Is to her whole orbit or 360* ; 
So is a common year of 3^5 days 
To 1 3 revo'ations, and 4s. 9° 13' 5'. 
The i3tevolatioosaTeTejcctcd, ai)d4s.{)«23'5''«retakeato the moon*l raotion in ^6$ A^jt. 
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For the Moon** Mean Motion in one Daj* 

As the mocm's period 27d. 7h« 43m. 58. 

Is to the whole circle or 360° ; 

So is one day 

To the moon's mean motion in i day 13^ 10' 35". 

Haying the moon's mean motion in r year and i day, the Table of her mean longitudes for Julian 
years is made by multiplying the motion for i year by 2, 39 4, &c. and to the 4th adding the motion 
for I day, the products are the mean longitudes for these years : and by multiplying the motion 
for 1 year by the several numbers of years, and adding the motion in i day to every 4th or bissextile 
year, the Table may be made to any extent. 

To calculate the Moon^e Mean Anomaly. 

The moon's apogee moves once round her whole orbit in 8 years 309 days 8 hours 20 minutes ^ 
or (adding 2 days for leap years) in 323 1 days 8 hours 20 minutes. Then, 

As 323 id. 8h. 20m. 
Is to the whole circle or 360^ \ 
So is a common year of 365 days 
To the mo. of the j's apogee in i year 40® 39^ 50^. 

From the )'s m. mot. in Ion. during i year 4 9 ^3 5 

Subtract the motion of her apogee in ditto — i 10 39 50 

There remains the ]>'s mean anomaly in i year 2 28 43 15 

To find the Moon*t Mean Anomaly fitr one Day 

Divide the motion of her apogee in a year, viz. 40® 39' 50'' by 365, and the quotient d' 41^^ is^ 
the motion of the moon's apogee for i day. 

From the moon's motion in longitude for i day 13 10 35 

Subtract the motion of her apogee for ditto. . — - IE 41 

There remains the moon's mean anom. for i day 13 3 54 

Having f-»und the moon's mean anomaly for i year and 1 day, the several mean anomalies in the 
Table are found in the samp manner as the longitudes* viz. by multiplying the mean anomaly for I 
year by 29 j, 4, &c and adding the motion for i d ly to every 4th or bissextile year. 

To find tie Mean Morion of the Moorfi Node. 

The moon's node moves backward round her whde orbit in 1 8 years 224 days 5 hours ; therefore^ 
for its motion in one year. 

As 18 years 224 d^tys 5 hours 
Is to the whole ciit e or 360% 
So is a yc!»r of ^6; d ys 

To the motion of the moon's node in i year ip* 15^ 43"* 
91 Foff 
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For the motion of the moon'i node in i d^y, divuii; y- .;)' 4/ by 365, and the quotient, which 
i» neatly 3' 1 1", U its n-.otion fur one d^iy. 

The motion of the moon's iioiic for 1 ye^r and 1 day being known, its m-t^on for any number of 
years IB found in [he sam ; manner as those of nicm |i>Mj.itudc -nd anom^lj viz. by niuit plymg one 
year's motion by 2,3, 4, &t. and adding the monoii of a ilay lo every fouit.i or biweiUJe ycir. 

Table II, Containing tit Mean's Mean Longiude and jfnonui/y, wth tbt Ltnptudt of her l!i»dt^ fit 
current JTtart. 

To make the Table, find, cither by calculation or a good observation, tlic moon's mean longitude 
and aimmay, with the longituttc of her node, on the noon of the last d:'y of December preceamg 
the y- nr. where the I able is to begin, which here is the year 1 ^dc, and thrsc ate th< mean places 
for 1761, the first in our Tab'e. For 1781, the next year in the I'jb.e, ukc tiie mean motions for 
30 ye^rs fr<m Table I. and ai'd the longitude and anomaly to those for 1 761 , but eubtrjcl the motion 
oft'ienoiici the results are the mean pljces for 1781: then [.ike the mean motions for loyears, and 
apply them in the same manner to the numbfirsfor 17S1, and the mean places for 1791 will be known. 

For the following years the I a hie is carried on by the continual addition of the mean longitude 
and jnomaly for one year, as abo the motion for 1 d»y more every 4ih 01 bissextile year, and subtract- 
ing the motion of the node. 

Table HI. Centaim the Moen'i Mean Muliotufor Daft. 

It begins with the mean motions for one d*y already found. These being multiplied by every 
Huniber of days from 1 to 365, place the producta at the proper days of the several months, and 
the Table is made. 

Table IV. Confaint the Mtan's Mean Moticmfor Hoiiri, Minutti and Seconds. 

The numbers arc found by dividing the mean motions for i day by 24, the quotients are the mean 
motions for an hour j and these again divided by 6u, give the mean motions for 1 minute, &c. The 
motions for the different numbers of hours and minutes are found by multiplication. 

The moon's motions are affected with many inequalities, and thtrcfore many equations are neces- 
eary to reduce her mean longitude to the true. The method of finding the arguments, of taking out 
the equations, and applying them, is described in Prob. VH. 

The Tables for finding the moon's latitude, parallax, diameter, hourly motion in longitude and 
latitude, at any given time, are sufficiently plain from their titles } and the method of applying them 
is described in Prob. VIU— XIII. 

Tables of the Mean Metitn <f tht Moon fnm iht Sun. 

The moon's mean motion in a common year-of 36; days is 4*. 9° 23' 5', over and above 13 rcvolll- 
4ions i -.itid the sun's apparent mean motion in the same time is i is. zg" 45' 40.' 
S. " ' " 
From - 4 9 33 5 

Subtract - 1 1 29 45 40 

Xhe remaiader 4 9 37 25 is the moon's mean motion from the sun in a common year, 

Ib 
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In die mme manner, the moon*s mean motion from the sun may be found for a day, an hour^ or 
for any number or parts of these. 

Having t^e moon's mean motion from^the sun in a year and a day, it may be found for any num- 
ber of years by muItipUcation ; remembering to add the motion for one day to every four years mo^ 
don for kap ye^r. 

To make a fable of the moon's mean motion from the sun for current years of the Christian erat 
subtract the sun's mean longitude from the moon's for every year which the Table is to contam ; and 
the remainders will be the numbers expressing the moon's mean motion from the sun ; as in the 
Table. 

The Table for months is made by subtracting the sun's mean longitude from the moon's on the 
last day of the preceding month ^ and the remainder is the moon's mean motion from the sun on the 
first day of the following mouth. The Tables for days, hours, minuies, and seconds, are made in', 
the same ma mer ; and the method of using these Tables is described in Frob. XIV. 

Table of Mian Nftu Moom in March^ nvith the Mean Anomalies of the Sun and Moon ; and the Sun*s 

Mean Distance from the Moon^e Node, 

To make Table I. Calculate the time of mean new moon in March, for the year with which the 
Table is to begin, by the rule, Frob. XIV. or by any other method : Calculate also the sun and moon's 
mean anomalies for that time, and the sun's mean disunce fiom the moon's node, from the Tables 
of mean motion, and write them down in order* 

For the following y^.ars. If the new moon falls after the i 'th day of March, add la lunations t# 
the time for the former year ; and if the next is a common year, subtract 365 days from the sum ; 
the remainder is the time of mean new moon in March the next year \ but if the next be a leap year, 
subtract 366 days. If the mean new moon falls before the nth of March, add 13 mean lunations, 
and subtract 369 or 366 days from the sum, according as the next is a common or bissextile year. 

Calculate also the sun and moon's mean anomalies, with the sun's mean distance from the moon's 
node, for la or 13 lunations, and add them to those of the former year; and the numbers for the 
second year in the Table will be known. Proceed in the same manner for every succeeding year until 
the Table is completed. 

Table II. Contaim 13^ Mean Lunations^ mth the Anomalies^ and the Sun^t Mean Distance from the 
I Moorfs Node. 

Thd^ numbers are computed from the Tables of m an motion thus : Take the mean anomalies of 
the sun and moon out of the fables for 29 days 1 2 hours 44m. 3$. \ take also the mean motion of 
the sun and of the moon's node, out of tlv ir proper Tables for the same time ; their sum is the sun's 
mean -^isunce from the moon's node. Having found the numbers for one lunation, multiply them by 
2,^, 4. &o. until there are ij products^ and divide the numbers for one lunation by 2 for the 

half luTivi'ion. 

By these Fables the times of m an syzygies for any month of a given year, within the limits of 
Table f. may be found. 

The Tables of equations for reducing the mean to the true times of new and full moons, in the 
folio v^ng pages, depend on the m/a*^ nomalies of the sun and moon, with the sun's mean distance 
from t*^e moon's node, and are expressed in time for the convemency of calculation. The method 
of applying them is given m Jt'roblem XVI. 

Cmstrucum 
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Cawtruiihn aitd ISie of Le^iilual Logarithms. 

Logistical Logarithms are artificial numbers dcducert from common logarithms, anS mulo 
for minutes and seconds either of degrees or time, used in work,ii>g proportions, whtrein some or ail 
of the given terms are ^exascsimah. 

1 ho numbers which compose the Tabic of logiMical log.irithms arc regulated by its extent. For 
if [he Tabic contains no more than the minutes and seconds in i ", or 3600", the loi^istical loga- 
ritljm of i" istlic logarithm of 3600', viz. yss'ij ; and ail the following numbets arc the diff:r, 
enc«s bftwcen 3'5563 and the logarithms of the several numbers of seconds from i to 3600". There- 
fore to cakulute rhc logistical logarithm of any qu^iniity less than 1°, subtract the logarithm of the 
given number of seconds from j'SS^S i the remainder is the logistical logaritlim required. 

Exam. Let it be requited to find the logistical logarithm of 10', or 600". 
From the common log. of 3600 = 3'S5''i3 

Subtract the common log. of 600 ^ i';;8l 

There remains the logistical log, of lo* tr u"7782 
But if the Table is to contain more than 1", su-^h as in Dr. Maskelync's Proportional Logarithms, 
which extends to 3", or 10800" 1 then, in such a Table, the proportional or logiaticat logarithm 
of i" is the logarithm of 10800, vis 4-0334 ; and all the rest arc the diflcrences between 4*0334 
and the liigariihms of the several numbers of i.econds from 1 to 10800". 

Exam. Let it be required to find the logistical or proportional log. of 10' or 600". 
From the log. of - 10800 =: 4 0^34 

Subtract the log, of - 600 = 27781 

Remains the prop. log. of - lo* i'25^3 

Hence there may be as many different systems of logistical or pvoportional logarithms as any one 
chooses to assume diffl-rcnt cjiients of the Table. Our Table exicnds only from i" 10 i°, which ia 
suHicicnt for common use. Logistical logarithms consist of four figures besides the index. 

The numbers on the head of the Table arc either degrees or minutes ;, and those in the left hand 
column, on the side, are minutes or seconds ; but if the numbers on thi head be hours or minutes^ 
those in the left hand column, on the side, wiH be minutes or secondt of time. 1 hereforc these num- 
bers change their denomination as occasion requires. The second line on the head of the 1 able arc 
tiie numbers of seconds in the minutes which stand over them. 

To take the logisricai logarithm of any number of minutes and seconds out of the Table, the 
given number must be within the limits of the Table. 

Find the minutes on the head of the Table, and the seconds in the left hand cMumn on the tide, 
and under the minutes and opposite to the seconds stands the logistical logatithm required. 



A logUdcai 





EZAliPLE*. 




Given niunbcTS o 40 


LogUt. log. 


1-9541 


1 10 




1-71. » 


1 40 




*93S 


» "S 




8120 


so * 




79» 


5037 




73» 
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A logistical logarithm being gi?en, to find the number of minutes and seconds answering.- 
If the given logarithm be found in the Tables the minutes are on the head of the column and 
the seconds on the side *» but if it be not found exactly in the izblct take the next greater than its 
and tue minutes and seconds answering are found on the head and side of the Table^ as before* 

Examples. 

L. Log. Valuta 

in* 8a 

i*7iia I 10 

9823 6 15 

6746 12 41 

S«75 >^ '3 

When the logistical logarithm of any number kss than 3600 is required, find it, or the nearest less, 
in the second line on the head of the Fable i and below the number on the head, and opposite to 
its excess on the side, stands the logistical logarithm Thus the logistical logarithm of 1276 is 4505* 

Logistical logarithms are used in finding a fourth propt)rtional, when some or aW of the given 
terms, are minutes and seconds either of motion or time : and the method of operation is the same 
as in working with common logirithms, that is, by adding the logant-ims of the second and third 
terms, and subtracting the logarithm of the first term from the simi, the remainder is the logarithm 
of the fourth term, or answer. 

Exam i. Suppose the sun's hourly motion was 2^27% audit were required to find his motion 
in 47m. 108. The answer is 1^5;^ 

As 60m. o 

To 2' 27" 13890 

So 47m. I OS* 1045 

To 1' 55" 14935 

2k Suppose the hourly motion of the moon from the sun is 32' 8^ and the moon is 58' i^^ behind 
the Sim : In what time will the moon overtake the sun ? Ans. ih. 48m 40s. 

N. B. In such questions, when the fourth proportional would exceed 6om. which is beyond th^ 
limit of the Table, take ?} ^ or ^, of the third term, and multiply the fourth term, when found^ 
V 2, 3, or 4. As 32' 8" 2712 

To 6om. o 

So 29' 6" 3143 

To 54m. 20St 431 

2 



t)oubIed is ih. 48m. 40s. the answer. 
Tn like manner, when two of the given terms exceed the limits of the Table, divide all the terms 

by tonie number, such as 2, 3^ or 4, and multiply the answer by the same number which divided th^ 
gifen tenhs. Half of each term. 

Suppose we have^ As 76' 34'' 38* if 1951 

Is to 24h. i2h. (^990 

So is 64' 26' 32' i<3» 2707 

To aoh* lom. nearly loh. 5m; 9697 

Doubled 2oh. lomi 774(1 
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APPEVDIX TO THE AaTRONOMT. 


PROBLEMS, 


SHEWING THE USE AND APPLICATION OF THE TA- - 
BLLS, .VND PROJECTION OF ECLIPSLS. 



PR OB. I. ^he Lan^itudet of tvm fiaifi, and the Time at one of tixm being given, ta find the nr- 
rupandi'tg Time at the other. 

REDnCE the difTcrence of the longimdca to time, by arowmg at the rate of 15*10 an hour, and 
add ii 10 the given liii.c for a ptdce towards ihc east \ but subtiact it for a pl.ice toward the west. 

Exam. r. Supp'.se tJie time at Greenwich to be 6li. 7' 8' P. M. required the corresponding 
time at Cambrid,g;^, in longitude 7 1 ° 7' wcit. 

h. ' " 
Time at Greenwich 6 7 8 P. M. 

Diff. Ion. 71° 7' = — 4 4^ 38 

Time at Cambridge 1 22 40 P.M. 

Exam. 3. The time at Cambridge being 7h. 43' 57' A. M. required the corresponding time at 
Greenwich. 

b. ' " 
Time at Cambridge 7 43 57 A. M. 

DifF. long. 71" 7' = ^ 4 44 j8 

Time at Greenwich 18 15 P. M. 

Ex*M. 3- The time at Hamburgh, in longitude 10° 3'!' E. being 6h. 30' 40" A. M. required 
the concspondtng time at Cambridge, in longitude 71" 7' W. 

' " Time at Hamburgh 6 30 40 A. M. »•- - 

Diff. long. 81° 45' 5 i? 

Time at at Cambridge i 3 40 A. M. 

FROB. II. Ta cakuhtt the true Lon^ttdt ^ the Sum fir attf pvttt Time and Place by the Tabla. 

When the given time is apparent, reduce it to mean time, and if the given place be not in the me- 
ridian of the Tables, that is, Greenwich, reduce it to th.it meridian by Frob. I. and then write down 
the years, months, daya, hours, &c. under one another in a column on the left hand. 

Take out of the Tables the sun's mean longitude and anomaly, answering to each part of the time, 
and write thtm down on the right hand of the former numbers ; then add them as they stand in their 
several columns, rejecting i3 signs, or any multiple thereof, and tlie sum will be the mean longitude 
of the sun for the given time. 

Tu reduce the mean longitude to the true : Enter the Table with the tun's mean anomaly, and take 
•it the equation of the ceatic> making proportion for tbe ocU m>tiute8> &c. and if the sign of the 

•no's 
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•on'tncaa momaly be at the head of the Tablet subtract die equadon £rom the mean longitude i 
but if it be at the foot of the Table, add it to the mean longitude, and the true longitude of the sun 
will be had. 

Exam. i« Required the sun's longitude I79i(» Feb. 19. i ih. 21m. 308. in the forenoon, apparent 

time, in the meridian of Edinburgh. 

D. h. m. •• 
Given time February •> • 18 23 21 30 

Edinburgh meridian W. - - + 1 2 25 

Equation of time - - + 14 14 



Mean dme at Greenwich 


18 23 48 9 






M. Long. 
S. # /r 


M. Anom. 
S. ^ // 


1796 
Feb. 1 8. bissez. 


" 


9 10 51 52 
1 17 18 40 


6 I 23 42 
1 17 18 31 


23h. - 
48m. - 


centre 


56 40 
1 58 


56 40 


98. 
Equation of the 


10 29 9 10 
+ I 28 30 


7 »9 40 S« 



Sun's true longitude 11 o 37 40 
a* Required the sun*6 longitude 1795, J^^^ ^h ^^ noon, apparent time, at Greenwich,. 

Mean time - - - 000 

Equation of time - - -f i 28 



M Lone, 
a / 

9 10 7 2 

5 ao 31 I 

2 
I 


I i8 

M. Anom. 
a ' «f 

6 39 58 
S 20 30 30 

2 
I 


3 38 6 
+ 17 23 

3 55 ^9 


11' 21 10 31 



I79f 
June 22, 
oh. im. 
28" 

Equation of the centre 
Sun's true longitude 

FROB. in. The Miom Anomaly of the Sun ieing given^ U find ibi Logarkhm rf his Dutancefrom thi 

Earth. 

With the mem anomaly of the sun take out die logarithm of his distance from the earth from the 
Table. 

Exam. 
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ExflM Lee t'lc sun's nie-ii anomaly be 7a. 19-^ 40' si"> whiit is the logarithm of his distance 
inai uic eaitli i 

For 7s 19" the log. ia . 4'99S1M 

For 40' 5 1' the part is - +69 



PR OB. ! V. Tj/nd the Apparent Stmidiameier, and alto the Hourly Motion of the Sun far any given Time. 

Calculate the iun's mean anomaly for tlie given time, and wiih the mean anomaly of the gun take 
out his semidiameter anJ houily moiion from the Table. 

Exam. Required the sun's apparent geiridiameter and hourly moiion 1796, February 19th, iih. 
21 m. in [he forenoon. 

The sun's mean anomaly at that time is ys- 19" .42', which gives his semidiameter i& 13" and 
his hourly motion 2' 3 1". 

PROB, V. The Longitude of the Sun, or any Point of the Ecliptick, being given, to jiud the corretpmding 
Drditlatitn. 

"With the giver) longitude Cake the (lcclii)aiion out of the Table. 

Exam. Let the sun's longitude be iis. 0° 37' 40", what is his declination.' Ans. w" 15' 47" 
south. 

To lonj^itude tis. 0° the dcclin-ition is 1 1^ ap'5'' S. dcCteasing ; the difietence between this and 
the next is ii' la" : Then, 

*■ ' " L.L, 

As -1000 Off 

., To - o 21 11 45>8 From 11 29 $ 

So is - o 37 40 2022 Subtract — 13 18 

To > 13 18 654a Declinat. 11 15 47S. 

I'ROB. VI. Tie Time of the Tear and the Sun'i Declination being given, Ic find hii Longitude : or At 
Declinalion of a Star, or of any Feint of the EcHplick, being given, to find iti Longitude. 

Willi the given declination take the longitude out of the same Table as in the preceding problem i 
1 hiis, t.ike ihe declination in the Table nearest less than that given, and write down the correepond- 
ing li'ngitiide ; marking whether the declination be increasing or decrtiasin];: then subtract the de- 
clin,ui()n found in the Table from the next greater, the remainder is the difi^rence of declinadoa tot 
i'- of longitude. Subtract also the declination found in the Table from Alt giren ; and then, ai the 
differs cc of declination for i' of longlrude is to 1°, so is the di^rence between the given declination 
and that found in the 'I'able to a part, to be applied to the longitude already found ; the result ia t^ ^ 
true longitude. 

Exam. February 19, )79<^) ^^^ sun's declination is it'^ 15' 47" S< what is his longitude ? A/U. 
IIS. 0° 37' ?9"- _, 

let, To 
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Ulf iVl dtcMiu 11^ 7^ 53* S. the loof. it 1 it. 1% the declinttioii decreating. 

td» From the given decUn. •- 1 1 15 47 

Sttbtna the next lett in the Table . - si 753 

Difiertnce * - - o 7 54 

3d) Alto from the next greater - 1 1 29 5 

Sttbtraa the next lett in the Table * 11 7 53 

Diffl declin. for 1^ long. - - o 21 la^ 

4th9 At « - • o 21 12 4518 

To - • - 1000 

So it ' ^ * • o . 7 54 880$ 

To • - • - o 22 21 4287 

To be tubtracted* 

From the longitude found - 11 100 

Subtract the prop part « — 22 21 

There remsunt the true longitude 11 o 37 39 

PROB. Vn. To calculate the true Longitude of tie Moon for any given Time by the TnUes. 

Calculate die true longitude of the tun and hit mean anomaly for the given time by Prob. IL 
From the Tablet of the moon't mean motion, take out the mean longitude, anomaly, and ascending 
'^ode, for the given year i under which write down the mean motiont for the monthi day, hours, &c» 
Add the numbert in the columnt of the mean longitude and anomaly, rejecting 1 2 signs or any 
multiplet thereof when they occur ( but from the longitude of the node for the given year subtract 
the sum of aU the numbert below it, borrowing 1 2 tignt when necettary ; and thut the moon't mean 
longitudcy mean anomalyy and the mean longitude of her node, will be obtained* 

For tie Jrgumentf of the Equations* 

The 4|tn'^ mean anomaly it the firtt argun^ent. Subtract the true loi^tude of A^ tun from the 
mean longitude of the moon, the remainder it the mean dittance of the moon from the sun, of which 
take the double. * 

To and from the double dittance of Ae moon from the tun add and tubtract the first argument^ 
the sum jiind remainder are the second and third arguments. 

Add and subtraa the moon's mean anomaly to and froip the double distance of the moon from 
the sun for the fourth and fifth arguments. 

To and from die fifth arguyient add and subtract the first argum^n^ and tiie sixth and seventh 
arguments are found. . ' 

Subtract the first argument from the moon*t mean anomaly, the remainder it the eighth arg|i|nent. 

Subtract the moon's mean anomaly from the moon's mean distance fjtcm' the sun, tVfCiQsuiider is 
die ninth argument. 

Subtract the true longitude of the sun from the mean bngitude of ith^ mpoi^ node, and die tCm 
mainder is the tenth argument. 

Widi these argumentt take the several equations out of the Tab^ tai^^dieii tunu 

• ■* 93 ' : <i. ; . • . modi 
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With the m^an anomaly of the sun lake out of the Tables the equations of the node uid 
of the moon's mean anomaly. Apply the equation to the longitude of the nodi-, and its equated 
longitude will be known. Correct the mean anomaly of the moon by its own equation^ and a^o by 
the ^um of the ten former equations, and the coiTCCt anomaly of the moon will be had ■, which is 
the eleventh argument, with which take out of the Table the equation of the Centre. Correct the 
mean longitude of the moon both hy the sum of the ten former equations and by the equation of 
the centre, and the equated longitude of the moon will be known. 

Sulitract tlie sun's true longitude from the equaled longitude of the moon, the remainder >s the 
twelfth argument, with which take the variation out of the Table, and apply it to the equated 
longitude of (he moon. 

Subtract the correct longitude of the node from the longitude of the moon twelve times corrected, 
and from double of the remainder subtract the moon's correct anomaly, the remai"der is the i3tli 
argument -, with which take the thirteenth equation from the Table and apply it to the moon's lon- 
gitude last found, which will give the moon's longitude in her orbit. 

From the moon's longitude m her orbit subtract the correct longi ude of the node, the remainder is 
the fourte'^nth argument ; with which rake out of the I'able the reduction of the moon's place m 
her orbit to the ecliptick. And, lastly, with the mean longitude of the m<ion's node take the equation 
of the equinoxes irom the Table ; and apply buth the reduction and the equation of the equinoxes 
lo the moon's longitude in her orbit, according to their signs, and the true eclipdck longitude of the 
moon will be found. 

Ex«M. [t is required to find the moon's longitude I795, June 22, at noon, apparent time, in the 
meridian of Gr enwich. 

The equatiin of time is + im. 283, therefore the mean time is oh. im. i8b. 

Sun's ionptudc 3s. o'' JS' ^9"- ^^^ anomaly, lis. 2 j* 10' 31" 

Equations. 



5 '9 m. 


Long, 


m. Anom. 

S. • ' " 

6 13 36 19 

3 10 14 3S 

33 

•S 

9 23 5' 5' 
-3 IB 


a 


'795 - 
a8s. 


S. • ' ■ 
1 5 37 57 
3 29 3. 

33 
'! 


s. • ' " 

4 9 57 43 

— 9 9 40 

4 48 j 
— 1 24 

4 4li 39 


Sum of loeqs 


! 5 9 IS 
+ 19 


Equal centre 


5 S '8 4S 
+ S 35 io 

5 " 4 5 
+ 10 4-' 


9 i3 48 34 
+ 19 


I'sequit long 
Variation 


9 24 7 34. 


= Arg. nth. 


.3.h 

>*s orb-tloiig. 
Reduction 


S " »4 S3 

+ 46 

S 11 IS 19 
-<43 






Equinoxe. 


J >■ .8 56 
- 'S 




~tr 


I'sedip. long 


511 18 41 









,+ 


• 




20 


50 
315 




i 


14 
51 


+ 


!3 

4 


11 
3' 


+ 


19 






' 4J 
o 48 
O JI 



o 14 
o 19 

03S 



— JW: 
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Aijgmumiti ibniuL 



© - . 

) ntMn O * 



Doubkd 
Anoxn* 

3d- 

> Anom. 

4th- 

Sth- 



5 5 9 45 

3 o 55 »9 



2 


4 14 16 


4 


8 28 32 
21 10 31 


3 


^9 39 3 


4 


17 18 1 


4 
9 


8 28 32 
23 51 52 


2 


2 20 24 



9th sa « 
• - 

loths 
6 14 36 40 
If 21 10 3i I ^'s eq. long. 



Aignments Ibiind. 



i 



Aignmciits found* 



» 



6tba 

7th « 



6 5 47 >> 



- 6 23 26 9 



Sth 



9 23 5« Sa 

— fl 21 10 31 

- 10 2 41 21 
2 4 14 16 

23 5' S* 



4 I'O 22 24 



4 o 48 3 
~3 o 55 29 



o 29 52 34 



5 .1 4 S 



—3 o 55 29 



I2di« 

9 's long, equat. 
O 



Doubled 
D's Anom. 

Ijtha: 

D in orbit 

14th s 



a 

• 


10 


8 


3< 


5 

—4 


II 




4 
46 


5 

39 


I 


10 


»7 


26 


2 
—9 


20 

24 


34 52 
7 34 


4 


26 


27 


18 


5 
—4 


11 



35 39 
46 39 



I 10 39 o 



PROB. VIII. The MiMCs L(mgitudi% Anomaly^ and Node^ being given, tojlnd her Latitude by the Tabtei. 

Subtract die corrected longitude of the moon's node from the moon's longitude in her orbttj 
the remainder is Ae first argument of latitude. 

From the moon's longitude in her orbit subtract the sun's loni^tude ; and from double of the re^^ 
mainder subtract the firat argument of latitudci the remainder is the second argument. 

Subtract the moon's mean anomaly from the first argument of latitude^ and the remainder b the 
diird argument. 

From the third argument subtract the moon's mean anomaly for the fourth argument ; also sub- 
tract the moon's mean anomaly from the founh argument, and the remainder is the fifth argument. 

With these arguments take out the numbers W!th their proper signs from the fables, and 
take the sum of those which are affirmative, and also the sum of the negative ; the diSkrtncc of 
these sums, with the si|;n of the greater, will be the latitude of the mcx>n ; and will be north if mark* 
ed with the sign +» but sout^ if marked with the sign — . 

Exam. It is required to find the moon's latitude when her longitude in her orbit is 5$. 11^ 25' 
39^', mean anomaly 9s. 23^ 51' 52'^> and node 4$. o^ 46' 39'^. The sun's longitude is 38. o^ 55' 29'^. 



Arguments found. 



Arguments found. 



// 



)'s orbit Ion. 
Arg. ist » 
© 



$ »i 25 39 
"4 o 3^ 39 

1 10 49 o 



5 II 25 39 

■3 ^ s> 29 

a 10 30 10 



Doubled 



4 21 o 20 
-I 10 49 o 



2d« 

ist. 

)'s Anom. 

3d« 



4th 



3 10 II 20 



I 10 49 
-9 23 5» 



52 


3 «<S 57 
-9 23 5» 


8 
52 


5 23 S 
-9 2j 51 


16 

52 



5* 



7 29 13 24 



I 

2 

3 

4 

5 



Equadons. 

+ 

3 21 43 
o 8 40 



3 30 23 
— 34 



Atu< 



r.Tbci 



16 

2 
16 

34 



49 [49* N. 

nooa'* lat is 3° 29* 
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PROB. IX. the Moon^s Longitude, viifh lie ArgumtntJ for finding it, bting kntvm. t* jin4 the Mottle 
Equatorial Parallax or the Horisantal Parallati of the Moon for any Place an the Equator, 

' With the 5th, nth, and tith argucnents of longitude, take ai many tiumbcrs from the TaMes, 
with their proper signs ; .md frum the sum of the aflirmanve numbers subtract the nun 
of the negative, the rnnamdcr is the moon's equatorial parallax, or the horlzontdi pirdllax of the 
loon to a pLce on the equator. 



P Exam. Let the moon's longitude be 5s. 
Vr equatorial parallax. Jttu. 56' s"- 



' 18' 41", and the arpinunts at below i required 



Sth Arg. 
iith 
ixtb 



5 » ' " 

6 14 3^ 40 
y »4 7 i4 
3 10 8 36 



( 



+ 







i* 


55 49 


+ i* 


"S 




10 


Si 


5 



Moon's eqtutorial parallax 

PROB. X. The Equatorial Porattnn of the Moan being given and the Latitude of a Place, to find 
the Hifixonla/ Parail.^x of the Moon at that Place ; and to reduce the Apparent Lcaitude of the Place 
tt the Centre of the Earth, jappoiing the Earth is an ObiaU Sphtnnd. 

Enter the Table, with the ^iven apparent latitude of th« place on the n^le. and the equatorial 
par J!ax nt ihe top, and m. iking proportion, if necessary, find the reduction of parallax ; which sub- 
tracted from the equatorial parallax, leaves the horizontal parallax required. 

With the apparent latitude of the place tike the reduction of latitude out of the same Table \ which 
being subtiacted from the apparent latitude, leaves the latitude reduced. 

N. S. The boiizonul parallax and latitude thus Found are what should be employed in computing 
the moon's parallaxes in lon^tude. latitude, and declination } which will npw be performed by tb^ 
common rules, founded on the supposition of the earth's being a sphere. 

Exam. Let ^e equatorial parallax be ^' 5 >*, and the ^parent laiiriMle of the place 5 1* iS' 40" ^ tlie 
moon's hoiiEontal parallax and the reduced laritude Of At place are required. 



Equatorial paraliaz 56 { 
Reduction - - — 



Laritade 
Reduction 



51 aS 40 

— 14 4X 



Horizontal parallax 55 j6 Reduced lat. 51 13 58 

PROB. XI. ne Equatorial Pmrailaoe ietng givtn^ UJShJ ibsJfm't HwmmteJ Dmmettr. 
Enter the Ta^e, with the mooa's equatorial parallax, and take out brr boriKHital diameter. 
Cuw. The Bwou'i equatorial parallax being 56' $'» tbc dUmoteru 30' 34'> 



AND APPLICATION OP THE TABLES, 

Oi MiMs HmHj M$Am m L§figkude t bit LmpitA m 
Arfp^mtnU fir finHtiig cf» hAng kmwn. 



vf% 



With the 5th9 i itb» and 12th arguments of longitude, take out the numbers from die Tables, the 
sum of these, regard being had to their signs» is the moon's hourly motion in longitude. 

Exam. Let the moon's longitude be ss. 1 1* 25' 39", and the arguments as below \ required her 
hourly motion in longitude. 



5th Arg. 
1 1 th 

latli 


3 r # 
6 14 i^ 40 

9 24 7 34 
2 10 8 36 


[ + 

4« 
31 20 


. 


+ 3* ' 

— 3» 



Answer 



3« 



31 io 



.4 



PROS. XEIL To find thi Moon* s Hourly Motion in Latitudiy the Arguments fir fintUng ber Latiiudi 

■ being known.- 

With the first and second arg^uments of latitude* take two numbers out of the Tables, their sum if 
they have the same sign, or their diffen^nce if they have contrary signs, is the moon's hourly motion in 
latitude ; which tends to the north if it has the sign <f , but to the south if it has the sign — . 



Exam. 
being, 



it is required to find the moon's hourly motion in latitude, the arguments of latitude 



I St Arg. 
2d 



s. • ' ^ 
I 10 39 o 
3 10 21 21 

Answer 



+2 15 
— I 

•fa 14 tending north. 



PROB. XIV. To find the Time of the Mean Syzygies in any given Year and Month* 

From the Tables of the mean motion of the iiioon from the sun take out the modons for the given 
year and month \ add them, and subtract the sum from 1 2 signs : then, if the time of mean con* 
junction or new moon be sought, the remainder, or the nearest less than it, being found in the Table 
of days, will give the day of mean new moon \ and afters-subtracting the number fDund in the Table, 
the remainder or the next less is to be found in.the Tnble of hours, which will give the hour of the 
day when it is mean new moon } and aftet another jsubtraction, the' remainder is to be found \xi the 
Tdile of minutes for the minute of mean liew moon, aifd the next reiofuiinder will give the secohds^^ 
But if the time of mean op^itton ot full moon be sought, add 6 signs to the first, remainder, and ^ 
sum being found in the Table of days, will g!tte the day ' 0f ib^ ftifi inooa i the hours and miiiutei 

« A^ L^ r J ^^ I f .♦.'■■;!.•'■ - ■ -I'l v 



are to be found as before. 
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3ff^ ENDIX TO THE ASTRONOMT. 

KxAM. I. Required t of mean new moon in January,. 1797. jimt. jvi- ^^A. 7h> 401B. us». 

J . . — o 26 57 10 



lains 
7 aayg 



11 3 2 so 




-10 29 9 




3 S3 S" 




—1 33 '" 




20 30 




—20 19 


5' 



7 hours 



21 seconds - - - ■<> 55 

In this operation the Tables give the moon's mean diittance from the aun on the i st day of Janua- 
f OS. 26" 57' 10*, which is subnctcd from 13 signs to find how much the moon w.mis of a lon- 
onction with the sun : the rcmaim^er shows that ihc wants i is. 3° ^ ^o". In the Tab'C cf flayi 
it is fuund that she moves over loa. 39° 9' m 27 days; therefore the mean new moon happens on 
the 27th day of January. 

ubtract lOB 29* 9' from lis. 3" 2' 50", there remains 3° 53' 50*, which in the T.ible of hour* 
.8 7 hours ; and subtracting 3' 33' 30", there remains ao" 30", which gives 40 minutes j and 
J subtracting again there remains 10* 55'", and this gives 21 seconds. 

1. It is required to find the time of mean full moon io January 1797- Jm. Jan. lad. 13b. 



— a 


16 


S7 


10 


12 











II 


i 


2 


?o 


6 











ra days — 4 iO 17 20 

6 45 30 
13 houtB — 5 3<^ 12 

9 iS 
18 minutes — 9 8 35" 



18 second* 9 25 

By this problem the times of mean new and full moon may be cakulated for ercry moiith ia 
Hie year, or any longer time, with rery little trouble j for having found Uie time of mean coi^un^ 
tion nnd opro«iri'>n in the month of January, add to these times a mean lunation, viz. 29d-. i2ii, 
41^. 3». conti'^uallv retiring thcdayain the iBpnth. wbfiilia thf (BQW B«W]Or fuU iDOOodsintt. 
^lured, and the times will be known. 
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USE Amir AFPLKSATION OF THE T»BLES, Sk. 
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Smm. Let itbe teqotred' to find the mean new ud'foll oioons m every nfcmtb of the year 1797. 



Mma fiilt Moon. 


Umm 


new moon. 


r 

January 
One lunation 


D* h» m* 8* 

12 13 18 18 

+29 *i 44 3 


January ^ - 

One lunation 

« 

February 

March 

April 

June 

July 

August 

September 

October 

November 

Dectrmber 

>en at the same 
points many of 


!)• h. m. 8* 

27 7 40 21 

+ 29 12 44 3 


• 

February 


' ir 2' a 21 


25 20 24 24 


March 


12 14 46 24 


a? 9 8 27 


April ^ • 
May 


II 3 30 ^7 

10 16 14 {O 


25 21 52 30 

25 "o 3^ 33 


June 
July 
August 


9 4 S8 33 

8 17 4^ 36 

• 7 6 26 39 


23 2^ 20 36 
23 12 4 ^9 
22 48 42 


September 


5 19 10 42 


20 13 32 45 


October 


5 7 54 45 


20 2 16 48 


NoTc^mber 


3 3* 48 


18 15 51 


December •> 3 9 22 51 

Noie. The mean and true syzygies never hapj 
or very ne^r her apogee or per'gj-e ; for in these 


18 3 44 54 

timey except wh( 
her inequalities ei 



PROB. XV. The Time of Mean Conjunction or New Moon being pven^ to find the true Time. 

Calcuhte the longitudes of both sun and moon far the time of mean conjunction ; (Prob. II.— » 
V'l.) and if they are equal to one another, the mean and true conjunctions happen at the same 
timt* ; but if they difller, subtract the least from the greatest. Find the hourly motions of both sun 

and moon at the rime, (Prob. IV XII.) and subtract the sun's hourly motion from the moon'Sf 

the remainder is the hourly motion of the moon from the sun \ and then> 

As the moon's hourly motion from the sun 
Is to one hour or lk> minutes ; 

Si is the difirrcnce between the sun and moon's long. 
To the time between the mean and true conjunction. 
If dil5 moon's longitude be less than the sun's, the interval is to be added to the time of mean con« 
junction \ but if it be greater^ subtract the interval : the sum or remainder is the time of tme 
coiijuncfioni 

' When it' k reqidred lo find the time of tme ooojunction very accnntelyt the sun and moon's 
iingitude most be'rdculated again for the time found ; and their difierence, if there be aoy> turned 
intoitime^ and applied to die time laist found, will give the true time of cot^uncUon* 
K dM difbtactto giw^' i»ivUlbsncoe«axrtOMO^ . 
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EHM. It U required to Had the time of tnie conjunciion in Jmuarr 1797 1 tie tine of meia 
conjanction or new moon being Jann^ry jj.h, 7h. 40m. jis. in the meritiian of Ciecnw.di, 
^nj. Jan. a7d. 1 }h. 40m. 

'Ihc sun's longituJe then is 10s. 8^ j8' 3.", and his mean anomaly 65. i8° 3' 51". 



fir I*< M^; L«,p,uJ,. 
m. Long 1 Apogee. 


a 


S. • ■ 'Is. » ' " 
1797 . to 7 34 4i 14 6 S! 
Jan. I7t]l - ti 15 45 4611 ai 45 17 
yh- - 3 S" 351 3 4! 3» 
40in- - ai S7 a' 4f> 
21s. - 11! II 


S. • ' • 
J 1 ij 6 

- ' 'HI 

s 


10 7 J3 11 21 2 4; 
10 equations 4. 25 18 —10 25 


2 ,9 48 18 
— 4 ^S 


10 7 58 30 20 ;2 10 
Equat. of centre — 2 97 4-^5 8 


' »9 43 S3 



.3th . 

5's orb. long. 
0's long. - 



'O 5 4i : 
10 8 aS 3I 



Sho»ofcoDJ. 2 43 3S 



17 38* nth arg. 



Argumci 



Equations. 



I 


S, " ' ■ 
H 28 3 51 




t , 


.7, 


2 


S '6 12 S!> 


1 




? I? 


; 


5 S '7 






4 


' 


19 1. S3 




,» 


s 


..776 


4 19 






6 s 10 14 


S 30 S3 






4 8 2 31 








! 22 s8 54 


7 37 




!■ 


.1 8 1 „ 


805 






4 21 19 40 


9 031 






11 27 20 43 
1 20 46 52 




59 


'3 


+ i' 'S 


7 7 




— 7 7 








Sam 


+ 25 18 





Moon'i hoartr motion 

bun's diuo. 

Hourly motion > from Q 
As 27' 14" 
lo ih. 

So 2« 43 3j' 
lo oh. om. 24a. 

Mean conjunction January • 
Interval add 



ap 47 

a 33 



D. h. m. (. 

27 7 40 ar 
+ 6 o 14 



jffl/. New Moon January - ly 13 40 45 

The time of true opposition or full moon is found in the same manner as the lime of conjunc- 
tion. The operation is to be continued until the difference of the sun and moon's longitude be 
6 signs. 

The rules here given for calculating the times of new and full moon are always good ; but the te« 
diousness of the operation has given occasion to the invention of other Tables, whereby the problem 
may be solved with less trouble. The best of these were published among Dr. Halley's Astronomical 
Tables in the year 17491 but not as his invention. The ingenious Mr. James Ferguson having adapted 
tbem to the Grcgoriao style, and made (ome alteiations in the amagement, printed them in his A»- 

troDomy 



USE AND APPLICATION OP THE TABLES, Bee yjj 



tranomy about the fear 1760. Such of them as were judged proper for this woric are to be found in 
the Tables of mean new moons, &c. extended to the year 1821. 

1 hese tables contain the times of mean conjunction or new moon in March for every year, whidi 
is made the first month with the mean anomalies ot the sun and moon, and also the sun's mean dis- 
tance from the moon's node at the cime, with equations for reducing the mean to the true time of 
conjunction or opposition, whereby these times may be found for any month of a given year within 
the limits of the Table. 

PROB. XVI. To ealculaU thi Tim of Nnu or FuU Moon fit any MoMb rfapuH Ttar fy iho Tahbt. 

1st, For tlie Month of March. 

Write down the time of mean new moon in March for the given year, with the mean anomalies of 
(he sun and moon, and also the sun's mean distance from the moon's ascending node, out of the Table. 

When the time of Full Moon in March is required. 

If the new moon happens before the 15th of the month, add half a lunation, with the anomalies, 
&c. to the former numbers for new moon, the sum is the time of full moon ; but if it happens after 
the 1 5th9 subtract half a lunation with the anomalies from the numbers for new moon, and the time 
of mean full moon in March will be knoMrn. 

ad. For any Month after March. 

When the time of the mean new or full moon is required in any month after March, take out die 
numbers for March as before, and under ihem vnrite down as many lunations with their anoinaiies as 
the given month is after March \ and by the sum of these, the time of mean new or full moon may 
be known, together with the mean anomalies and the sun's distance from the moon's node ; which 
are the arguments for finding the several equationsi to reduce the time of the mean syzygies to the true. 

With the sum of the days enter the I able of days, under the given month ; and opposite to that 
number in the left hand column is the day or the mean syzygies \ but if the sum be less than any of 
those under the given month, add a lunation with the anomalies to the former numbers, and then 
enter the Table with the sum under the given month, and in the left hand column is the day of the 
month required. 

The time of mean syzygy being known, to find the true by the Tables. 

1. With the sun's mean anomaly enter the Table, and take out the first equation, (maKng propor- 
tion for the odd minutes, &c.) and apply it to the time of the mean syzygy, according to its sign. 

2. With the sun's mean nnomaly take the equation of the moon's mean anomaly out of the Tablei 
and apply it according to its sign, and the moon's equated anomaly will be knpwn. 

3. With the moon's equated anomaly take the second equation out of the Table, which beitog applied 
to the former time, according to its sigti, the result will be the time of the syzygy very nearly. 

4. Subtract the moon's equated anomaly from the sun's mean anomaly, and with the remainder take 
the third equation out of the Ti^ble, and apply it to the former equated time according to its sign. 

Lastly, with the sun's mean distance from the moon's node take the fourth equation out of the Ta- 
ble, and apply it to the bst found equated timCj according to its ttgni^ and the result is the time of 
the true syzygy. 
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Exam. 


I. Reguiretldie 


time of full moon in January, 
©■s anora. J'sanom. 


'797- 
0'sdisf fhunfi. 


1796, Marth 
f lunation 


i). h. m. s. 

8 II 39 4^ 

+ .4 18 21 i 


8 8 3 47 
14 13 'o 


b. " ' ■' 

3 7 s '< 
6 ,j s, 30 


3 »S ,7 
ij ao 7 


Full in March 
Add \<j iunaiions 


23 rt . 46 
295 7 ao 30 

12 13 22. i<i 

+ I r 


3 23 36 5- 

9 i' 3 '-^ 


9 ly S<5 44 
8 18 10 4 

6 8 t 48 

+ " so 


8 IS 40 s^ 
10 6 42 ao 


1797, January - 
ist equatiou 


6 13 40 " 

-6 8 29 38 


6 la 29 .4 

Wji- 4th CtfUAt. 


ad equation 

3d equation 
^tli equation 

jI/u. January 


12 14 21 4^ 
— I 10 45 

12 13 2 1 

— 2C, 

+ • 6 
12 i3 2 4. 


5 10 J, 
jrg. jd. cquat. 


6 8 J, 38 
arg. ad. cquat. 





2 


It is required to 


find the time of conjunction, or new moon, in the month of ^iipis 
[O's \noiiialv. T.'3 Vnomaly 0*s Hist frnm j.\ 




1820, March 
jth luiu. 

August 
!3t equaL 

id equal. 

3d eqmt. 
4[h 

Ans. A ug. 


• 14 I 42 4S 
- 147 "5 40 15 


8 12 ^5 31 

4 iS 3' 37 


S. " ' " 
6 14 37 23 

4 y s ■» 


S. " ' " 
" '9 3S 34 
S 3 21 10 




8 17 23 

— a 3. 47 


I 7 57 8 
— II I 44 51 


"" 3 41 25 

- S7 3- 


4 zi 5ft 44, 
arg. 4th. tquat. 




» 14 Ji 13 

— 4 47 7 


2 5 " '? 
arg. 3d equal. 


II 24-1;" 
arg. zA cqu-i. 






8 10 4 6 

— 4 27 

I 2v 

8 y j8 .0 





Note 1. These exan^ples are wrought for the meridian of Greenwich ; but the answer* may be 
reduced to the time undir any other meridian by adding or subtracting the difference of longitude in 
' thnt to or from tliem, according as the place is situated to the east or west of Greenwich. 

2. '. hcse tables give tJic limes of new and full moon with little trouble, and sufficiently true for 
common use ^ being tardy above i or 2 niinutcs wide of the truth : but when it is required to find 
the moment of conjunction or opposition accura'ely, calculate 1 he longitudes of the Bun and mooB 
for the time found by the tabl-s ; and if they are the same, or dif^r 6 s'gns, according as tite new 
or full moon is required, the time h truly found } but if not, take their difference. Find the IumhIj 
motion of the tDOOU iirom the mn ; and then, 

As the hourly motion of the DKwn &om the sun 
la to 60 mi i.ut s f 

So is' [he difference between the sun and moon's long. 
To a number of minutes, &c. 
which, a[>ptied (o the time fonhcriy found, will give the tiiK time. 3. The 



USE Mm Afvucxncm of the tablies^ &c 



3n 



M , ■ w < • f : 



m i>P f fi tf t pn ia MUivn RCcciMT cv:efEt in cakobtiiig 



eclipses 

4. In the preceding examples the time of orbit conjunction or opposition is taken for the answer ^ 
that i», the time when the Bieon*8 longitude in her orbit is die same widi the eun*fr longitude in the 
ecUptick, is taken fpr the tame of ccmjiiDCdoB ; and the tifne when the moon's orbit longitude difiera 
6 «ga$ fir jm the son's longitude, is taken £or the time of oppQiitioa. 

Tiic answers are in mean time } and if the equadon of time be applied to them with a contr^ 
sqfD to that in the Table, the apparent time will he kaowa. 

To calculate more accurately the time of new moon in August, 1820 : The answer by our Tables 
is August 8d. ph. 58m. los^ ihe sun's longitude at this time is 4s. 16^ 9' 44% and his meaa 
anomaly is. 7° 23' 13". 

The calculation of the mooo's longitude for the same time follows. 



) 's m. Long. 



D'sancm. i d's Q. 



I'^lO 



August 8th 

ph. 

58m. 

I OS. 



10 equations 



3 19 18 4711 o I 60 6 aj 4a 

o ttf 48 26 1 1 24 17 51.-^—— — 

4 ^^ i8 4 53 S8— »» 59 o 

Si 5 — 7 



4 '3 35 36^0 ^9 44 34 »» 24 45 2^ 
— 25 26 + 12 54 +5 28 



4 13 10 10 10 29 57 28 II 24 50 51 
Equat. centre +314 — ^5 26! 



•«^i 



■•— p» 



Variation 



4 16 II 14 10 29 32 2 
+ I arg. iirth* 



4 16 II 15 
X3th equation — i i 



^'sorb. long» 4 16 10 14 
Sun's long. 4 16 9 44 



Difference - 



3<^ 



Arguments. 



11 I 7 23 I 

21 2 14 57 

3 10 17 28 31 

4 10 24 36 18 

5 o 25 7 ic 

62 2 30 23 

711 17 43 57 

8 9 22 21 21 

90 2 40 "9 

lol 7 8 35 ,^9 



Equations. 



12 



+ 

^ 37 

51 

1 \9 



I /' 



o 29 



o 57 



O O I ?c 4- 10 I 



13I1Q 13 "6 46! 






36 


j.> 


> •> 





10 





J9 





3 


— 35 


40 


-f 10 


»4 



— 2J ^6 



lifeon^s houry motion - 28 54 

Sun's ditto. - 2 24 

lioudy moliim ^ irom O %^ V^ 

L L. 

As a6' 30'' 3545^ 

-To 60 m. o 

So \& jo" 2a79a 

•Toimi78. i|i43 • 

Former time AngMt ^S 9 {8 10 . . - 

Interval subtract - — 17 

True time of »cw mom^ 8 9 57 3 which is nearly the same with the former. 
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To f -id out the tiwnber of Eetipsts thert at 
and Days they hapfrn. 



in any given Teir^ and in what Moulin 



From iHc Table of the moon's mean mrtion take out the mean longituile of the moon's nodrs 
for t'le given year ; and then by the Table of the tun's longitude for t very diy of the year, find 
whtii tJic suii'o longitude will be nearly the game with that of the nodes, for at these times the 
eclipbcs must happen. The mi-nths when the sun is in or near the places of the nodes may be 
called the iiode-msniht. In ihis enquiry it may be proper to remember thii the moon's nodes move 
b^kward about i" 38' every montu. 

To find the Dnyt vjhen Ediptes happen. 

Calculate the times of the mean syzygJes in the node-months out of the Tables, and also the 
Sun's distance from the moon's node ; and if the sun's distance from the node at the time of new 
moon be less than 18 degrees, an eclipse of ihc sun m^y be expected ; and if the sun's distance 
from the node at the time of full moon be less than ii degrees, there may be an eclipse of the 
moon. We saf there may be, because we speak only of mean motions here. 

EsUM. It is required to find the number of eclipses in the year 1796; and on what days they 

The mean longitude of the moon's north node, on the 1st of January 1796, la 39. ao" 35', and 
of the south noH.e gs- 20° 35'. 'i"hc sun enters ihc sign Cancer about the 20th of June, and the sign 
Capricorn about the 2id of December } therefore the node-months are January, July, and Dcccmbcr- 



I. Calculate the time of mean new moon in January. 
New moon. I 0'a dist. from S's 3. 



D. h. m. s. 

1795, Match 20 251 8 

10 lunats. + 295 7 20 30 

New B i79fi Jan. 9 10 ii 38 



5 29 6 20 sun eclipsed. 



ITie sun's mean disunce from the moon's north node being 5s. 29° 6' 20", his distance from the 
i«uth node is only 53' 40" ; and therefore the sun w'dl be eclipsed to some place of the earth. 

2. For the time of mean new moon in July. 



3. For. 



New moon. 


©•» dist from P'sffl, 


D.h. ' • 

1706, March 8 1 1 39 44 
4 lunadons •!- 118 a $i 12 


t. ' ' " 
8 2(S 47 
4 2 40 56 


New > Joly 4 14 35 56 


03 7 43 sun edipKd. 
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rSE AKD APPETCATIOBr OF THE'TABL'ESj &c. 

'^ ' 3* For the tkne of mean full moon in December.. « • 



3*1 



New moon. 



^% 17961 March 



D. h. m. B.^ 
8 II 39 44 



^lunation + 14 18 22 2 



Full D in March 23 6 i 46 
> 9 lunations 4- 265 18 36 27 

Full ^ Dec, 14 o 38 13 



Sun's dist* from Q. 



'S. « ' '' 
8 o 26 47 

+ »S »o 7 

8 IS 46 54 
+ 9026 



'4 '■ 



5 21 49 o moon eclipsed. 



The sun's distance from the moon's north node being 5 s. 21^ 49'j the moon's distance from heir 
8»uth node is only 8^ 11 '» and therefore she is eclipsed. 

4« For the time of mean new moon in December* 
Add i lunadon to the numbers for full moon. 



New moon 



Full D Dec. 
^ lunation 

New D Dec. 



D. h. m.. s. 

14 o 38 13 

•f 14 18 22 2 

^8 19 o 15 



Sun's dist from SI* 



tf 



S 21 49 o 
+ 15 20 7 

6,797 sun eclipsed. 



We have found that there are four eclipses in the year 1796,. viz.- three of the sun and one of tht 
moon. The times of the the mean conjunctions and oppositions are : *' 

D. h* m. s. 

Jan. 9 10 li 38 

Sun is eclipsed • « « - "{July 4 14 35 56 

Dec. 28 19 o 15 

And the moon is eclipsed • — * 14 o 38 13 



{ 



PROB. XVlII. To calculaU an Eclipse of the Moon. 

%• Calculate the true time of opposition by Prob XVI. and compute the longitude of the son, and 
the orbit longitude of the moon» for that time ; if these difier 6 signs* the time of opposition is truly 
found \ but if their difierence be less or greater than 6 signs, mark the deftfct or excess, and find the 
moon's hourly motion from the sun ; then, as the hourly motion of the moon from the sun is to one 
hour, so is the defect or excess to the interval ; which being applied to the time formerly found, 
|rives the true time of opposition. This operation must be repeated uncil the longitude of the sun and 
the orbit longitude of the moon difier precisely 6 signs. 

2. Calculate the moon's latitude, horizontal parallax, and hourly motion, by the Tables ; take also the 
aim and moon's semidiameters out of the Tables. ' 

3. Add the sun's horizontal parallax (which is 9 seconds) to the mocii*s for die time, and from the 
SttOLaubtnct the sun's semidiameter s the remainder is .ttie; isemidiameter of the earth's shadow; to 
wliich add the mooh's semidiameter, and the sum is the semidiameter of the moqn and earth's shadow ; 
from which Subtract ^ moon's latitu4e, and the remainder is caUed the parts defieleni. If these be 
less th^n the mo(^n'^ dtameten the eclipse will be partial \ if they be equal ta the moonl dtameterf 
the eclipse will be total without continuiince ; and if they be gresiter thao thS: moon's 3iiUteter, the 
Eclipse will be total with continuance. > . - 



USE ANOr APFLIO^ 



\%)\' 



07 THB'CTatBtES, &c 



$9$ 



JL '^ r, 1 , 



» I 



Mdon^s hourly motion 
San'a ditto. / ^t: > 

* * 

Hiourly .motion ) horn 



•.J • 



As hourly motion f from © 3I* 4(1* I627 
.To one hour or 60 ou » • o 



15 ■ ■. V. » : 



To /5m.. 396« • 

Former ^time December 

f • - .. . , 

Interval subtract 
Time of full moon 



« # * 



SunV longitude 
Moon's ditto 
Reduction 



9S5r 

IX b. M. «. 

a i6 23 5» 

'i 

3 16 17 19 



3. O / flf 

» «a 35 43 

a »« 35 43 
4> s» 



«k 



t 

2 

3 

4 

5 



» <» 



For the Moon's Latitude. 
A rgumcQt s 

»3 23 

53 23 
ij 56 

i^ 20 
22 44 



II 

o 

6 

2 

II 



29 

e 

25 

29 
3 



— 4 

+ 

+ 



II 
S 
6 

»5 

7 



Moon's lat. S. •^ 4 29 



I 



. « 

Tor the Moon^s Horizontal Pandlas* 



Arguments. 

" \l- ' ■ " - 

1 S 12 54 46 
a 3 ^7 3» ^» 



+ O II 

+ 58 3a 
4 45 , + o 27 



Equatorial Paralhi « 59 i^ 
Reduction - • ~- ^ 

Mor i g o n tri p a n J la a i * 59 i^ 



For the time of Reduction. 



L.L. 



As MoonVbourly motboficom ^ 32' 46^ 2627 
To I h. or 6Qm. o 

So is reduction xaf 



04771 

22144 



• -i' 



To time of reduction 4* ax*". 

# IT 

Sun's sevidiameter « WS Ji 
Moon's scmidiameter - 16 8 
Angle of the moon's path with the ecliptick 5^41^ 

IVI^fif. In eclipscsy the disc of the sun or moon is supposed to be dirtded iolo twehre equal parti 
called ^f^vsj and each of these again divided into 60 equal parts or minutci. The n u^ a it t Je of aa 
cdipsc is estimated by the number of digits^ 
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APPENDIX TO TEIE ASTRONOMY. 

Calculation of the Edipsc. 

Moon's horizontal parallax - 59 i 

Sun'sditto - . . +9 

Sum - - • 59 lo 

Sun'f semidbiD^ter subtract - — 16 17 

Scniidiameter of the earth's shadow 41 53 
Moon's semidiameicr add - + 16 8 

Stmid. of the moon and earth's shadow 59 i 
Moon's biitude subciact 

Remains the parts deficient 
The cclip&c will be total. 

For the Digits eclipsed. 

As moon's sesiidbnoter 16' i' 
To 6 digitt - -. ... 

So parts deficient 54' 32* 

To digits eclipsed ao° ifr 



—4 29 
54 J» 



L.L. 
J -04 

lOOOO 
42JI 



D. h. 
3 16 



s 


16 


17 41 


,1 


,6 


,65, 




+ 


J 21 



Mean time of orbit opposiiion Dec. 
Time of reduction add and subtract 

Middle of the eclipse 

Ecliprick opposition 

To each of these add the equation of time 

Appar. time of the middle of the eclipse 3 16 17 3 
1^— " i of ediptick opposition 3 id 26 19 

JTo ^nd the SerupUt of Incidtnee, er that Part of the Moon's Path -which she passu ovtr tetween tht 
bfginnlng and middle of the Ellipse. 

Reduce the sum of the semidiamcters of the moon and earth's shadow to seconds, and also the moon's 
latirude j find their sum and diffetencc j and to the logarithm of their sum add the li/garithm of their 
diifi rence, and dividt; the sum by 2, the quotient is the logarithm of t)ie scruples of incidence in sccoads* 

In Utis example the semidiameter of the moon and earth's shadow is 



S9 I = 3541 
Moon's latitude 4 29 = 269 



Sum 
Diflerence 



3810 
327Z 



Scruples of incidence 3530 
or 5S' 50". 



L^lt! ms. 

3'58oi>4;o 

3-5 '4 8 '..3 

2)7-09i7ill3 

3-S4;-?!)' 



USE AND APPLICATION OP THE TABLES, Sec 



sH 



For the time of hadf dontioii* 

As hourly mo. ) from Q s 32 4< 

To I hour or 60 minutes 

So scruples of incidence 58 50. (29' 25'') 

h* m. 8* 
To time of half duration ih. 47m. 42s. (o 53 51) 

2 



L.L. 

2627 

o 

3096 

469 



I 47 4* 
Because the terms of this proportion are such, that the fourth term comes out too gpreat for the 
Table of logistical logarithms, uke half of the third term *» and then double the fourth term for the 
4tnswer. 

D. h. m. •• 
Apparent time of the middle of the eclipse 3 16 27 3 

Timeof half duration, subtract and add =t= i 47 42 



Beginning - - - - 3 14 39^1 

End - • - - 3 18 14 45 

Ii^ total eclipses of the moon, she continues some time in total darkness ; to calculate diis time, it is 
iiecessary to find the half length of that part of the moon's path which lies wholly within the eardi's 
-shadow, which some call the tcrupUs of Mai darkness. The operation is performed thus : 

Subtract the moon's semidiameter from that of the earth's shadow ; reduce the remainder, and 
also the moon's latitude, to seconds ; then find their sum and difierence, and take the half sum of the 
Ic^rithms of the sum and difierence, and the number answering is the scruples of total darkness* 

la this example, 



// 



The semidiameter of the earth's shadow is 
The moon's diameter 



41 $3 
— - 16 8 



The difierence is 
Moon's latitude 


26 45 s 160; 
4 29 ^ 269 


Sum 
Difierence 


- 1874 
I33< 


Scruples 
Or - 


1584 

2& 24" 



26 45 



Logarithms. 
3-2727696 

3-1258065 

2)6-398^761 
3*1992880 



For the time of half duration of total darkness. 

As houriy motion of moon from sun s 3a 46 2627 

To one hour or 60 minutes - « o 

80 are scruples • - - at 24 1$^$ 

To time of half duradoD 48m. 2iSf 93S 

97 
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»»7 



For the digits eclipted. 
At moon's semidiameter - o i6 43 




JLL. 
5550 


To 6 digits - • 




1 0000 


So parts deficient - • 25 tf 




3785 


To digits - • « 9 




»235 


D. 
Mean time of orbit opposition - 11 

Time of reduction, subtract and add 


h. 
10 


m. •• 

40 

Pi 48 



Middle of the eclipse 
Ecliptick opposition • 

Equation of time add to each 

Apparent middle of the eclipse 
■ ecliptick opposition 



11 10 37 12 
II 10 42 48 

+ 3 3' 

II ID 40 43 
11 10 46 19 



Semid. of the 1^ and 0's shadow 
Moon's latitude - • 

Sum • • • 

Difierence 



For the scruples of incidence. 

62 12 =r 373« 
37 6 =: 2226 

5958 
»5od 



Scruples 
Or - 



49' 45" 



^995 



Logarithms* 

37751005 

3*1778250 

31 )6*9529255 

3-4764617 



For the time of half duration. 



As moon's hourly motion from sun 
To 1 hour or 60 m. 
So T scruples of tncid. 

To f of half duration 



Half duration • . • 

Apparent middle of the eclipse 
Time of half duradooi subt. and add 



35 3« 

9 S9 

16 48 
5 

ih* 24m* OS* 



L.L. 
2263 

o 

7789 
552ft 



II 10 40 43 

;i 24 o 



Beginiung 
End 



II 9 16 43 



»«^.-* 



• ♦.* 
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This is done in the same manner as the former i onlj, because the moon's latitude is north, the 
semicircles ADB and KLM must be above the straight line AB ; and because the moon's latitude is 
ascending northward, the angle of her path with the ecliptick j^ 38' must be set from D to £ toward^ 
the right hand. Draw CE for the axis of the moon's orbit, and thereon set the moon's latitude 37^ 
&' from C to F ; and through F draw the straight line NP at right angles to C£ ; and then the 
points N, T, and P» are the places of the moon's centre at tlie beginning, middle, and end of the 
eclipse, as in the former example. 

Take the moon's seniidiameter 16' 43^ from the scale, and with it, for a radius, describe circle^ 
on the centres N, F, and P, which will represent the moon's disk when she is at these points f and 
then place the hours on the moon's path as directed in the former example. 

PREVIOUS to the Calculation and Projection of Solar Eclipses, it will be proper to premise some 
things for explaining the terms used in the graphical delineation of them. 

Although the earth is nearly a globe, yet when it is viewed from a very distant point, such as the 
centre of the sun, it will appear as a fiat round surface, like the moon, to us ; and this appearance is 
called the earth* j disk. 

By the continual rotation of the earth round its axis, every point on its surface describes a circle 
parallel to the equator ; and tlie circle described by any point or place is called the path of the ver- 
iipc of that place. 

The representations of the paths of places on the earth's disk are not always of the same form, 
but differ with the sun's longitude -, for when the sun is in either of the equinoctial points, the 
paths of all places are represented by straight lines -, and when the sun is in any other point of the 
cclipticky they arc represented by ellipses, more or less eccentrick according as the sun is nearer to, or 
farther from, the equinoctial circle. 

In describing these paths on the earth's disk, respect must be had to the position of the axes of the 
earth and ecliptick at the time. 

When the sun is in any of the ascending signs T^f, :r, Xi T> «» n, the northern half of the earth's 
axis lies to the right hand of the axis of the ecliptick. as seen from the sun \ but when he is in any 
of the descending signs so, Sl> iiR» «^/wt» t^ it lies to the left baud. When the sun is in either of the 
solstitial points, die two axes coincide \ and when he is in either of the equinocfial points, they form 
the greatest angle. 

When the sun is in any of the northern signs, Aries, Taurus, &c. the north pole of the earth h 
in the upper or enlightened part of the earth's disk 5 and when he is in any of the southern sign8> 
Libn Scorpio, &c. the north pole of the earth is in the under or obscure part of the disk. 

The transverse diameter of any path is always at right angles to the earth's axis, and the conjugate 
diameter coincides with or is a part of it. 

FROB. XX. The Latitude of a Place^ the Time of the Tear^ and the Sun*e Longitude, Mnggiven^ to de^ 

scribe the Earth' j Disk^ and the Path of that Place thereon. 

Exam. It is required to describe the earth's disk, and the path of a place in htitude 51^32' N. 

1803, August 17th, at 8h. 19m in the morning, apparent time. (Plate 15. Fig. a.) 
Sun's longitude 4s. 23^ 24' 45% distance from the solstice 53** 24' 4^" 5 declination N. 13® 43' 43''* 
Dr^w the straight line AB to represent a part of the ecliptick, and let C be the point therein, which 

is opposite to the sun nt the time : From C draw CH at right angles to AB^ and CH is the axis o£ 

the ecliptick, and H its pole. 

p8 J'lom 
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From ilic cenlre C descrilie ilic semicircle AHlt to represent the northern half of the earth's disk, 
Ji/likt C\ or CB tlie rjilius of the I'me of chorJs an the sector, and take the chord of ajj degrees, 
which set from H hoih Wiya lo/siid g, and drjw trhc siralgl.I lineyVf j ihe tionh pole of the carlh 
Is nlw;iya in this line. 

MakcyV the radius of t!ie line of sines on the sector, and take the sine of 53* 24' 45", ihc sun's 
disuncc from the solstice, which set off from V to 1' towards the kft hand, because ihc sun is in the 
sltfn Vir^o, and draw the straight line CPA for the eartli's axis 1 thm P is the north pole of the 
ranh. Or the angle contained between the earth's axis and that of the ccliptick may be found mote 
accurately by calculation, thus: 

As radius - - - S. 90 o lo" 

Is to the sine of the sun's dist. from the solstice 53 25 ffgo^^xaS 

So is the tan. of the distance of ihc po!es 33 28 9'6376io6 



To the tan, of the angle contained by the axes 19 13 9'54i3iia 

Now set off the chord of 19° j 3' from H lo A, and join CH, which will cut /g in P, the platfe 
of the north pole. 

Mike CA the radius of the line of chords on the sector ; tike the chord of 38° 28', the comple- 
ment of the latiiude, and stt it off from b, both ways, Co e and n, where make marks. Again, uke 
the chord of the sun's declination 13° 43' 43" from the sector, and set it off from the points * and n, 
both ways, to D and F, and to M and G ; then draw the lines DM, FG, cutting CP in i 2 and 1 1 ; 
and the line t2 K. i^ is the conjugate axis of the ellipse, which bisect in K, and through K draw 
the line 6 K 6 at right angles to CP. 

Make CA tlie radius of the line of sines on the sector, and lake the sine of the co-latittide 38° 28', 
and set it off from &, both ways, to 6 and 6. These hours fall on the circumference ot the 
disk, when the sun is in either of the equinoctial points ; but at all other pomts they fall within it* 
The line 6 K 6 is the transverse axis of the ellipse. 

Make K 6 the radius of the line of smes on the sector, and from it take the sines of j ;", 30", 45°, 
60°, and 7j°, and set them off from K, both ways, towards 6 and 6 ; and through these points 
draw Imes parallel to CP. Again, make K 1 2 the radius of the line of sines on the sector, and t..ke 
from ii the sines of 75°, 60°, 45°, 30°, and 15", and set them off on the parallels, beginning with 
that next to 12 K 12 ; and through these points draw a curve line, which will be the path of the 
give" place. Mark the hours on the path as per Fig- and divide them into h.tlves, quarters, and 
smaller parts, at pleasure. 

1,12 next to P marks midnight, when the sun's declination is nonh ; and that part of the path 
is bel >w the disk; but the other 12 between R and C is noon or mid^d-iy. The path touches (he 
circumference "f the disk a little before j, which is the time of son rising ; and again a little after 
7, the time of sun-setting 

In north latitude, when the urn's declination is south, the 12 nearest to P is mid^day, and the oth- 
er is midnight. 

'- the same manner, the parallel of latitude, or path of any place, may be described on the earth's 
iisk for any j^ivcD ftae, and is used in repccKDting the appcaiaoce of an eclipse of the sun. 

FROBl 
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PROB. XXI. To calculau an Eclipse of the Sun. 

1. Calculate the time of mean conjunction^ with the sun's distance from the moon's node^ and 
thereby find if an eclipse will happen ; and if it do^ calculate the true time of conjunction^ and the 
sun and moon's longitudes at that time. 

2. Calculate thi; moon's latitude, horizontal parallax, horary motion, semidiameter, and angle 
of her patli with the ecliptick* 

3- Calculate the sun's declination, hourly motion, and his distance from the solstice. 
Having found these necessary requisites, write them down in order to be ready for use* 

Exam. The sun will be eclipsed in August, 1803. 

The time of mean conjunction is Aug. 1 yd. yh. 1 2m. 24s. 

Sun's mean dist. from the moon's node 6s. 2^ 8^ 8''. 

And the true conjunction is Aug. i6d. 2oh. 30m. 34s. mean time. 

a o / /> 

The sun's longitude then - - 4 *3 ^S 3 

The moon's orbit longitude • - 4 23 28 49 

Past conjunction 

Sun's mean anomaly is. 15^ V 15". 

Moon's hourly motion • - - 

Sun's ditto subtract 

Moon's hourly motion from sun 

As moon's hourly motion from O 28' 33^ 

To 1 hour or 60 minutes 

So is diffinrence of longitudes 3' 46^ 

To intenral —7m. 548. 

From the time formerly found 
Subtract the interval 



r - ».-. 



6 


• 3 46 


5'- 




r tf 


9* 




30 57 
2 24 


% 

^ 




28 33 


12022 

8796 


D. 


h. 


m. «. 


16 


20 


30 34 






- 7 54 


16 


20 


22 40 






- 3 4& 



Correct time of conjunction ^ 

Equation of time 

Apparent time of conjunction - 16 20 18 54 

or 8h. 1 8m. 54s. in the morning of Aug. 17th. 

Tor the Sun and Moon's places at the corrected time of Conjuncdofi. 

m. ' • m. fc • 

As 60 : 2 24 t : 7 54 : 18 to be subtracted from O's long. 

60 : 30 57 : : 7 54 : 4' 4^ to be subt. from the ^'s longi 

s. o / 

And then the sun's longitude i$ 4 23 24 45 

The moon's ditto. 4 23 24 45 2. Tbe 
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To fii)d the middle of the Eclipse. 

Apply one side of a square to the path of the moon or penumbra's centre, and more it backward 
and forward until the other side of the square cuts the same hour and minute on the path of London 
and of the penumbra's centre, which in this example is at^ and uin 6 hours 32 minutes^ the middle 
of the eclipse. 

Take the sun's semidiameter 1 ;' 51'' from the scale, and with it describe a circle about the point y 
for the sun's disk : then take the moon's semidiameter 15' 4 from the scale, and with it describe a 
circle about the point u for the moon's disk at the middle of the eclipse. The part of the sun's disk 
cut oflF by the moon's is the magnitude of the eclipse as it will appear at London. In this example, 
it is about 37 digits. 

Lastly, take the semidiameter of the penumbra 30' 56" from the scale ; and setting one foot of the 
compasses on the moon's path, and the other on the path of London, towards the Itft hand, carry that 
extent backwards and forwards until both points fall on the same hour and minute in each path, and 
that is the beginning of the eclipse at London. With the same extent of the compasses, and one foot 
on each path, carry them backwards and forwards towards the right hand ; and where both points fall 
on the same timci that will be the end of the eclipse at London. These trials giye, 

lu in* 

The beginning of the eclipse at ' ' 5 S^ 

The middle - - - « - -632 

The end - - - - - - -7 30 

Duration ih4om. Digits 3^ 30^ 

K^te u The projection of a solar eclipse will exhibit the appearance of it more naturally, if some 
akeradons be made in the precceding process, adapted to the supposition, diat the oSwenrer is on the 
earth. These alterations consist in drawing the axes of the earth and moon's path on the side ai the 
axis of the ecKptick contrary to that which it lequired by the rule, and in numbering the hours in the 
opposite direction. For the relarive position of the axes, as seen from the sun, is inverted with re- 
spect to an obsenrer of the sun on the earth. If a projection, made according the preceding rule, be 
turned over from right to left^ it will appear, if visible throc^h the paper, to correspond with one of 
this construction. 

Plate XV. Fig. III. is an example^ being the same eclipse projected in this manner, and requires 

no farther explanation. 

Nate. 2. The situation of the point on the sun's limb, with respect tp a vertical and a horizontal 

diameter, where an eclipse begins, may be easily determined by Prqjection. Thus, with the points 

in the respective paths, where the centres of the sun and moon are at the beginning of the eclipse, as 

centres, and their semidiameters as radit, describe circles, touching each other. Draw a line from 

the centre (C Fig. II. or III. Plate XV.) through the centre of the sun, and it will give the vertical dh- 

ameter } and a diameter perpendicular to this will be horizontal. Then the line of chords on a sector 

beinfif adapted to the semidiameter of the sun, the arc of- the circumference, contained between the 

point of contact and an extremity of one of these diameters, measured on the chord line, will give the 

vcQotrM ntuation of uic point, where nie eclipse begins* 
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TABLE IV. Tbt Sim't Mean Lonplude and Anomaly fn Month* and Dajt. 



90 



I 

2 



4 
5 



January. 



Lonjo^ude. 



o 
o 

30 



o 
o 



II 

12 

'3 

I410 

«5 



16 

17 
18 

2C 

21 
22 

«^ 
14 



O 

o 

o 



o 
o 
o 
o 
o 






59 


g 


1 


58 


«7 


3 


57 


«S 


3 


5^ 


33 


4 55 4» 



o 5 54 50 

70 6 53 58 

«• 7 53 7 

90 8 52 15 

100 9 51 23 



o 
I 

2 

3 

4 



o 
o 
o 
o 
o 

o 
o 
o 
o 
o 



Anumafy. 



O 
I 

2 

3 

4 



59 « 
58 17 

57 ^4 
56 3* 
55 41 



J 54 491 

6 53 57 

7 53 61 

8 52 14 

9 5» *« 



50 32 

49 

48 480 



40,0 



47 
47 



57 
5 



o 
o 



5 46 130 

6 45 2210 

7 44 3o|o 

8 43 3B o 

9 4^^ 47^ 



o 50 30 

« 49 38 

2 48 46 

3 47 54 

4 47 2 



46 10 

45 «9 

44 «7 
43 35 
9 42 43 






I 

2 

3 

4 



7 

8 

9 
10 



February. 



Longitude. 



8. 



n 



s. 



Anomaly. 



// 



II 
12 

'3 
14 
15 

16 

»7 
18 

19 

iO 



O 20 41 550 20 41 51 2 1 

2 1 40 59 22 

22 40 8: 23 

K> 23 39 16 24 
24 38 23 25 



O 

o 



k) 21 41 3 

o 22 40 12 

o 23 39 20 

o 24 38 2810 



1- 



260 25 37 37]o 25 37 32: a6 
2** o 26 36 45,0 a6 36 40. 27 
280 2*7 39 53{o 27 35 48.28 
290 28 35 20 28 34 57 
300 29 34 lOjO 29 34 5 






.i« 



ii 



1 8.1 



ii 



12 



I 3^ *7 
a 3« 35 

3 50 43 

4 29 52 

5 29 o 



6 28 



8 
27 17 
26 25 

9 *5 33 
10 24 42 



7 

8 



11 23 50 

12 22 58 

13 21 7 

14 21 15 

15 20 23 




2 31 29 

3 3037 

4 29 46' 

5 ^»53 



O 

en 



March. 



Longitude. 
/ // 



S. ** 
I 29 



628 I 

7 27 10 

8 26 17 

9 25 26 
10 24 35 



11 23 42 

12 21 50 

13 21 59 
1421 7 
15 20 15 



22 
52 



o 
I 
2 

3 



8 20 
7 28 
6 36 

5 45 
4 53 



Anomaly. 



1 29 

2 O 
2 I 
2 2 

* 3 



62 

72 

82 

102 



.11 
12 

»3 
«4 

'»5 



4 

5 

6 

7 
8 



4 

3 

2 

I 



I 

to 
18 
26 

35 



» 855^43 
2 95851 

2 10 5b o 

2 1157 8 



2 12 56 16 




16 19 23 

17 18 31 

18 17 39i«j2 155341 

19 i6 47!i9|2 1652 50 

20 15 $6 20;2 17 51 58 



2 
2 
2 
2 
2 



15 4 



212 18 51 6 



21 

22 14 11222 19 30 15 

23 13 20232 204923 

24 12 28>242 21 48 31 

25 II 36 252 2Z 47 40 



26 1045 26 

27 9 52 27 

28 9 028 

In the months Janu- 29 
ary and February of bis- 30I2 27 4^ 2T 
seztile years take away — 
one day from the time, 3 1 



2 23 46 48 
2 24 45 56 
2 25 45 5 



2 26 44 13 



2 28 42 30 



' 1 
8 9 

625; 

5 34 
4 4^! 



4 

5 

6 

7 
8 



3 49 

258 
2 6 

I »4 
o 22 



2 85930 
2 95838 
2 105747 

2 
2 



1 1 56 55 
1256 3 



*3 55 " 
H 54 '9 

'5 53 n 

16 52 j6 

«7 5* 44 



a 



April. 



" *5 



Longitude. 

1 2 29 41 3^ 

2 i c 40 46 

3 3 13955 

4 3 239 i 

5 3 3 3«** 

63 4 37 20 
7 3 53628 
83 63536 
9 3 7 34 45 
io;3 83353 



Anomal 



113 9 33 » 



12 

«3 



2 2941 22 

3 04030 

3 I 39 38 
3 2 3b 46 

3 3 37 54 



3 4 37 3 

3 5361* 

3 ^35*8 

3 7 34 ^7 

3 83335 



3 93243 



3 103210.3 10 31 5 



3 1 1 31 t8 
14J3 "2 3026 
^Sl '3^9 35 



185051 

19 50 o 

20 49 8 

21 48 16 

22 47 2$ 



23 46 33 
2-fr 45 40 
*5 44 53 
264357 

2743 5 



2 28 42 14 



3** 3059 
3 1230 7 

3 13 29 i6 



31428433 142824 
3 15 27 51 3 152732 
3 16 27 03 i6 2640 



r6 

«7 
18 

193 I. 26 

2oJ3 18 25 16 



8 



21 

22 

23 

24 

»s 

26 

n 
?8 

JO 



3 »9a4 25 
I «o 23 33 



3 «7 25 48 
3182456 



3 »9 24 5 
3 20 23 ij 



3 21 22 4(j3 21 22 22 
3 22 21 503 22 21 29 
3 232058:3222037 



32420 6j 24 19 45 

32s 19 15 3 25 '854 
3.26 18 2313 26 18 % 
327 1731:3 27 17 
3.281^6403 28 
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The Sun*s Mean Longkude and Anomaly for Months ^and Days. 





»3 


September, 




d! 

»> ' 

« 

1 
I 
1 

2 

1 

3' 

4 

5 


October* 


*^ 

• 

I 

2 

3 
4 
5 

6 

7 
8 

9 
10 

II 
fa 

'3 
'4 
'5 

f6 

»7 
18 

>9 
20 

21 
22 

23 
24 
25 

'2^6 

27 
28 

29 
30 


November. 


• 

I 
2 

3 
4 

5 

6 

7 
8 

10 

11 
12 

•3 
■4 

'5 

16 
'7 

;2o 

.2« 
22. 

< 

,*3 
»5 

»<^ 

»7 

28 

»9 

30 

31 


December. 


V. 

• 


Longitude. 


Anomaly. 


Lonjritude i Anomaly. 


Lonjsritude. 


Anomaly. 


longitude. 


Anomaly. 


i 


S. ^ ' "S. *^ ' " 
W 29 538 29 9 
8 1 29 18 I 28 17 
8 2 28 98 2 27 25 
8 3 27 188 I 26 33 
8 4 26 26 8 4 25 41 


9 4 39 3 13 

9 1 3 1 ^9 ' 2 ^ ' 
9 2 2 199 2 '29 
9 3 I *«'9 3 38 
9 4 0369 35946 

1 ^ 


30/ - 

10 37 2! 
10 I 36 29 
10 2 35 38 
10 3 3446 

»o 4 33 54 


g g / . 
10 36 26 

«o 1 35 34i 
'0 2 3443: 

'o 3 33 50' 
10 43258 


^ / - 

II 11 3*1 
II 1 10 39 
11 2 947 

II 3 856 
II 4 8 4 


SO'* 

11 10 30 

;i« I 938 
11 2 846 

," 3 7 55 
"473 


6 

7 
8 

9 

lO 


*^ 5 25 34 
8 62443 

8 7«3 5» 
8 8 22 59 

8 922 8 


8 5 24 49 
8 6235b 

8 7 23 6 

8 8 22 14 

8 9 21 22 


6 

7 
8 

9 

10 

II 
12 

'3 
'4 
«5 

16 

«7 
18' 

«9 
20; 

— 


9 ^4 59 449 4 5^ 54 

9 5 3» 5319 5^5^ ^ 
9 658 19 657 CO 

9 7 57 99 7 56 »8, 
9 8 56 i89 8 S5 *7! 


'o 5 33 3 
10 6 32 II 

10 7 31 19 

10 8 30 27 

10 92936 


10 5 32 7 
10 6 31 15 
10 7 30 23 
10 8 29 30 
10 9 28 39 


II 5 7 12 
II 6621 

«^ 7 529 

»i 8 437 
II 9 346 


].i 5 611 
II 6 5 20 
II 7 427 
" 8 335 
1" 9 2 44 


II 

12 

«3 
«4 
»5 


8 10 21 168 10 20 30 
8 II 20 248 II 19 38 
8 12 19 33J8 12 18 47 
8 13 i8 4i|8 13 1755 
8 14 17 498 14 17 2 


9 9 55 2^9 9 54 35 
9 10 54 349 »«> 53 42 
9 n 53439 *' 5* 5« 
9 12 52 519 «2 5« 59 
9 '3 5'599»3 Ji 7, 


10 10 28 44 
10 II 27 52 
(O IS 27 I 
10 13 26 9 
10 14 IS 1% 


10 10 27 47 
10 II 26 59 
le 12 26 4 
10 13 25 12 
10 14 24 19 


II 10 243 
II II 2 2 
II 12 111 
11 13 19 
II 135927 


111 10 I 52 
It II I 

II 12 9] 

II 125916; 
II 1358*4 


i6 

«7 
i8 

19 

20 


8 15 16 588 15 
8 16 16 68 16 
8 17 15 148 17 
8 18 14 238 18 
8 19 13 318 19 


16 u 
15 19 
1427 

«3 3S 
>«43 


9 14 51 89 H 50 '6 
9 15 50 169 *5 49 24 
9 1649 249 '6 48 3' 
9 ^748339 174740 
9 18 47 419 »® 4648 


fo 15 24 26 
10 16 23 ^4 
10 17 22 42 

10 18 21 50 
10 19 20 59 


10 15 23 28 
10 16 22 36 
10 17 21 44 
10 18 20 52 
10 19 20 o 


11 145836 

u 155744 
II 16 5652 

II 17 56 I 

11 1855 9 


" '4 57 33 
11 15564' 
II 165548 

II 175457 
11 i«54 5 


21 
22 

*3 

25 

26 

»7 

2» 

»9 

30 


8 20 12 398 20 
8 21 ii 488 21 
8 22 10 568 22 
8 23 10 48 23 
8 24 9 138 24 


II 5f 

II 

10 8 

9 16 

825 


21 
22 

^^ 

24 
25 

26 

27 
28 

29 
30, 


9 '946499 *9 45 56, 
9 «o 4? 58 9 20 45 5 
9 21 45 6.9 «' 44 «3 
9 22 44 149 2* 43 ^0 
9 ^3 43 »3,9 23 42 29 


10 20 20 7 

ID ai 19 16 
10 22 18 24 
10 23 17 32 
10 24 16 41 


10 20 19 8 
10 21 18 17 
lO 22 17 25 
10 23 16 33 
10 24 15 41 


II 1954 17 
II 20 53 26 
11 21 52 34 
II 22 51 42 
II 23505^ 


'» '9 53 «3 
11 20 52 33 

11 21 51 29 

II 225037 

11 234946 


8 25 8 218 25 
8 26 7 298 26 
8 27 6 3«8 27 
8 28 5 468 28 
8 29 4 548 29 


40 
549 

4 57 
4 5 


9 2442 31192441 37 

9 25 4» 399 25 40 45 
9 26 40 48 9 26 39 54 

9 27 39 5^19 27 39 » 
9 28 39 49 28 3B 9 


10 25 15 49 
10 26 14 57 
10 27 14 6 
10 28 13 14 
10 29 12 22 

\ 


10 is 14 49 
10 26 13 57 
10 27 13 6 
10 28 la 14 
10 29 II 22 


1 1 24 49 59 
11 2549 7 
II 2648 16 
1 1 27 47 24 
II 284632 


II 244854 
II 2548 a 
II 26 47 II 

II 27 46 »« 
112845*6 






1 a 

31I9 2938 i3;9 2937 «8. 


,11 294541, 


11 294435 



100 



w 
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TABLE VII. Lvgarllbm ^ iht AmV Diilmn frm lU Earli. 
Arfumnt. Suu'i Mun AjuhmIj. 



Sign*, o 1*345 




o 


5'-oo7>86 


5-006347 


5-003719 Is-ooon* 


4-996405 


4993620 


30 




5-007185 
5-007281 
5-007177 
5-007269 
5-007260 


5-006184 

S'oo6»io 
5-006154 
5-006087 
5 0060 1 8 


5-003640 
5-003531 
5-oo34«> 
5-003307 
5-003104 


4*999995 

4-999867 
4-999739 
4-9996 J . 

4-9994''3 


4-99619* 

4-996180 
4-996069 

4 99S959 
4-995I50 


49!»SSi5 
4-99^49' 
4-993**9 
4-991369 
4-9933" 


29 

28 
»7 
16 


6 

I 

9 

10 


5-007149 
S -007235 
J oo?n8 
5-oo7»oo 

5-007 1 Ho 


5-005946 
S-ooj8-a 
5-005797 
S-0057JO 
5-0)5 64J 


5 003080 
5-ooiv6f 
5-001849 

5-O0273* 
5001614 


4*999)54 
4-999117 
4-99V°99 
4-99^971 
4.998844 


4'99)74> 
4-99S63« 
4 y9SS3' 
4-9954'7 
V99S3»S 


4-993*55 
4-993201 
4-993 "50 
4-991101 
4 993055 


*4 
«) 
11 


'1 


5-007158 
S'007i34 
5-007107 
5-007079 
S 007048 


5-005562 
5-005+80 
500,-397 
5-OOS3IJ 
5-0052*5 


5-001495 
50023-5 
5-O02154 
5-001114 
5-002011 


4-998717 
4 99^59° 
4-998463 
4'99^336 
4-^y98>.o 


4 9yS»»4 
4-995 1 16 
4-995028 
4-99493 » 
4-994836 


4-993009 
4-991966 
4-992916 
4-y9"8:-8 
4992852 


'9 

18 
•7 
16 
'5 


i6 

•7 
t8 
'9 


5-0070.5 
5-006980 
5-006941 
S'o.«g.5 
5-OD6W4 


5005136 

5-oo;o47 
5-0049 [6 
> 004863 

5-004768 


500 890 
5'oo.7ft7 
S-ooi«43 
500.5,8 
5-001393 


4-998084 
4-997960 
4-y97»37 
4-9>77'4 
4"997S9' 


4994743 
4-994652 
4^945*» 
4 994474 
4-9943»7 


4-99»8<8 
4-99>7»6 
4-99*757 
499*73' 
4-992706 


>4 

'3 
12 


n 

'4 


5-oo6i*J. 
5006176 
5-006730 
5-006681 
5 006630 


5-004671 5-t.ou68 
5-0O4S7S ; S-ooii4a 
5-0-4*77 50010115 
5-004.377 5-000889 
5004275 5-000761 


4-997468 

4997347 
4-g97»i6 
4-'/97'o6 
4-995987 


4-994301 
4-994* '9 
4-994138 
4-994058 
4-993980 


4-991683 
4 992663 
4-992646 
4-992631 
4-991618 


9 
8 
7 
6 

5 


i6 

10 


S-006577 
5 0065*1 
5 006466 
5-006408 

5-1-06147 


5 004173 5-000635 49s,6868 
S"Oo4o''9 5-000508 4-9967^0 
5-oo39')3 5-000180 4-996634 
5-0038^7 5-000151 4-9y6S'9 
5003749 s-ooo.M 4996405 


4-993904 4-99»607 
4-993831 49»"S99 
4*^3759 4V9»599 
4->,93688 49V3590 
4-^.3620 499";'^ 


4 
3 


SiR 


n5 u 10 9 8 7 6 
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TABLE I- Of the Moon's Mean Motions in 
I, Julian Tears. 



TABLE IL TheMoon's Mean Longitude and A nsm^ 

aiy for Current Years. 



Years. 


2) *s M. Long. 


2) *8 M. Anom. 


D •§ Q Retrog. 




' " 


s. ° ' 


// 


s. «> 


/ // 


I 


4 9 «3 5 


2 28 43 


>5 


19 


'9 43 


2 


8 18 46^1 


5 27 26 


30 


I 8 


39 26 


3 


28 916 


8 26 9 


45' 


I 27 


59 9 


B 4 


5 20 4^ 57 


7 56 


54 


2 17 


22 3 


5 


10 6 2 


3 6 40 


9 


3 6 


41 46 


6 


2 9 29 7 


6 5 23 


23 


3 26 


I 29 


7 


6 18 52 13 


946 


39 


4 15 


21 12 


B 8 


II 11 25 53 


15 53 


47 


5 4 


44 6 


9 


3 20 48 59 


3 H 37 


3 


5 24 


3 49 


10 


8 12 4 


6 13 ao 


17 


6 13 


23 32 


II 


9 35 9 


9 12 3 


32 


7 2 


43 15 


B 12 


5 2 8 50 


23 50 


»7 


7 22 


6 9 


«3 


9 i» 31 55 


3 2» 33 


56 


8 II 


25 52 


H 


I 20 55 1 


6 21 17 


II 


9 


45 35 


»5 


6 i8 6 


9 20 


26 


9 20 


5 18 


B 16 


10 22 51 46 


I I 47 


34 


10 9 


28 12 


17 


3 2 14 52 


4 30 


50 


10 28 


47 5S 


18 


7 11 37 57 


6 29 14 


4 


11 18 


7 38 


19 


II 21 I 2 


9 27 57 


19 


7 


27 21 


B 20 


4 13 34 43 


I 9 44 


30 


26 

• 


50 15 


B 40 8 27 9 26 


2 19 2S 


56 


I 23 


40 30 


B 60 I 10 44 9 


3 29 13 


24 


2 20 


30 45 


B 80 5 24 18 52 


5 8 97 


52 


3 '7 


21 


B looio 7 53 35 


6 18 42 


20 


4 '4 


II 15 


B 200 


8 15 47 10 


I 7 24 


40 


8 28 


22 13 


B 300 


6 23 40 45 


7 26 7 





I 12 


Zi 45 


B 400 


5 I 34 20 


2 14 49 


20I 5 26 


45 


B 500 


3 9 *7 55 


9 3 31 


40 


; iO 10 


56 15 



A. D. 



B 



B 



B 



B 



B 



B 



761 

781 
791 

792 
793 



Mean Long. 



7 
II 

7 
o 

4 



u 



I 8 8 

14 42 541 

14 54 59 
7 28 40 

16 51 45 



794 

7951 I 
796 5 

79710 

798I 2 



8 26 



5 
28 

7 
16 



«4 

37 
li 

34 

57 



5» 

57 

37 

4i 
48 



Mewi Anom. I Long. ^. 



s. 
10 
1 1 

6 

9 

o 



// 



«2 34 50 

22 19 18 

5 39 35 

17 26 44 

16 9 59 



s. 
2 
I 
6 
6 

5 



7 
10 

27 

7 
18 



33 
43 
»9 
56 

37 



33 

i8 

46 



799' 6 
800; 1 1 

801 



802 
803 



3 

7 
o 



26 

5 
15 
24 

3 



20 

44 

7 

30 

53 



54 
o 

5 
1 1 

16 



3 H 53 »4 
6 13 36 29 

9 25 23 
o 24 6 
3 22 50 



^8 

53 
8 



804 
»o5 
806 

^07 
8oSiio 



4 

9 
I 



26 

5 

^5 
24 
17 



26 

50 
>3 
36 

9 



6 21 33 23 

9 20 16 38 
o 18 59 52 

3 ^7 43 7 
6 16 26 22 



9 
o 



57 

2 

8 

H 
5410 



3 
6 



809 2 

810 7 
8ti II 

8t2' 4 

813! 8 



26 33 o 

S S^ S 
15 19 II 

7 52 52 
»7 ^5 57 



28 
26 

25 

24 
6 



*3 

56 
40 

23 
10 



3» 

46 

I 
16 

25 



4 
4 
3 
3 
3 



29 

9 

20 

1 

II 



17 
57 



26 
43 



34 49 
-15 6 
55 23 



I 

I 

o 

1 1 

1 1 



22 

3 

'3 
24 

5 



10 

9 

9 
8 

7 



^5 

26 

7 

17 

28 



35 


40 


15 


57 


56 


M 


36 


3» 


16 


48 


53 


54 


34 


II 


14 


28 


54 


45 


31 


5» 



814 

815 

816 

817 
818 



«f9 
820 
821 
841 



o 

5 

9 

2 

6 



26 

6 

28 

7 
17 



39 
2 

35 

58 
22 



3 

8 

49 

55 
o 



^ 4 53 4c 

4 3 36 55 

7 2 20 9 

10 14 7 18 

i 12 30 33 



4 *i 33 48 

7 10 17 3 

10 22 4 12 

I 20 47 27 

4 »9 3Q 42 



10 26 45 67181357 

3 19 18 47|ii o I 6 

7 28 41 541 I 28 44 21 

o 12 16 371 3 8 28 51 



7 9 12 8 
6 19 52 z$ 
6 o 32 42 
511 9 48 
4 21 50 ) 



4 2 30 22 

3 '3 'o 39 
2 23 47 45 

2 4 28 2 

I 15 8 19 



o 25 48 36 

o 6 25 42 

If 17 5 59 

10 20 15 44 
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U. Fw the Moon't 
Longitude. 
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V. For the Afoen'i Longitude. Evtclion. 
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21. For tie Mwit ZoHptudt. Eqiatitm tfib* CtHtrr, 
Argammt XI. M«oa'i Correct Anomalf. 



S, 1 - o,| - . 


- » 1 - 5 


— 4 


— 5 


^. 




' n 




. « 


' . 


e 


■oU o o 


3 JS 30 


S 16 SI 


61738 


53846 


3 so 56 


30 


1 1 o 6 II 


3 3 S9 


5 19 48 




5 35 4' 


3 "4 57 


av 


3 


13 33 


J 9 34 


5 33 10 


6 iS 18 


S 33 38 


3 » 54 


IK 


3 


.833 


3 '4 4<> 


5 s6 s6 


6 18 38 


5 '9 8 


3 1 47 


>7 


4 


14 43 


3 so 5 


5 S9 38 


6 18 33 


5 35 4' 


3 56 36 


>S 


f 


JO 51 


3 SS 33 


5 33 43 


6 18 38 


5 33 10 


3 50 SI 




37 3 


3 30 SS 


5 JI 43 


6 18 17 


5 18 30 


' H ' 


H 


7 


43 II 


3 3! 4S 


S 3838 


6 17 S9 


S >4.44 


3 37 40 


ai 




49 19 


3 40 SI 


5 4' 37 


6 17 34 


$ 10 SS 


3 31 14 


13 


9 


55 36 


3 45 S4 


5 44 II 


« '7 3 


S 6 jj 


s 34 45 


11 


lO 


■ ■ S3 


3 SO S4 


54648 


6 16 34 


S 348 


3 .8 13 


>o 


II 


i 7 39 


3 SS SO 


5 49 SO 


6 IS 38 


4 58 37 


» ■! 37 


19 


12 


■ '3 44 


4 43 


S S' 45 


6 14 4S 


4 54 19 


3 4 59 




'3 


■ 19 47 


4 S 30 


S 54 5 


6 13 45 


4 49 55 


. 58 .8 


»7 


'♦ 


1 15 JO 


4 10 15 


5 56 19 




4 45 35 


I SI 34 




IS 


I Ji 51 


4 '4 S" 


s 58 37 


6 11 34 


4 40 50 


■4448 


K 




■ 37 Ji 


4 '9 33 




6 10 3 


4 S6 8 


I 37 59 


1* 


■7 


■ 43 49 


♦•t ' 


6 s 34 


6 8 34 


4 31 *o 


13. 8 


'1 




' 49 45 


43834 


6 4 13 


6 6 59 


4 3« 37 


1 34 16 


13 


•9 


• 5J 4' 


4 S3 S8 


6 5 56 


6 5 16 


4 31 39 


I 17 SI 


" 


10 


» ' 34 


4 37 ■« 


6 7 33 


6 3 37 


4 16 34 


I 10 35 


10 


ai 


» 7 35 


4 41 33 


693 


6 I 30 


4 II 14 


I ! «7 


9 


SI 


■ >S IS 


4 45 44 


6 lO 36 


5 59 37 


4 5 59 


5» S7 


tl 


'3 


3 19 3 


4 49 SO 


« II 43 


5 57 16 


4 .38 


49 37 


7 


»4 


3 34 48 


4 S3 53 


6 .354 


5 5458 


3 55 13 


48 SJ 




"! 


3 JO JI 


4 57 49 


6 IS s» 


5 53 34 


3 49 43 


35 " 


S 




336 ,3 


5 ■ 4' 


6 14 SS 


S 50 1 


3 44 6 


38 19 


4 


>7 


' 4" SO 


5 5 39 


6 IS 4« 


S 47 33 
5 44 3» 


3 J8s6 


31 15 


% 




» 47 36 


5 9 11 




3 33 40 


14 ir 


1 


•» 


'S3 s 11 49 


6 17 7 


5 41 4« 


3 s6 51 


075 


' 


30 


3 58 30 ! 5 16 SI 


6 1738 


3 38 4« 


3 »o J6 


000 





s. 


..1 ,,. .ot * 9 


4 8 


+ 1 


4 6 


.-. 



LUNAR TABLES. 



413 



TABLES FOR FINDING tbb MOON's LATITUDE. 



i. For the Mom's Latitude. 
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111. Argmnntt XII. of Longitude, VIE. >'i 

eqiuced Loogitude — true Long. 
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Jfngle ofthi vuiUe Path rftbe Moon with tie EcSptick in 

Eclipses. 

Argument. Long, p in her Orbit — Long. Q. 



TABLES rfihe Mean Moiians rftbe Moon firm 

the Sun. 
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27; 
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28 
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30 


31 82 

/ / 
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00 / 
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' / 
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5 45 5 44 
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5 42 
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5 41 
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5 39 


r / p / 
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5 40 5 40 5 39 
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12 
15 


5 42 
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5 88 5 37 5 36 
5 345 38!5 32 
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5 37 
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5 30 


5 37 5 86 
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5 29 5 29 
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16 



17 
47 
47 
89 
4 
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1819 
B 1820 
1821 



5 16 49 8 
9 26 26 28 
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